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Limited Use of Losses
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L Copenhagen Business School and University of Konstanz; > McIntire School of

Commerce at the University of Virginia

Abstract. We study the impact of the different tax treatment of capital gains and
losses on the optimal location of assets in taxable and tax-deferred accounts. The classical
result of Black (1980) and Tepper (1981) suggests that investors should follow a strict
pecking-order asset location rule and hold those assets that are subject to the highest tax
rate preferentially in tax-deferred accounts. We show that with the different tax treatment
of realized gains and losses, only tax-efficient equity mutual funds are optimally held in

taxable accounts whereas mutual funds with average tax-(in)efficiency are preferentially
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held in tax-deferred accounts.

Keywords: portfolio choice, limited use of capital losses, tax-deferred investing,

asset location

JEL Classification: G11, H24

1. Introduction

The tax treatment of an individual investor’s trading gains and losses is an important fac-
tor influencing household portfolio choice. While trading in conventional taxable accounts
can lead to realized taxable gains, trades in tax-deferred accounts are not taxed. As tax
laws limit contributions into and early withdrawals out of tax-deferred accounts, individ-
ual investors not only have to decide which assets to hold (the asset allocation problem),
but also in which account to hold them (the asset location problem). Given tax-deferred
accounts are typically retirement savings vehicles, tax considerations can be important
drivers of retirement savings decisions.

In early work, Black (1980) and Tepper (1981) show that, with unlimited borrowing,
the ability to short sell, and an equal tax treatment of capital gains and losses, defined-
benefit pension plans should only hold risk-free assets in their portfolios. By introducing
the asset location problem into a household portfolio choice problem, Shoven and Sialm
(1998) argue that households should prefer these assets in their tax-deferred accounts.
However, many private investors hold substantial amounts of equity in their tax-deferred
retirement accounts (Bergstresser and Poterba, 2004). According to the 2010 Survey of
Consumer Finances, 85.9 percent of all families investing in equity have equity holdings
in tax-deferred accounts and 42.3 percent of all equity was held in tax-deferred accounts.
This discrepancy between theory and behavior is commonly called the asset location puzzle
(Amromin, 2003).

Later research has focused on introducing frictions in the Tepper-Black setting to break

the strict preference for risk-free assets in a tax-deferred account. These frictions include
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the tax-inefficiency of actively managed mutual funds (Shoven and Sialm, 2003), stochas-
tic labor income and/or wealth shocks (Amromin, 2003; Dammon et al., 2004; Garlappi
and Huang, 2006; Huang, 2008), trading restrictions such as short-selling and borrowing
constraints (Garlappi and Huang, 2006), the Roth-Conversion and Re-characterization
option (Dammon et al., 2011), and differential stock market participation costs in taxable
and tax-deferred accounts (Zhou, 2012). Our paper contributes to this line of research by
showing that the tax code itself, namely the different tax treatment of capital gains and
losses, can help explain the asset location puzzle.

For investors trading in tax systems with an equal tax treatment of capital gains and
losses who face no trading constraints, Huang (2008) generalizes the Tepper-Black results
to a dynamic setting and shows that investors prefer risk-free assets in their tax-deferred
accounts. However, this result does not generalize to a feature common in most tax sys-
tems, namely that capital gains and losses are subject to different tax treatments. The
different tax treatment of capital gains and losses causes two additional opposing effects
influencing the asset location decision. First, a tax loss is a less attractive compensation
than an immediate tax rebate payment since it leaves the investor with the full immediate
downside risk, thus making the risk return profile of equity held in taxable accounts less
desirable. Hence, it increases the desirability of holding equity in a tax-deferred account.
Second, the opportunity to be compensated with a tax loss carry-forward improves the
set of attainable future risk-return profiles in a taxable account. In particular, loss carry-
forward from previous trading thus increases the desirability to hold equity in a taxable
account.

Our work generalizes Shoven and Sialm (2003) by showing that not only the tax-
efficiency of stock portfolios, but also the different tax treatment of capital gains and losses
affects the optimal location of assets to taxable and tax-deferred accounts. Specifically,
we show that even if equity is taxed at a lower rate than risk-free assets, investors might
optimally hold equity mutual funds in tax-deferred accounts when capital gains and losses
are subject to different tax treatment.

While the impact of the opportunity to invest in a tax-deferred account has been exten-

sively studied (Shoven and Sialm, 1998, 2003; Dammon et al., 2004; Poterba et al., 2004;
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Garlappi and Huang, 2006; Huang, 2008; Gomes et al., 2009; Zhou, 2009), only limited
guidance is available to investors who face tax systems where capital gains and losses are
subject to different tax treatments. In a single taxable account setting, Marekwica (2012)
and Ehling et al. (2015) argue that a differential tax treatment of capital gains and losses
can have a large impact on optimal portfolio choice.

Our contribution to the literature is two-fold. First, to the best of our knowledge, we
are the first to study the impact of the differential taxation of capital gains and losses on
the asset location decision. Second, we show that with differential tax treatment of capital
losses the optimal location of assets depends on the investor’s tax rates on capital gains,
dividends, and interest as well as the tax-efficiency of the stock portfolio.

The remainder of this paper proceeds as follows. Section 2 introduces our life cycle
model and discusses portfolio implications of the different tax treatment of capital gains
and losses. Section 3 provides numerical evidence on the impact of the limited use of
losses for the optimal location of assets to taxable and tax-deferred accounts. Section 4
demonstrates how tax-timing considerations affect the optimal asset location decision.
Section 5 provides international evidence. Section 6 concludes. The technical details on

how we solve the optimization problem are provided in the Appendix.

2. The Model
2.1 ASSET RETURNS AND TAXATION

Since their introduction, equity mutual funds have increased in popularity among private
investors as these investment vehicles allow investing in a diversified stock portfolio even
when the amount invested is relatively small. We therefore assume that investors in our
model hold equity through a well-diversified equity mutual fund.® We consider a market
in which investors have access to a diversified equity mutual fund and a risk-free money
market account. The constant pre-tax risk-free return on the money market account is

L According to the 2010 Survey of Consumer Finances, the share of households with direct
stock holdings or indirect stock holdings through equity mutual funds was 47.0% in 2010.
The share of households with direct stock holdings was only 17.8% and concentrates among
high net worth households.
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denoted by r. The return on the equity mutual fund is assumed to be binomially dis-
tributed,? serially independent, and is assumed to come with an expected pre-tax capital
gain of u, and a standard deviation of o. It further distributes a constant pre-tax dividend
rate of d. The tax applicable to capital gains in taxable accounts is denoted by 7,. The tax
rate on dividends is denoted by 74. Interest and other income is taxed at a rate of 7. For
early withdrawals from tax-deferred accounts prior to retirement age we follow Dammon

et al. (2004) and assume that a penalty tax of 7, applies.

2.2 FULL AND LIMITED USE OF LOSSES

Following Ehling et al. (2015), we refer to the tax systems with equal and different tax
treatment of capital gains and losses as tax system with full and limited use of losses,

respectively, throughout. Definitions 1 and 2 highlight the differences between them:

Definition 1 Full use of losses. In a tax system with the full use of losses, realized gains
and losses are subject to equal tax treatment. In particular, if an investor realizes a capital

loss, he receives an immediate cash-back tax rebate payment.

A tax system with the full use of losses is widely assumed in the portfolio choice
literature in the presence of taxes (Dammon et al., 2001, 2004; Amromin, 2003; Shoven
and Sialm, 2003; DeMiguel and Uppal, 2005; Gallmeyer et al., 2006; Garlappi and Huang,
2006; Huang, 2008; Gomes et al., 2009; Zhou, 2009). However in reality, realized losses do

not result in immediate tax rebate payments in most tax systems around the world.

Definition 2 Limited use of losses. In a tax system with the limited use of losses, an
investor is compensated for realized capital losses with a tax loss carry-forward that can be
used to offset realized capital gains. Any loss that is not used immediately can be carried

over indefinitely to offset future gains.

2 We also explored the robustness of our results to other distributional assumptions. Given
that our results are robust to these changes, we do not report them here.
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In contrast to a full use of losses tax system, tax authorities do not share the downside
risk resulting from a capital loss with investors under the limited use of losses. Instead,
investors receive a tax loss carry-forward (henceforth TLCF) that can be used to offset
future capital gains and can be carried forward indefinitely.®> The TLCF is a less attractive
compensation than an immediate tax rebate payment for two reasons. First, in contrast to
a tax rebate payment, the TLCF cannot be invested and thus does not earn any profits.
Second, the TLCF carries the risk of being forfeited if it is not used by the end of the
investor’s life. In the following, we describe the tax treatment of capital gains and losses
in the tax system with the limited use of losses in more detail.

We denote the capital gain realized at time ¢ in a taxable account by G;. A TLCF that
is carried over from period ¢ to ¢ + 1 is defined as L; > 0. The taxable profit T; from an

investor’s trading at time ¢ that is subject to capital gains tax is then given by
T, = max (Gy — Ly—1;0). (1)

Equation (1) shows that — in contrast to tax systems with equal tax treatment of capital
gains and losses — an investor bears the full downside risk in case of a capital loss. Net
capital losses can be carried forward indefinitely. Thus, the TLCF L, that can be carried

over from period ¢ to period ¢t + 1 is given by
Lt :Tt 7Gt+Lt71. (2)

A TLCF that has not been used by the end of the investor’s life is forfeited.

The limited use of losses carries two important disadvantages relative to the full use of
losses. First, the TLCF cannot be consumed or invested. It therefore does not earn any
profits. Second, a TLCF which is not used until the end of the investor’s life is forfeited.
Both these disadvantages provide incentives for holding equity in tax-deferred accounts.
In the next subsection, we argue that it is sufficient to break a replication argument that
is often used to argue in favor of a pecking-order asset location rule that preferentially
locates bonds in tax-deferred accounts. Our numerical analysis in sections 3 and 4 shows
mplicity, we follow Shoven and Sialm (2003) and abstract away from the institu-

tional detail that under current U.S. tax law mutual funds are prohibited from distributing
losses to their investors.
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that it is also a sufficient condition for holding stocks in tax-deferred environments for

reasonable parameter assumptions.

2.3 THE REPLICATION ARGUMENT

Here we motivate in a simple one-period example that the limited use of losses can break
the replication argument used by Black (1980), Tepper (1981), and Huang (2008) that
argues in favor of a pecking-order asset location strategy that preferentially places risk-
free assets in tax-deferred accounts. The after-tax return on the risk-free money market
account in the taxable and the tax-deferred account is given by rr =7 - (1 — ;) and rp =
r, respectively. When g denotes the stochastic capital gain on the risky mutual fund
investment and the mutual fund does not pay out dividends, the after-tax return on the
mutual fund investment in the taxable and the tax-deferred account with the full use of

losses is

rrs =g (1-7g) 3)

D,s = G- (4)

With the limited use of losses, the after-tax return on the equity mutual fund in a taxable

account depends on whether g is positive or not:

(I1-74)-gifg>0
rrs = ! (5)
g if g <O0.

That is, with the limited use of losses, the investor still faces capital gains taxation in
case of a capital gain. However, in contrast to the setting with the full use of losses,
the investor no longer receives a tax rebate payment in case of a loss, but only a TLCF,
which is a less attractive compensation than an immediate tax rebate payment. Given that
the risk-return characteristics of tax-deferred equity and both taxable and tax-deferred
money market investments are unaffected by the limited use of losses, the less attractive
tax treatment of equity in the taxable account provides an incentive for holding equity in

tax-deferred environments.
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In the remainder of this section, we show that the different tax treatment of capital
gains and losses is sufficient to break the replication argument. The replication argument
used by Black (1980), Tepper (1981), and Huang (2008) focuses on a one-period investment
horizon and asks how many dollars have to be invested in a taxable account in a given
asset to attain the same level of wealth after taxes as investing one dollar in the same
asset in a tax-deferred account.

One dollar invested in the risk-free asset in a tax-deferred account gives the investor
a level of final wealth of 1 + r. To attain the same level of total final wealth in a taxable

account, the investor has to invest 1+ > dollars. For 7; > 0, the investor thus has to

N S o A
1+(1-7;

invest more than one dollar to make up for the taxation of interest. Similarly, with the
full use of losses—as assumed in the work of Black (1980), Tepper (1981), and Huang
(2008)—one dollar invested in the mutual fund in a tax-deferred account yields a level of

total final wealth of 1 4 g. To attain the same level of final wealth in a taxable account,

—7g

the investor has to hold i dollars in the mutual fund and 0 dollars in

1*7’g)(1+<1*7’i)7")
the risk-free asset as this portfolio yields a level of total final wealth of

—Tg

(I-7) 1+ (A —-m)r)

(1+(1=79)9) + I+ -m)r)=1+g. (6)

1—-7,

Consequently, replicating the payoff of one tax-deferred dollar in the risk-free asset costs

ﬁ dollars, whereas replicating the payoff of one tax-deferred dollar in the mutual

fund costs

r Ty _ 1+ (0-m)r—7, )
L=y (A=m)(A+0-m)r) (A-7)(A+0-7)r)

dollars. To maximize their level of total final wealth, investors should preferentially hold
the asset with the higher replication cost in the tax-deferred account. The difference

between the two assets’ replication costs is given by

1+7r _ 1+(1_Ti)r_7-g _ T(Ti_Tg) (8)
I+(1-m)r (A-1)A+A-7)r) (A-7)A+A—7)7)

This term is positive if 7; > 7,. That is, if the tax rate on interest exceeds that on capital
gains—as is the case under current U.S. and many other countries’ tax laws—the risk-free

asset’s replication costs are higher, and it is therefore preferentially held in a tax-deferred



TAXABLE AND TAX-DEFERRED INVESTING 9

account, whereas the mutual fund is preferentially held in the taxable account.* The
replication argument thus implies a pecking-order asset location strategy that allocates
the risk-free asset to the tax-deferred account and only allocates risk-free investments to
the taxable account if the entire tax-deferred wealth is fully invested in that asset.
However, the replication argument heavily relies on the assumption that the full use of
losses applies. With the limited use of losses, the replication argument breaks down. It is
no longer possible to replicate the final wealth after taxes from an investment of one tax-
deferred dollar in a mutual fund in a taxable account. Whereas for g > 0, the replicating

—7g

portfolio of holding ﬁ dollars in the mutual fund and ( dollars in the

1-7¢ ) (14(1-7;)7)
risk-free asset still generates a level of total final wealth of 1+ g; for g < 0 it leaves the

g

investor with 1 + e

dollars, reflecting that from Equation (5), capital gains and losses
are subject to a different tax treatment.

For g < 0, the replicating portfolio only consists of one unit of the mutual fund, leaving
the investor with 1+ g dollars in case that it indeed turns out that g < 0. For g > 0,
however, the investor is left with only 1+ g (1 — 7,) dollars. In other words, the investor is
no longer able to perfectly replicate the outcome of a tax-deferred dollar of wealth invested
in the mutual fund in a taxable environment as this would require ex-ante knowledge about
whether g > 0 or g < 0. The replication strategy thus breaks down.

In sections 3 and 4, we demonstrate that for reasonable parameter assumptions, it can
be optimal to preferentially hold equity mutual funds in tax-deferred accounts or to hold

mixed portfolios in both accounts under the limited use of losses.

2.4 OPTIMIZATION PROBLEM

We consider an economy consisting of investors living for at most 7" years that can only
trade at time ¢ =0,1,...,T and retire at time J. F(¢) denotes the probability that the
investor is still alive through period ¢ (¢t < T'). Investors in that economy derive utility from
the consumption of a single good and have CRRA-utility with parameter of risk-aversion
v € [0, 00).

4 Huang (2008) shows that the replication argument can be generalized to mutual funds
that pay out dividends.
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As shown in Constantinides (1983), investors endowed with unrealized capital losses
should realize these losses immediately when trading in a tax system with the full use of
losses. Gallmeyer and Srivastava (2011) and Marekwica (2012) show that realizing losses
immediately remains optimal in a setting with the limited use of losses. Intuitively, this is
because realizing the tax loss makes it more flexible in terms of future use. In particular,
a realized tax loss from one share can be used to offset future gains in a different number
of shares.

Investors endowed with unrealized gains, however, face a tradeoff between postponing
the tax payment associated with the realization of their gains and diversifying their port-
folios. Following Dammon et al. (2001), Dammon et al. (2004), Gallmeyer et al. (2006),
and Ehling et al. (2015), we do not differentiate between long-term and short-term capital
gains, and assume that the investor’s tax basis used for computing realized capital gains
is the weighted average of her historical purchase prices. Even though under current U.S.
tax law investors can choose to sell the shares with the lowest level of unrealized gains
first and thereby potentially postpone the taxation of more gains, solving for the optimal
consumption-investment strategy over the life cycle in such a setting becomes numerically
intractable. Moreover, DeMiguel and Uppal (2005) show that certainty equivalent wealth
losses from using the average instead of the exact share identification basis rule are very
small.

With S, , we denote the number of shares the investor holds in a taxable account
from time ¢ to t + 1. P, is the price per share at time t. We assume that the equity mutual
fund follows the recommendation in Constantinides (1983) and realizes losses immediately.
Furthermore, it realizes a fraction v € [0, 1] of unrealized capital gains to adjust its portfolio
to circumstances. v = 1 corresponds to a case where the fund realizes all gains periodically,
which is equivalent to considering a setting without tax-timing option where all capital
gains are subject to mark-to-market taxation. v < 1 corresponds to a setting where the
mutual fund makes use of the tax-timing option. The case v = 0 implies that the mutual
fund’s trading strategy never imposes a tax burden on the investor and that the investor

can fully exploit the tax-timing option. The parameter v is determined by the tax-efficiency
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of the equity mutual fund’s trading strategy. We therefore vary v throughout section 4 to
demonstrate its impact on optimal asset location decisions.

By P; we denote the investor’s historical purchase price (tax basis) of the equity mutual
fund in the taxable account at time ¢ after realization of losses and a fraction v of the
investor’s unrealized gains, but before realization of further gains. Pt*+ is the investor’s
tax basis after trading at time ¢. S;_ is the number of shares the investor holds at time ¢
after realization of losses and a fraction v of unrealized gains, but prior to realization of
further capital gains and purchases of new shares.®

The number of shares held after realization of losses and a fraction v of unrealized

capital gains but prior to realization of further gains in the taxable account is given by

0 if P* > P,
St7 = (9)
(1_V)'St71+ ifPt*7<Pt.

The investor’s tax basis P} after realization of losses and a fraction v of unrealized capital
gains in the taxable account is given by
: *
Pt if Pt—1+ 2 Pt

Pt*, = (10)
P,;L1+ if Pt’ﬁ1+ < P;.

The gain or loss from realizing losses or a fraction v of unrealized capital gains is given by

Gy = Seay(P=PL) P >P (11)
v-Sia, - (P—P.)if Py, <P

The taxable gain T; and the TLCF L, after realization of G; are then given by

T, = max (GL - Lt,l_HO) (12)

Lt, = Tt, - Gt7 + Lt,1+, (13)

5 QOur way of modeling the realization of capital losses follows Marekwica (2012) and has
the desirable feature that we get an upper bound on the investor’s basis-price P, prior
to realization of capital gains exceeding a fraction v. This upper bound is given by the
current market price and allows us to restrict the grid required throughout our numerical
solution to investors that are not endowed with unrealized losses before trading at time ¢t.
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where L; 1, is the TLCF after trading at time ¢ — 1. The investor’s tax basis after trading
at time ¢ is then given by

St7 'Pt*, +max(5t+ —SL,O) 'Pt
St7 + max (Agt+ — SL,O)

Pt*+ = (14)

The realized gain G, from further trading in the taxable account at time ¢ is given by
Gy, = (P.— P ) max (S, —S,,,0). (15)

The taxable gain T;, and the TLCF L, after realization of further capital gains at time

t is given by®

Tt = max (Gt+ - Lt,7 0) (16)

+

Lt+:Tt+7Gt++Lt7' (17)

The investor receives non-financial labor income N, of which a constant fraction & is paid
directly into a tax-deferred account by the employer. Following Dammon et al. (2004),
we assume that the investor does not make any further contributions. When the investor
is retired, we do not allow for any contributions and require an investor at age A; with
expected remaining life-expectancy of E [L(A;)] to withdraw at least a fraction of m
of the remaining tax-deferred wealth when the investor is aged 70.5 and older. Since assets
are preferentially held in the tax-deferred account, investors only withdraw when forced
by this minimum withdrawal requirement or to finance present consumption.

Given an initial endowment, the investor optimizes the discounted expected utility of
lifetime consumption and bequest, subject to the intertemporal budget constraint. Hurd
(1989) shows empirically that bequest motives in various countries are very small. We

therefore abstract away from a bequest motive. 5 denotes the investor’s utility discount

factor, i is a constant annual inflation rate,” M, denotes the investor’s holdings of money

6 Under current U.S. tax law, investors can offset realized losses of up to $3,000 against
other income, such as labor income. Given that this amount is not inflation-adjusted and
such an opportunity is typically not found under other countries’ tax laws, we follow the
literature on tax-deferred investing in not explicitly accounting for this small loss offset
opportunity.

7 We have to model inflation explicitly through our work to avoid underestimating the
impact of the realization-based feature of capital gains taxation on portfolio decisions.
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market accounts in the taxable account from time ¢ to t + 1, ap; is the fraction of tax-
deferred wealth after contributions and withdrawals held in equity, g: is the pre-tax capital
gain on the risky asset from time ¢ — 1 to time ¢, Wp; (Wp., ) is the amount of wealth
held in a tax-deferred account before (after) contributions and withdrawals at time ¢, Wy,
is the amount of taxable wealth held in the taxable account at time t before contribu-
tions to and withdrawals from the tax-deferred account, and Z; denotes the contribution
to or withdrawal from the tax-deferred account at time t. The investor’s intertemporal

consumption-investment problem is

T
Cy
max E Bt-F(t)-U ( > 18
{Ce. M, St ap e [tz_; 2 1+ i)t ()
s.t.
Wpe =Wpyia, lape1(I+g)(1+d)+ (1 —ap;1)(1+7)] (19)

WT,t = (1 — Ti) Nt + St71+ (1 + (1 - Td) d) Pt + Mt—l (1 =+ (1 — Ti) 7") — Tth7 (20)

Wpi, =Wps +2Z; (21)
Wry=Cy—Zy(1-71) (1 - TPX{{At<J}ﬁ{Zt<O}}) + M + S, P+ 71,13, (22)
Ct > 0, St+ Z 0, Mt Z 0, C!D,t (S [0, 1] (23)

and Equations (9) through (17), where x(,) is the characteristic function that takes the
value one if the event x is true and zero otherwise.
Letting f(t) denote the probability of surviving from time ¢ to ¢t 4+ 1, the optimization

problem can be expressed in a recursive form (Bellman equation) as

Ve (Xy) = max f(t)'U< & )+f(t)~B-Et[U(W+1(Xt+1))] (24)

Ct,My,8¢, ,ap ¢ (1+1i)’
with the state variables X, = [t, P, , P} ,S: , Ly ,Wr 1, Wp s, N¢J.
Our optimization problem can be simplified by normalizing both the objective function
and the constraints by W; and summarizing information on the level of unrealized gains
as a ratio in a single variable. The simplified optimization problem is solved numerically

using backward induction. The technical details are outlined in the Appendix.
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2.5 THE LIMITED USE OF LOSSES AND ASSET LOCATION

Garlappi and Huang (2006) show in a stylized two-period model that with portfolio con-
straints in the taxable account, risk averse investors have an incentive to hold mixed
portfolios of the risk-free asset and the risky asset in both accounts to smooth the tax-
advantage from the tax-exemption of profits in the tax-deferred account through different
states. In this section, we proceed in a manner similar to Garlappi and Huang (2006) and
demonstrate that the limited use of losses creates another incentive to hold mixed portfo-
lios in both accounts—even when the investor does not face borrowing-and short-selling
constraints in the taxable account.

Similar to Garlappi and Huang (2006), in this section, we abstract away from the
borrowing-and short-selling constraints, the tax-timing option (i.e., we set v = 1), non-
financial labor income, dividend payments, time preferences (i.e., S = 1), and consider a
two-period investment horizon. Initially, at time ¢ = 0, the investor is not endowed with
a TLCF from previous trading. Again following Garlappi and Huang (2006), we further
assume the investor only derives utility from terminal consumption and abstract away

from investor mortality. With the limited use of losses, the Bellman equation can then be

written as
Vi (L1, Wr1,Wp1 ) = 51, ,Il\nﬁ?(au,l E,|U <S’1+P2 + M (A+(1=m7)7)
—7ymax (Si, (Py — P1) — Ly,0) )1 (25)
and
Vo Wr,0,Wpyo) = max g [Vi (L1, Wr1Wp)]. (26)

So,Mo,ap,o
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Because v = 1, it further holds that L; = L; = L., . The right-hand side derivative of V}

with respect to L; is®

74 if S5 (Py— Py)— Ly >0
e R R | @
1 2 0if Sy, (P,—P1)— L1 <0
where 57 and
Wy =87, P+ M; (1+ (1 —7,)r) — 7gmax (S}, (P, — Py) — L1,0) (28)

denote the optimal choice of S}, and the wealth level W5 implied by optimal choices SL,
M7, and af, ; at time t = 1. The higher L;, the higher the likelihood that the marginal
value of another marginal unit of TLCF is zero. Hence, the higher the TLCF L; the
investor is endowed with from previous trading, the lower the likelihood that it will be
used to cover possible gains over the next period and thus, the lower its impact on Vj.
This finding has important implications for the investor’s optimal asset location strategy
at time ¢ = 0. Holding everything else equal, from Equation (26), moving equity holdings
at time ¢ = 0 from the taxable to the tax-deferred account is more desirable when the
taxable equity exposure is high and the marginal utility from a TLCF L; at time t =1 is
low.

Consequently, even if moving some equity holdings from the taxable to the tax-deferred
account may increase the investor’s indirect utility, the implied increased marginal utility
of a possible future TLCF implies that the investor eventually reaches the point where it
is no longer optimal to move more equity from the taxable to the tax-deferred account.
Hence, the changing marginal utility of a possible future TLCF can lead to a violation of
the pecking-order asset location rule.

Whereas in the work of Garlappi and Huang (2006), the desire to smooth the volatility
of the tax subsidy resulting from the tax-exemption of profits causes an incentive to hold
mixed portfolios in both the taxable and the tax-deferred account, the limited use of losses

causes yet another incentive for such mixed portfolios. In sections 3 and 4, we demonstrate

8 The derivative is not defined for S, 4 (P2 = P1) — L; = 0. We therefore ask how the
indirect utility V; is affected when the TLCF L; increases by a marginal unit, which
technically translates into looking at the right-hand side derivative.
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that for reasonable parameter assumptions, these two incentives can cause investors to hold

mixed portfolios in both the taxable and the tax-deferred account.

2.6 BASE CASE PARAMETERS

Throughout, we consider an investor who makes decisions annually starting at age 20
(t =0). The maximum age the investor can attain is set to 100 years (1" = 80). It is
assumed that the relative risk-aversion of the investor is v = 5, which is in the range of
values considered reasonable by Mehra and Prescott (1985). The annual subjective utility
discount factor is 8 = 0.96. Annual inflation is set to i = 3.2%. The pre-tax return on the
risk-free money market account investment is set to r = 4.1%. The expected return on
the equity mutual fund is pu = 8.1%, its standard deviation is o = 19.6% and the pre-tax
dividend rate is d = 2%. This choice of parameters is in line with historical values as
reported in Dimson et al. (2002). Estimating the equity premium has been the subject of
much theoretical and empirical research (see, e.g., Siegel (2005) for a survey). While the
historical U.S. equity premium is around 7.7% (Dimson et al., 2002), economists doubt
whether this will be true in future periods. We therefore choose a somewhat lower equity
premium that roughly corresponds to that of the world index as reported in Dimson et al.
(2002). We assume that the tax rate on capital gains is 7, = 20%. Dividends as well as
interest and other income is taxed at a rate of 7y = 7; = 35%.° The penalty tax for early
withdrawals from tax-deferred accounts prior to retirement age is set to 7, = 10% as under
current U.S. tax law.

Mandatory retirement age is J = 65. To keep our model numerically tractable, we fol-
low Dammon et al. (2004) and assume that non-financial labor income N, is a constant
multiple of wealth. Labor income is typically a regular stream of positive cash flows and
can be viewed as a coupon-bearing bond with stochastic coupon payments. Labor income
therefore has an effect on the asset allocation decision (Cocco et al., 2005). More gener-

ally, the asset allocation decision heavily reflects an individual’s desired risk-versus-return

9 This parameterization is also in line with the historical observation that dividends and
interest payments are taxed at higher rates than long-term capital gains (Sialm, 2009). In
unreported comparative statics, we allow for different tax rates on dividends and interest.
These results are available from the authors.
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tradeoff. For that purpose, potentially pre-existing risk factors, such as labor income risk,
are important. The asset location decision on the other hand, is primarily driven by the
goal of tax-optimizing an investment strategy. For tax-optimizing purposes, however, the
exact modeling of an individual’s labor income stream should not have a first-order effect.
We assume that non-financial labor income is n = 15% of effective wealth W, which we
define as wealth that effectively belongs to the investor and on which fiscal authorities do
not have a claim: WtE =W, — 7y max (SL (PL — Pt*,) — LtﬂO). That is, N, = 0.15 - WtE,
We adjust for potential unrealized gains to avoid an economically implausible link be-
tween non-financial income and the realization of capital gains. During retirement we
assume that non-financial income drops to 10.5% of her effective wealth, corresponding to
a replacement ratio of A = 70%, which is in the range of replacement ratios empirically
estimated by Cocco et al. (2005). During the accumulation phase until retirement age
J, the employer contribution is set to k = 10% of the investor’s labor income, roughly
corresponding to the average contribution reported in Huberman et al. (2007). Survival
probabilities are set to the survival probabilities for female investors according to the 2001
Commissioners Standard Ordinary Mortality Table. Table I summarizes our choice of base

case parameters.

3. Numerical Results with Mark-to-Market Taxation
3.1 STRUCTURE OF OPTIMAL PORTFOLIOS

We begin our numerical analysis by studying the structure of optimal portfolios. Specifi-
cally, our goal is to illustrate how the limited use of losses impacts optimal asset location
decisions. We begin the discussion of our results in a setting with mark-to-market taxa-

tion, i.e. a setting where v = 100%. Throughout, we report the optimal equity exposures

Sk

Ty = 5 Pt and ap as fractions of taxable and tax-deferred wealth invested.

Figure 1 depicts the optimal taxable (left graphs) and taxable equity exposures (right
graphs) for an investor who trades in a tax system with the full use of losses (Panel

A) or the limited use of losses (Panel B) as a function of the investor’s age and the
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Table 1
Base case parameter choice

Description Parameter Value
Pre-tax interest on risk-free money market r 4.1%
Pre-tax dividend rate d 2%
Pre-tax expected capital gain on equity mutual fund I 8.1%
Pre-tax standard deviation on capital gain equity mutual fund o 19.6%
Inflation rate i 3.2%
Capital gains rate Ty 20%
Tax-rate on dividends T4 35%
Tax-rate on interest and other income T; 35%
Penalty tax on early withdrawal Tp 10%
Utility discount factor B8 0.96
Degree of risk aversion ¥ 5
Maximum length of investment horizon T 80
Non-financial income to effective wealth ratio n 15%
Retirement contribution rate k 10%
Replacement ratio A 70%
Mandatory retirement age J 65

This table summarizes the parameters used in our model and their base-case val-
ues.

fraction of wealth held in a tax-deferred account. For the setting with the limited use of
losses, we consider an investor who is not endowed with a tax loss from previous trading.
The top panel of Figure 1 confirms the classical finding of Black (1980), Tepper (1981),
Dammon et al. (2004) and Huang (2008) and documents that an investor trading in a tax
system with the full use of losses optimally follows a strict pecking-order asset location
rule and prefers holding equity in taxable and money market mutual funds in tax-deferred
accounts. With the full use of losses the investor prefers holding the asset that is subject to
the highest tax rate in the tax-deferred account. In general, such an asset location strategy
maximizes the investor’s expected benefits resulting from the tax exemption of profits in
tax-deferred accounts. Investors trading under the full use of losses prefer holding even
the most tax-inefficient mutual funds in taxable accounts.

The bottom panel demonstrates that explicitly acknowledging the limited use of losses
found in many tax laws around the world has an overwhelming impact on the optimal
location of assets to taxable and tax-deferred accounts. In fact, the optimal location is

reversed. Whereas with the full use of losses the investor follows a pecking-order asset
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Panel A: Full use of losses

Panel B: Limited use of losses

Figure 1: This figure shows optimal equity exposures in taxable (a%’t) and
tax-deferred accounts (ap:) as functions of age and the fraction of wealth
held in a tax-deferred account (Tax-deferred wealth (%)) for an investor
trading in a tax-system with the full use of losses (Panel A) of the limited use
of losses (Panel B) who is not endowed with tax loss from previous trading.
Tax rates on capital gains, dividends, as well as interest and other income
are given by 7, = 20%, 14 = 35%, and 1; = 35%, respectively. The left graphs
show the optimal taxable equity exposure, av,. The right graphs show the
optimal tax-deferred equity exposure, ap ;. It is assumed that v = 100%.

location rule that preferentially locates equity mutual funds in taxable accounts, with the
limited use of losses the investor preferentially holds equity in tax-deferred accounts.
This rather extreme result is entirely driven by the change in the taxable treatment

of realized losses in assets held in taxable accounts. Whereas with the full use of losses,



20 FISCHER AND GALLMEYER

the investor gets an immediate tax rebate payment of 7, times the realized loss, with
the limited use of losses the investor is not compensated in cash, but only receives a tax
loss carry-forward that can be used to offset future realized gains. As already mentioned
above, a tax loss is a less attractive compensation than an immediate tax rebate payment
because it cannot be consumed or invested. Furthermore, it carries a risk of never being
used and thus being forfeited. In particular, our risk averse investor gets the tax rebate
payment when it is most valuable to her, i.e. in situations where she faces a loss on her
equity investments. That is, with the full use of losses, capital gain taxation does not only
reduce the mutual fund’s expected return but also its after-tax downside risks in that
fiscal authorities share these risks with the investor.®

With the limited use of losses, however, the investor bears the entire immediate down-
side risk and because optimal portfolios are not changing dramatically over time, real-
ized losses are typically not used for an extended period of time. As a consequence, the
risk-return profile of equity mutual funds held in taxable accounts gets substantially less
attractive. Specifically, tax authorities still put a tax burden on capital gains held in tax-
able accounts where they do not grant tax rebate payments on capital losses, but instead
only provide the investor with a less desirable tax loss carry-forward. Our results show
that this less attractive tax treatment causes the investor to optimally shift the preferred
location of the equity mutual fund to the tax-deferred account where she still faces the
full downside risk, but at the same time does not have to share capital gains with tax
authorities. If, however, investors are endowed with a TLCF from previous periods, the
ability to take advantage of the TLCF increases the incentive to hold equity in the taxable

account.

3.2 OPTIMAL CONSUMPTION-INVESTMENT STRATEGIES OVER THE LIFE
CYCLE

Examining optimal state-dependent portfolio decisions is useful in understanding the con-
ditional differences between optimal asset location strategies for an investor trading in a

10 Domar and Musgrave (1944) show that this risk sharing implied by the full use of losses
can result in the paradox that the demand for a risky asset increases as the tax burden
on its return increases.
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tax system with full and limited use of losses. However, such an analysis does not indicate
how likely it is that the investor ends up in a specific state. In this section, we therefore
study the impact of the limited versus the full use of losses over the life cycle by performing
Monte Carlo simulations on our numerically optimized grid. More specifically, we perform
10,000 simulations over the life cycle. We assume that the investor is neither endowed with
unrealized capital gains nor with a tax loss from previous trading at age 20. We report
optimal consumption, equity exposures in taxable and tax-deferred accounts, tax losses
and the fraction of wealth held in a tax-deferred account conditional on survival.

Confirming the intuition from Figure 1, Table II shows that an investor trading in a
tax system with the limited use of losses follow asset location strategies that are diamet-
rically opposed to those of an investor trading in a tax system with the full use of losses.
With the limited use of losses, the preferred location for equity mutual funds is the tax-
deferred account whereas with the full use of losses they are preferentially held in taxable
environments.

Whereas the optimal consumption policy is hardly influenced by the limited use of
losses, Table II shows that the allocation of wealth to taxable and tax-deferred accounts
is essentially reversed. With the full use of losses the investor prefers holding equity
mutual funds in taxable accounts, with the limited use of losses, the equity mutual fund is
preferentially held in the tax-deferred account. The preference for equity in tax-deferred
environments in tax systems with the limited use of losses implies that tax-deferred
wealth on average grows at a stronger rate due to the equity premium the investor on

average earns.

In total, our results presented in this section can help understanding why many private
investors hold equity in their tax-deferred accounts. However, assuming mark-to-market
taxation ignores the tax-timing option and thus potentially overestimates the impact of
the limited use of losses. Furthermore, our results cannot explain why some investors prefer
equity in taxable environments, whereas others hold mixed portfolios in both taxable and
tax-deferred accounts. In section 4 we therefore demonstrate that the optimal location

of equity mutual funds to taxable and tax-deferred accounts heavily depends on the tax-
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Table 11
Base case parameter setting

Panel A: Limited use of losses Panel B: Full use of losses
Perc. c o ap l wp Perc. c o ap wp
10% 9.1% 29% 100% 0.0% 4% 10% 9.2% 47% 0% 4%
50% 9.1% 30% 100% 3.2% 5% 50% 9.2% 48% 0% 5%
Age 25 90% 9.2% 32% 100% 10.0% 6% Age 25 90% 9.2% 48% 0% 5%
Mean 9.1% 30% 97% 3.6% 5% Mean 9.2% 48% 0% 5%
Std 0.0% 2% 17% 4.3% 1% Std 0.0% 0% 0% 0%
10% 9.2% 0% 66% 0.0% 17% 10% 9.3% 54% 0% 14%
50% 9.4% 1% 96% 0.0% 27% 50% 9.3% 57% 0% 17%
Age 40 90% 9.6% 16% 100% 3.0% 41% Age 40 90% 9.4% 61% 0% 21%
Mean 9.4% 6% 87% 1.1% 28% Mean 9.3% 57% 0% 18%
Std 0.1% 9% 17% 3.1% 9% Std 0.0% 3% 0% 3%
10% 9.0% 0% 42% 0.0% 36% 10% 8.9% 60% 0% 20%
50% 9.3% 0% 52% 0.0% 56% 50% 9.0% 66% 0% 27%
Age 55 90% 9.4% 0% % 0.0% 71% Age 55 90% 9.1% 78% 0% 36%
Mean 9.2% 0% 56% 0.1% 55% Mean 9.0% 68% 0% 27%
Std 0.2% 3% 15% 0.8% 13% Std 0.1% 8% 0% 6%
10% 8.7% 0% 34% 0.0% 59% 10% 8.5% 60% 0% 21%
50% 8.9% 0% 39% 0.0% 79% 50% 8.5% 70% 0% 30%
Age 70 90% 9.0% 0% 51% 0.0% 91% Age 70 90% 8.7% 92% 0% 45%
Mean 8.9% 0% 41% 0.0% 7% Mean 8.6% 73% 0% 32%
Std 0.1% 1% 9% 0.3% 13% Std 0.1% 12% 2% 10%
10% 11.8% 0% 70% 0.0% 24% 10% 11.7% 48% 0% 5%
50% 11.8% 0% 84% 0.0% 34% 50% 11.7% 50% 0% 9%
Age 85  90% 11.9% 6%  100% 0.0%  41% Age 85 90%  11.8%  54% 0%  15%
Mean 11.8% 2% 85% 0.1% 33% Mean 11.7% 51% 0% 9%
Std 0.0% 4% 11% 0.5% 7% Std 0.0% 3% 0% 4%

This table shows the evolution of state and decision variable over the life cycle conditional on survival. It is based on
10,000 simulations on the optimal paths. Tax rates on capital gains, dividends, as well as interest and other income are assumed
to be 7, = 20%, 74 = 35% and 7; = 35%. c is the consumption-wealth ratio, a’ and ap are the taxable and tax-deferred equity
exposure. [ is the initial tax-loss carry-forward to wealth ratio for an investor trading in a tax system with limited use of losses, wp
is the fraction of wealth held in a tax-deferred account. The fraction of capital gains distributed by the equity mutual fund each
year is assumed to be v = 100%.
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efficiency, v, of the mutual fund’s trading strategy. In particular, an investor trading a
tax-efficient mutual fund should preferentially hold it in a taxable account, whereas an
investor trading a tax-inefficient mutual fund should prefer holding it in a tax-deferred
account. For intermediate levels of a mutual fund’s tax-efficiency, we confirm the intuition

from section 2.5 that it can be rational to hold mixed portfolios in both accounts.

4. Numerical Results with a Tax-Timing Option

Our results in section 3 show that with the full use of losses, the investor should follow
a strict pecking order asset location rule and preferentially hold equity mutual funds in
taxable accounts. With the limited use of losses and mark-to-market taxation, equity
mutual funds are preferentially held in tax-deferred environments. However, many tax
codes around the world first tax capital gains when they are realized, thus providing
investors with a tax-timing option. In particular, this option makes holding equity mutual
funds in taxable environments more attractive as it essentially reduces the effective capital
gains rate.

We next turn to the case where v = 0, i.e., where investors can fully exploit the tax-
timing option. From Table III, the tax-timing option does not affect optimal asset location
decisions with the full use of losses. With the limited use of losses, however, the optimal
asset location decision is heavily altered. With mark-to-market taxation (v = 1), investors
prefer holding the mutual fund in the tax-deferred account. While when able to fully
exploit the tax-timing option (v = 0), they prefer holding equity mutual funds in taxable
environments.

The cases with mark-to-market taxation (v = 1) and the opportunity to fully exploit
the tax-timing option (v = 0) illustrate that the exact tax treatment of capital gains is
of crucial importance for optimal asset location decisions when the limited use of losses
applies. However, neither of the two cases realistically models the tax consequences of
capital gains on the mutual fund level for an investor in a realistic fashion.

Neither are equity mutual funds’ capital gains taxable on a mark-to-market basis, nor do

mutual funds allow investors to fully exploit the tax-timing option. Instead, capital gains
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Table 111
No capital gains distributed

Panel A: Limited use of losses Panel B: Full use of losses
Perc. c fo% ap l wp Perc. c o ap wp
10% 8.7% 38% 0% 0.0% 4% 10% 8.7% 47% 0% 4%
50% 8.9% 47% 0% 0.0% 5% 50% 9.0% 48% 0% 5%
Age 25 90% 9.2% 51% 24% 6.7% 5% Age 25 90% 9.3% 49% 0% 5%
Mean 9.0% 45% 9% 2.5% 5% Mean 9.0% 48% 0% 5%
Std 0.2% 5% 20% 4.2% 0% Std 0.2% 1% 0% 0%
10% 8.4% 57% 0% 0.0% 13% 10% 8.4% 57% 0% 13%
50% 8.7% 61% 0% 0.0% 17% 50% 8.7% 60% 0% 17%
Age 40 90% 9.1% 64% 0% 0.0% 23% Age 40 90% 9.1% 62% 0% 22%
Mean 8.7% 60% 1% 0.4% 17% Mean 8.7% 60% 0% 17%
Std 0.3% 5% 5% 2.1% 4% Std 0.2% 2% 0% 3%
10% 8.0% 65% 0% 0.0% 19% 10% 8.0% 65% 0% 19%
50% 8.2% 74% 0% 0.0% 27% 50% 8.2% 73% 0% 27%
Age 55 90% 8.6% 90% 0% 0.0% 39% Age 55 90% 8.6% 87% 0% 38%
Mean 8.3% 76% 0% 0.0% 28% Mean 8.3% 74% 0% 28%
Std 0.2% 10% 2% 0.7% 8% Std 0.2% 9% 1% 8%
10% 7.7% 65% 0% 0.0% 20% 10% 7.7% 65% 0% 20%
50% 7.9% % 0% 0.0% 32% 50% 7.9% 7% 0% 32%
Age 70 90% 8.2% 100% 3% 0.0% 56% Age 70 90% 8.2% 100% 3% 54%
Mean 7.9% 80% 2% 0.0% 35% Mean 7.9% 80% 1% 35%
Std 0.2% 13% 5% 0.3% 14% Std 0.2% 13% 5% 14%
10% 10.6% 50% 0% 0.0% 6% 10% 10.6% 50% 0% 6%
50% 10.8% 54% 0% 0.0% 11% 50% 10.8% 54% 0% 11%
Age 85 90% 10.9% 64% 0% 0.0% 23% Age 85 90% 10.9% 63% 0% 23%
Mean 10.7% 56% 0% 0.0% 13% Mean 10.7% 56% 0% 13%
Std 0.1% 7% 0% 0.4% 7% Std 0.1% 7% 0% 7%

This table shows the evolution of state and decision variable over the life cycle conditional on survival. It is based on
10,000 simulations on the optimal paths. Tax rates on capital gains, dividends, as well as interest and other income are assumed
to be 7, = 20%, 74 = 35% and 7; = 35%. c is the consumption-wealth ratio, a’ and ap are the taxable and tax-deferred equity
exposure. [ is the initial tax-loss carry-forward to wealth ratio for an investor trading in a tax system with limited use of losses, wp
is the fraction of wealth held in a tax-deferred account. The fraction of capital gains distributed by the equity mutual fund each
year is assumed to be v = 0%.
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realized due to trading on the mutual fund level are immediately subject to taxation,
whereas unrealized capital gains are not taxable until they are realized. In other words,
the extent to which investors can benefit from the tax-timing option depends crucially on
the tax-efficiency of an equity mutual fund’s trading strategy.

The importance of the tax-efficiency of equity mutual funds for optimal asset location
strategies has already been pointed out in a setting with the full use of losses and tax-
exempt municipal bonds as an asset class by Shoven and Sialm (2003). In the following,
we show that even in the absence of tax-exempt municipal bonds as an asset class, the
optimal location depends on the tax-efficiency of the equity mutual fund when the investor
trades in a tax system with the limited use of losses.

We estimate the tax-efficiency, v, of equity mutual funds using data from the WRDS
Mutual Fund Database from 1961 to 2009. Initially, we remove observations with missing
values in net asset value (nav_latest) or its lagged value. We consider a fund an equity
mutual fund, if it on average holds at least 95% of its wealth invested in common (per_com)
or preferred stocks (per_pref) and remove funds with lower average equity exposures from
our sample. To avoid having individual years with potentially above- or below-average
capital gains under- or overrepresented, we eliminate funds from our sample for which
data is only available for a subperiod. Following Shoven and Sialm (2003), we estimate
the average fraction of capital gains distributed by equity mutual funds in two steps. First,
we compute the average fraction of capital gains distributed for each equity mutual fund
separately by dividing the average annual amount of distributed capital gain per dollar
invested by the average annual total capital gain per dollar invested. In a second step,
we compute the average fraction v of capital gains distributed by equity mutual funds as
the mean of the average fraction of capital gains distributed by the mutual funds in our
sample. This procedure leaves us with an estimate of v = 72%, which is very close to that
of Shoven and Sialm (2003) of % = 73.1% for their average over their Top 5
mutual funds.!?

As already noted by Shoven and Sialm (2003), the tax-efficiency of equity mutual
funds differs significantly between individual funds. In addition to studying the impact

11 'We also explored the impact of choosing v = 73.1%. Given that our results were very
similar to those reported here for v = 72%, we did not additionally report them.
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of a fraction of v = 72% of capital gains being distributed annually, we therefore also
consider a mutual fund which follows a trading strategy with above-average tax-efficiency.
Specifically, we follow Shoven and Sialm (2003) and consider the Vanguard S&P 500
index fund, which seeks to track the S&P 500 index and is therefore less engaged in
active trading. The Vanguard S&P 500 index fund was launched in September 1976. We
estimate the average fraction of gains realized for the full calendar years from 1977 to 2009
to be v = 12%, which is only a fifth of our estimate for the average equity mutual fund
estimated above. Again, our estimate is of a similar order of magnitude as the estimate of
% = 14.6% reported by Shoven and Sialm (2003). However, tax-efficient index
mutual funds still tend to be relatively rare. Cremers et al. (2016) estimate that the
percentage of total net assets held by index funds is only 27% in the U.S. and 13% for
non-U.S. countries.

Table IV summarizes in a similar manner as Tables II and III the evolution of state and
decision variables over the life cycle for an investor trading an equity mutual fund that
distributes a fraction v = 72% of unrealized gains, corresponding to the average fraction
of gains distributed by U.S. equity mutual funds between 1961 and 2009. Investors trading
such funds should optimally hold the mutual fund in a tax-deferred account due to its
relatively tax-inefficient trading strategy.

Overall, a comparison between our results in Tables IT and IV shows that neither with
full nor with limited use of losses optimal consumption-investment strategies are much
affected by whether all capital gains are subject to mark-to-market taxation (v = 100%)
or the investor trades an equity mutual fund with average tax-efficiency that distributes
v = 72% of its unrealized capital gains each year. In total, an investor that trades an equity
mutual fund that follows a trading strategy with average tax-(in)efficiency generally prefers
holding this equity mutual fund in a tax-deferred account.

In Table V we show results for an investor trading a tax-efficient equity mutual fund,
annually distributing an average fraction of v = 12%, corresponding the the average frac-
tion of gains realized by the Vanguard S&P 500 index fund, of its unrealized gains.!? Our
results indicate that the optimal location of such a relatively tax-efficient equity mutual

12 Sjalm and Zhang (2015) provide empirical evidence that more tax-efficient funds do
not underperform other funds before taxes.



27

TAXABLE AND TAX-DEFERRED INVESTING

Table IV
72% of capital gains distributed

Panel A: Limited use of losses

Panel B: Full use of losses

Perc. c fo% ap l wp Perc. c ol ap wp
10% 9.1% 30% 72% 0.0% 4% 10% 9.1% 47% 0% 4%
50% 9.1% 33% 100% 0.3% 5% 50% 9.2% 47% 0% 5%
Age 25 90% 9.2% 36% 100% 7.2% 6% Age 25 90% 9.2% 48% 0% 5%
Mean 9.1% 33% 91% 2.4% 5% Mean 9.2% 47% 0% 5%
Std 0.0% 2% 20% 4.0% 1% Std 0.0% 0% 0% 0%
10% 9.2% 0% 66% 0.0% 17% 10% 9.2% 54% 0% 14%
50% 9.3% 9% 89% 0.0% 27% 50% 9.3% 57% 0% 17%
Age 40 90% 9.5% 19% 100% 2.3% 38% Age 40 90% 9.4% 61% 0% 21%
Mean 9.4% 9% 85% 0.8% 27% Mean 9.3% 57% 0% 18%
Std 0.1% 9% 16% 2.7% 8% Std 0.1% 3% 0% 3%
10% 9.0% 0% 43% 0.0% 36% 10% 8.8% 59% 0% 20%
50% 9.2% 0% 53% 0.0% 55% 50% 8.9% 66% 0% 27%
Age 55 90% 9.4% 0% 7% 0.0% 69% Age 55 90% 9.1% 78% 0% 36%
Mean 9.2% 1% 57% 0.0% 54% Mean 8.9% 68% 0% 28%
Std 0.2% 3% 14% 0.6% 13% Std 0.1% 8% 0% 6%
10% 8.7% 0% 34% 0.0% 59% 10% 8.5% 59% 0% 21%
50% 8.9% 0% 39% 0.0% 78% 50% 8.6% 69% 0% 30%
Age 70 90% 9.0% 0% 51% 0.0% 90% Age 70 90% 8.7% 93% 0% 45%
Mean 8.9% 0% 41% 0.0% 76% Mean 8.6% 72% 0% 32%
Std 0.1% 3% 9% 0.3% 13% Std 0.1% 12% 2% 10%
10% 11.8% 0% 66% 0.0% 27% 10% 11.6% 48% 0% 6%
50% 11.9% 0% 78% 0.0% 37% 50% 11.7% 50% 0% 10%
Age 85 90% 11.9% 5% 99% 0.0% 44% Age 85 90% 11.8% 55% 0% 16%
Mean 11.9% 1% 80% 0.0% 36% Mean 11.7% 51% 0% 11%
Std 0.0% 4% 11% 0.5% 7% Std 0.1% 3% 0% 4%

This table shows the evolution of state and decision variable over the life cycle conditional on survival. It is based on
10,000 simulations on the optimal paths. Tax rates on capital gains, dividends, as well as interest and other income are assumed
to be 7, = 20%, 174 = 35%, and 7; = 35%. c is the consumption-wealth ratio, o and ap are the taxable and tax-deferred equity
exposure. [ is the initial tax-loss carry-forward to wealth ratio for an investor trading in a tax system with the limited use of losses,
wp is the fraction of wealth held in a tax-deferred account. The fraction of capital gains distributed by the equity mutual fund
each year is assumed to be v = 72%.
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Table V

12% of capital gains distributed

Panel A: Limited use of losses

Panel B: Full use of losses

Perc. c o ap l wp Perc. c o ap wp
10% 8.8% 33% 0% 0.0% 4% 10% 8.8% 45% 0% 4%
50% 9.0% 45% 0% 0.0% 5% 50% 9.0% 49% 0% 5%
Age 25 90% 9.2% 51% 100% 7.1% 5% Age 25 90% 9.2% 50% 0% 5%
Mean 9.0% 43% 21% 2.1% 5% Mean 9.0% 48% 0% 5%
Std 0.2% 6% 33% 4.2% 0% Std 0.2% 2% 0% 0%
10% 8.5% 51% 0% 0.0% 13% 10% 8.6% 54% 0% 13%
50% 8.9% 57% 0% 0.0% 18% 50% 8.9% 58% 0% 17%
Age 40 90% 9.3% 62% 2% 0.0% 23% Age 40 90% 9.2% 61% 0% 22%
Mean 8.9% 56% 4% 0.4% 18% Mean 8.9% 58% 0% 17%
Std 0.3% 8% 13% 2.1% 4% Std 0.2% 3% 0% 3%
10% 8.1% 61% 0% 0.0% 19% 10% 8.2% 60% 0% 19%
50% 8.4% 70% 0% 0.0% 28% 50% 8.5% 68% 0% 27%
Age 55 90% 8.9% 82% 0% 0.0% 40% Age 55 90% 8.9% 80% 0% 37%
Mean 8.5% 70% 1% 0.1% 29% Mean 8.5% 69% 0% 28%
Std 0.3% 9% 5% 1.0% 8% Std 0.3% 8% 0% 7%
10% 7.8% 63% 0% 0.0% 20% 10% 7.8% 62% 0% 20%
50% 8.0% 76% 0% 0.0% 32% 50% 8.1% 74% 0% 32%
Age 70 90% 8.4% 100% 1% 0.0% 53% Age 70 90% 8.4% 100% 0% 50%
Mean 8.1% 79% 1% 0.1% 35% Mean 8.1% 7% 1% 34%
Std 0.3% 13% 4% 0.7% 13% Std 0.2% 13% 3% 12%
10% 10.7% 49% 0% 0.0% 6% 10% 10.7% 49% 0% 6%
50% 10.9% 56% 0% 0.0% 11% 50% 10.9% 55% 0% 11%
Age 85 90% 11.2% 64% 0% 0.0% 20% Age 85 90% 11.2% 62% 0% 19%
Mean 10.9% 56% 0% 0.0% 12% Mean 10.9% 55% 0% 12%
Std 0.2% 6% 2% 0.6% 6% Std 0.2% 5% 0% 5%

This table shows the evolution of state and decision variable over the life cycle conditional on survival. It is based on
10,000 simulations on the optimal paths. Tax rates on capital gains, dividends, as well as interest and other income are assumed
to be 7, = 20%, 174 = 35%, and 7; = 35%. c is the consumption-wealth ratio, a}. and ap are the taxable and tax-deferred equity
exposure. [ is the initial tax-loss carry-forward to wealth ratio for an investor trading in a tax system with the limited use of losses,
wp is the fraction of wealth held in a tax-deferred account. The fraction of capital gains distributed by the equity mutual fund
each year is assumed to be v = 12%.
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fund is the taxable account — both in tax-systems with full and limited use of losses.
Hence, with full use of losses the optimal location for equity mutual funds is the taxable
account irrespective of the fund’s tax-efficiency. With the limited use of losses, however,
the optimal location of assets depends on the tax-efficiency of the equity mutual fund.

We now turn to demonstrating how intermediate values for the fraction of capital gains
distributed can cause private investors to optimally hold mixed portfolios in both taxable
and tax-deferred accounts. Studying below-average levels of tax-efficiency seems important
in light of the evidence in Sialm and Starks (2012) who show that mutual funds primarily
held by taxable investors are more tax efficient that funds primarily held in tax-deferred
environments.

Table VI shows the impact of different levels of v on optimal asset location strategies
over the life cycle. Panels A, B, and C show results for an investor trading an equity mutual
fund with tax-efficiency of v = 30%, v = 40%, and v = 50%, respectively. In contrast to
our results in Tables IV and V, our results indicate that for these intermediate levels
of tax-efficiency, it is optimal to hold mixed portfolios in both the taxable and the tax-
deferred account. That is, intermediate levels of the tax-efficiency can rationalize why
some investors hold mixed portfolios in both their taxable and tax-deferred accounts.

Simultaneously, the tax-efficiency of the equity mutual fund determines to which extent
the incentive to smooth the tax subsidy is traded off against tax and risk-return concerns.'?
The smoothing incentive seems to be strongest at v = 40% whereas for v = 30% the desire
to exploit the tax-timing option tilts the investor’s asset location towards holding more
equity in taxable environments. For v = 50% on the other hand, the different tax treatment
of realized gains and losses favors holding more equity in the tax-deferred account. At the
age of 55 for example, the optimal average equity exposure in the taxable account drops

from 50% for v =30% over 33% for v =40% to 4% for v = 50%. Simultaneously, the

13 Besides the level of v, the optimal asset location strategy also depends on the relation
between the tax rates on capital gains, dividends and interest. If all these three sources of
profits are subject to the same tax rate as e.g. under several European tax laws, the investor
has an even stronger incentive to hold equity mutual funds in tax-deferred accounts and
the level of v that makes her hold mixed portfolios in both types of accounts is an order
of magnitude lower. Due to space constraints, we have not depicted these results here in
detail, but they are available from the authors upon request.
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Table VI
Relation between tax-efficiency and optimal asset location

Panel A: Panel B: Panel C:
30% of gains distributed 40% of gains distributed 50% of gains distributed
Perc. c o ap l wp c o ap l wp c o ap l wp
10% 8.9% 31% 0% 0.0% 4% 9.0% 31% 0% 0.0% 4% 9.0% 31% 5% 0.0% 4%
50% 9.1% 41% 20% 0.0% 5% 9.1% 40% 61% 0.0% 5% 9.1% 34% 100% 0.0% 5%
Age 25 90% 9.2% 45% 100% 6.3% 6% 9.2% 45% 100% 6.1% 6% 9.2% 45% 100% 6.5% 6%
Mean 9.1% 39% 2%  1.9% 5% 9.1% 38% 55% 1.9% 5% 9.1% 3% 66% 2.0% 5%
Std 0.1% 5% 44%  4.0% 0% 0.1% 6% 44%  4.0% 1% 0.1% 5% 40%  4.0% 1%
10% 9.0% 17% 0% 0.0% 16% 9.1% 11% 0% 0.0% 16% 9.2% 1% 2%  0.0% 1%
50% 9.2% 44% 26% 0.0% 21% 9.3% 26% 64% 0.0% 22% 9.3% 18% 80% 0.0% 23%
Age 40 90% 9.3% 57% 91% 24% 27% 9.4% 57% 97% 2.8% 29% 9.4% 56% 100% 2.7% 32%
Mean 9.2% 40% 35% 0.8% 21% 9.2% 32% 51% 0.9% 22% 9.3% 23% 68% 1.0% 24%
Std 0.1% 16% 36% 2.5% 4% 0.1% 18% 38% 2.6% 5% 0.1% 18% 3%  2.7% 6%
10% 8.6% 20% 0% 0.0% 25% 8.8% 8% 0% 0.0% 28% 8.9% 0% 44% 0.0% 31%
50% 8.9% 57% 12%  0.0% 36% 9.0% 21% 48% 0.0% 41% 9.2% 0% 57% 0.0% 49%
Age 55  90% 9.1% 8% 54% 2.2%  48% 9.2% 73% 65% 1.6% 54% 9.4% 12% 81% 0.0% 64%
Mean 8.9% 50% 22% 0.7% 36% 9.0% 33% 39% 0.6% 41% 9.1% 4% 5% 0.1% 48%
Std 0.2% 23% 23% 1.8% 9% 0.2% 26% 24% 1.6% 10% 0.2% 13% 17% 11% 12%
10% 8.3% 30% 0% 0.0% 29% 8.5% 28% 0% 0.0% 3™% 87% 2% 31% 0.0% 49%
50% 8.6% 66% 10% 0.0% 46% 8.7% 52% 31% 0.0% 56% 8.8% 35% 35% 0.0% 73%
Age 70 90% 8.8% 100% 40% 2.5% 64% 8.9% 100% 2% 2.0% 74% 8.9% 88% 40% 0.0% 8%
Mean 8.6% 64% 16% 0.7% 46% 8.7% 59% 25% 0.6% 56% 8.8% 48% 3% 0.1% 70%
Std 0.2% 24% 17% 1.9% 13% 0.1% 26% 16% 1.7% 14% 0.1% 25% 8% 0.9% 14%
10% 11.3% 20% 0% 0.0% 10% 11.5% 17% 0% 0.0% 14% 11.6% 10% 0% 0.0% 20%
50% 11.6% 48% 2%  0.0% 1% 11.7% 37% 40% 0.0% 23% 11.8%  25% 55% 0.0% 30%
Age 85 90% 11.8% 57% 95% 22% 27% 11.8% 60% 9%5% 2.7% 31% 11.9% 61% 8% 2.3% 3%
Mean 11.6% 43% 28% 0.8% 18% 11.7% 38% 41% 0.9% 23% 11.8% 31% 50% 0.9% 29%
Std 0.2% 14% 3%  2.3% 7% 0.1% 17% 36% 2.4% 7% 0.1% 19% 31%  2.2% 6%

This table shows the evolution of state and decision variable over the life cycle conditional on survival for an investor
trading in a tax system with the limited use of losses. It is based on 10,000 simulations on the optimal paths. Tax rates on
capital gains, dividends as well as interest and other income are assumed to be 7, =20%, 74 = 35% and 7; = 35%. ¢ is the
consumption-wealth ratio, o, and ap are the taxable and tax-deferred equity exposure. [ is the initial tax-loss carry-forward to
wealth ratio, wp is the fraction of wealth held in a tax-deferred account. The fraction of capital gains distributed by the equity
mutual fund each year is assumed to be v = 30% (Panel A), v = 40% (Panel B) and v = 50% (Panel C), respectively.
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tax-deferred equity exposure increases from 22% (v = 30%) over 39% (v = 40%) to 59%
(v =50%).

In total, our results in this section show that allowing for the realization-based feature
of capital gain taxation increases the complexity of the asset location decision compared
to a tax system with mark-to-marked taxation. In particular, the tax-efficiency of different
mutual funds’ trading strategies can help understanding why holding mixed portfolios in

both taxable and tax-deferred accounts can be optimal for U.S. investors.

5. International Evidence

Our work makes a normative statement: the limited use of losses breaks the pecking-order
asset location rule and can cause investors to hold equity in tax-deferred accounts even if
equity is subject to a lower tax burden than bonds. We next want to demonstrate that
our model predictions are commensurate with empirically observable investor behavior.
Ideally, we would exploit variations in tax codes internationally or over time to document
that it is indeed the different tax treatment under the limited use of losses compared to
the full use of losses that causes investors to break the pecking order asset location rule.

To exploit such variations, we would have to compare asset location strategies of in-
vestors trading under the limited use of losses with investors trading under the full use of
losses. Unfortunately, the limited use of losses is the standard used in tax codes around
the world. The lack of countries that are or have been operating under the full use of losses
thus regrettably renders such a direct test impossible. The full use of losses is essentially
a popular simplification that is used in scientific research due to its tractability.

To nevertheless demonstrate our model’s ability to match empirically observable asset
location decisions of individual investors outside the U.S., we calibrate our model with top
tax rates of European countries. In addition to the levels of the tax rates, the European
tax system differs from its U.S. counterpart along another dimension that is important for
our analysis: under European tax law, investors typically are only subject to capital gains
taxes on their mutual fund investments when trading their mutual fund shares. Capital

gains realized from trading on the mutual fund level are not passed through. That is,
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under European tax law, the taxation of mutual fund shares corresponds to that of stocks
and v = 0.

We compare our model’s predictions with empirical evidence from the Eurosystem
Household Finance and Consumption Survey (HFCS) data that was recently published
by the European Central Bank. We focus on households that have private retirement
plans/accounts and provide information about their savings.'* We do so in the four Euro-
zone countries, where we have data on more than 1,000 households each. These countries
are the four Eurozone countries with the largest populations: Germany, France, Italy, and
Spain.

We compute a lower bound on the share of taxable wealth held in equity for each
country by dividing the total market value of the individuals’ holdings publicly traded
shares (data item HD1510) plus the market value of their equity mutual funds (data item
HD1320a) by the households’ total taxable wealth (sum of data items HD1110, HD1210,
HD1320a to HD1320f or HD1320g where available, HD1420, HD1510, HD1620, HD1710,
and HD1920) in the respective country. The HFCS data does not contain any information
about the share of equity held in mixed mutual funds or managed accounts. By treating
them as not investing in equity, our share of taxable wealth held in equity, ¥, provides
a lower bound on the taxable equity exposure in the respective country.

In contrast to the U.S., where tax-deferred wealth is identified by being held in a tax-
deferred account, in Europe, tax-deferred wealth is identified by being part of a qualified
retirement plan. The HFCS data on the composition of households’ tax-deferred wealth
inside such retirement plans is less detailed than on the taxable level and only distinguishes
between whole life insurance and personal voluntary pension plans (data items PF0910a
and PF0910b, respectively). If a household has both, the HFCS core variables gathered
in all Eurozone countries only allow us to identify the total amount of voluntary pension
savings in whole life insurance and personal voluntary pension plans in total. They do not

allow us to identify the exact amounts held in the two types. For France, Italy, and Spain,

14 Technically, we require households to have a private pension plan (data item PF0900=1)
and to provide information about it (data items PF0910a, PF0910b, and PF0920 not
empty, data items PF0910a and PF0910b not both 2 and reported values for total retire-
ment savings (PF0920) correspond to the sum of their components).



TAXABLE AND TAX-DEFERRED INVESTING 33

data on the exact value of money in voluntary pension plans is available in separate non-
core variables (data item PNF300$X) that, unfortunately, are not available for Germany.
To compute an upper bound on the share of voluntary retirement savings held in whole life
insurance in Germany, we compute an upper bound on the share of tax-deferred wealth
in whole life insurance by considering the voluntary retirement savings of households with
both whole life insurance (data item PF0910b=1) and a voluntary pension plan (data item
PF0910a=1) as fully invested in whole life insurance, respectively. The assets backing up
whole life insurance that determine its holders’ payoffs typically mainly consist of long-
term bonds. The equity share is typically very low. We make a careful estimate and assume
the equity share not to exceed 10%.

To determine the equity share in voluntary pension plans, we note that such pension
plans typically either invest in qualified pension mutual funds or are held in qualified
bank accounts with a fixed interest rate. Because our goal is to compute an upper bound
on the share of tax-deferred wealth held in equity, we treat the voluntary pension plan
wealth as fully invested into qualified pension mutual funds. Data on the average equity
share in these funds is obtained from the data underlying Figure 10 in the OECD report
“Pension Markets in Focus” (OECD, 2015). The report does not provide data for France.
To determine the upper bound for the share of tax-defereed wealth held in equity in France,
we therefore set the average equity share for French pension mutual funds to 100%. The

upper bound on the share of tax-deferred wealth held in equity is then computed as
af =0-10%+ (1 —0) - MFp, (29)

where M Fg is the country’s average equity share in pension mutual funds and 6 is the
share of voluntary pension savings in whole life insurance.®

Table VII summarizes our results. The first column (model prediction) depicts our
model’s prediction for the optimal asset location strategy, the last two columns provide
our lower bound on the average taxable equity holdings (') and the upper bound on
the tax-deferred equity holdings (a%). Even though we have been very conservative in

determining our lower and upper bound for the taxable and tax-deferred equity expo-

15 For Germany, where M Fr < 10%, 0 is the upper bound on the share of retirement
wealth in whole life insurance.
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Table VII
Asset location - international evidence

Country Model prediction Empirical evidence Number of
ax oy observations
Germany Equity preferred in TA 14.3 10.0 1,155
France Equity preferred in TA 44.6 12.8 5,581
Italy Equity preferred in TA 12.4 13.6 1,294
Spain Equity preferred in TA 35.7 10.6 1,722

This table provides international evidence on asset location in the the four Euro-
zone countries with the largest number of inhabitants (Germany, France, Italy, and
Spain) using the Eurosystem Household Finance and Consumption Survey data. The first
column (model prediction) depicts our model’s prediction for the optimal asset location

strategy, the last two columns provide a lower bound on the average taxable equity

holdings () and an upper bound on the tax-deferred equity holdings (oY) as a share

of total taxable and tax-deferred wealth, respectively.

sures of European households, our results show that in line with our model predictions,
households in Germany, France, and Spain hold significantly larger equity shares in their
taxable accounts. For Italy, our results are somewhat less conclusive. Our lower bound on
the taxable equity holdings is slightly below our upper bound on the tax-deferred equity
holdings, which may either indicate that Italian households do not behave as predicted by
our model or reflect that we have been very conservative in computing the lower bound
on the taxable equity exposure and the upper bound on the tax-deferred equity exposure.
Overall, our results in this section suggest that our model is able to correctly predict asset

location strategies in Europe.

6. Conclusion

In this paper, we analyze the optimal dynamic asset allocation and location problem for
investors that have access to both taxable and tax-deferred accounts. In line with many
tax codes around the world, we allow for a different tax treatment of realized capital gains
and losses in taxable accounts. Whereas realized capital gains in such accounts are subject
to capital gains taxes, realized capital losses do not leave investors with immediate tax
rebate payments. Instead, these losses only provide them with a tax loss carry-forward

that can be used to offset future capital gains.
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We show that whereas with the full use of losses equity mutual funds should generally
be held in taxable accounts, with the limited use of losses optimal asset location depends
on the relative tax burden on different asset classes as well as the tax-efficiency of the
mutual fund’s trading strategy. In particular, we contribute to existing literature on tax-
deferred investing by showing that the limited use of losses can heavily impact optimal
asset location strategies.

The limited use of losses can break the classical result of Black (1980), Tepper (1981),
and Huang (2008) that investors should preferentially hold equity in taxable accounts. Our
work thereby contributes to the stream of literature trying to explain the gap between the
asset location strategies suggested in these papers and empirically documented investment
behavior of private investors. Furthermore, generalizing Shoven and Sialm (2003), we show
that the tax-efficiency of equity mutual funds is not only affecting asset location decisions
for investors trading in tax systems with the full use of losses having access to tax-exempt
bonds, it also heavily affects asset location decisions for investors that do not have access to
tax-exempt assets when taking the limited use of losses into account. Specifically, we argue
that tax-efficient equity mutual funds are preferentially held in taxable accounts whereas
equity mutual funds with trading strategies of average tax-(in)efficiency are preferentially
held in tax-deferred accounts.

An interesting avenue for future empirical research is to explore to which extent private
investors take the tax-efficiency of equity mutual funds in their asset location decisions
into account. However, such evidence should be inherently difficult to produce, because
these effects appear on individual investor level, thus requiring detailed information on

the behavior of individual investors and the motives behind their investment activities.

Appendix — Solution of Optimization Problem

We simplify our optimization problem by (1) normalizing with total wealth, W, = Wr; +
Wp.t (1 —7;), that effectively belongs to the investor and does not fall to tax authorities
upon withdrawal, (2) expressing the level of unrealized capital gains per unit of equity

as a basis-to-price ratio, and (3) exploiting that the investor’s non-financial income is a
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. . w 1-7; .
constant fraction of her effective wealth level. Let wp, = % be the investor’s

fraction of wealth held in the tax-deferred account after the employer’s contribution to
or mandatory withdrawals from the tax-deferred account at time ¢, but prior to further

voluntary withdrawals, ¢; = v% be the investor’s consumption-wealth ratio in period t,

Ny

o (1 —7;) be the investor’s after-tax non-financial income to wealth ratio at time

ng =

My
Wt

be the fraction of taxable wealth allocated to the money market account at

P,

s
VtVJ; : be the fraction of taxable wealth held in equity after trading at time

t, my =

time ¢, ar =

St_ P,

i : be the fraction of taxable wealth held in equity after realizing losses and

tv St =
P

a fraction v of unrealized gains but prior to further trading, p; = &

be the basis-price
ratio after realization of losses and a fraction v of the investor’s unrealized gains, and
Iy = % be the initial tax loss carry-forward to wealth ratio after realization of losses
and a fraction v of unrealized gains but prior to further trading.

Then the gross nominal return on the investor’s taxable portfolio from time ¢t to t + 1
after payment of dividends, interest, realization of losses and realization of a fraction v of

unrealized capital gains at time ¢ is given by

ary(1+ (1 —7a)d) A+ geg1) +me (L + (1 — 7)) 1) — Tgbegr_

= Al
K t+1 ar. + me (A1)
where t;11_ = ‘;f;:l. The gross rate of return on the investor’s tax-deferred portfolio
from time ¢ to ¢t + 1 is given by
ppgyr =ap(1+d)(14+gi41)+ (1 —apy) (1+7) (A.2)
The dynamic wealth equation is then given by
1
Wt+1 =W, [(1 - wD,t+) (OCT,t + mt) KT t+1 + wD,t+MD,t+1] . ﬁ (A-3)
— Nyq

Wp,e, (1-7;)

where wp;, = W

The assumption of constant relative risk-aversion and the linearity of the dynamic
wealth equation imply that our decision variables c¢;, ar,, and ap, are independent
of the investor’s wealth level. With the above transformations, the relevant state vari-

ables for the optimization problem become z; = {¢,s; ,p; ,wp. ,l; }. Defining v, (z;) =
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Wity
Wiitn 2 the real

1—y
Vi (X¢t) : ) : ; _
<Wt i 1+i)‘) as the investor’s normalized value function and p;y; =

gross growth of wealth from time ¢ to ¢ 4+ 1, the normalized problem can be expressed as

vy (1) = max F@)-U e + £(8) - 8- By [ves1 (w041) pii] ] (A.4)
{ct,mi,ar ¢,ap ¢}
s.t.
(1 - wD,t+) (e +my) prep1 +Wp ey Dt
Pets = =) (1 10) (A.5)
cy > 07 Q¢ > O, my > 07aD,t S [0, 1] (A6)

We solve this optimization problem numerically using backward induction. We approxi-
mate values lying between our grid points using quad-linear interpolation. The integral
of the expectation in Equation (A.4) is computed using Gaussian quadrature. Parallel

computing is employed to expedite our computations.
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