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Consumption Habits and Humps

Holger Kraft - Claus Munk - Frank
Thomas Seifried - Sebastian Wagner

Abstract We show that the optimal consumption of an individual over the
life cycle can have the hump shape (inverted U-shape) observed empirically
if the preferences of the individual exhibit internal habit formation. In the
absence of habit formation, an impatient individual would prefer a decreasing
consumption path over life. However, because of habit formation, a high initial
consumption would lead to high required consumption in the future. To cover
the future required consumption, wealth is set aside, but the necessary amount
decreases with age which allows consumption to increase in the early part
of life. At some age, the impatience outweighs the habit concerns so that
consumption starts to decrease. We derive the optimal consumption strategy
in closed form, deduce sufficient conditions for the presence of a consumption
hump, and characterize the age at which the hump occurs. Numerical examples
illustrate our findings. We show that our model can quantitatively reproduce
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the hump observed in U.S. consumption data from the Consumer Expenditure
Survey.

Keywords Consumption hump - life-cycle utility maximization - habit
formation - impatience
JEL classification D91 D11 D14

1 Introduction

Starting with Thurow (1969) numerous empirical studies have documented
that the consumption expenditures of individuals typically have an inverted
U-shape over the life cycle by being increasing up to age 45-50 years and then
decreasing over the remaining life.! Standard, frictionless consumption-savings
models cannot generate such a hump in consumption, and the existing litera-
ture explains the hump by various frictions or non-hedgeable risks (see below).
This paper shows that the consumption hump naturally emerges, even in the
absence of frictions or risks, when the preferences of the individual exhibit
habit formation instead of the time additivity typically assumed. Our parsi-
monious model can quantitatively match the life-cycle consumption pattern
observed in the U.S. Consumer Expenditure Survey (CEX).

How can habit formation induce a hump in life-cycle consumption? In a
standard, frictionless consumption-saving model with time-additive utility the
life-cycle consumption pattern is determined by the relation between the sub-
jective time preference rate ¢ of the individual and the (risk-adjusted expected)
return 7 on investments.? If § = r, the consumption profile is flat over the life
cycle. If § > r [§ < 7], the consumption profile is decreasing [increasing] over
the entire life time. With enduring habits for consumption, the price of con-
sumption is effectively decreasing over life. An increase in consumption early
in life amplifies the desire for increased consumption throughout the remaining
life time and thus a significant increase in the present value of future expen-
ditures. Later in life, an increase in consumption is less costly because it only
increases expenditures over a shorter remaining life time. Therefore habit for-
mation motivates the agent to lower consumption early in life and, financed
by the additional savings, increase consumption towards the end of life. In the
case where ¢ > r, the declining consumption profile with time-additive utility
can thus become hump shaped when habit formation is introduced.

We illustrate this mechanism in the simplest possible model with full cer-
tainty and no frictions. The individual is equipped with some initial wealth that
can be invested at a constant risk-free rate. The individual can continuously

1 Later studies using different data sources and periods confirm this pattern, see, e.g., At-
tanasio and Weber (1995), Attanasio, Banks, Meghir, and Weber (1999), Browning and
Crossley (2001), Gourinchas and Parker (2002), and Ferndndez-Villaverde and Krueger
(2007).

2 The life-cycle consumption-saving theory builds on work by Ramsey (1928), Fisher
(1930), Modigliani and Brumberg (1954), and Friedman (1957) and was extended to rigor-
ously incorporate uncertainty by Samuelson (1969) and Merton (1969, 1971).
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withdraw funds for consumption. Our main model assumes that (i) the agent
has a concave power utility function of the difference between consumption
and the habit level at that time and (ii) the habit level is a scaled, expo-
nentially weighted average of past consumption rates of the individual. Under
these assumptions, we derive a closed-form solution for the optimal consump-
tion plan as well as a set of sufficient parameter conditions for the presence of
a consumption hump.

We calibrate our model to 1980-2003 CEX consumption data and find that
the model matches very well the observed hump-shaped consumption pattern
of both singles and couples for reasonable parameter values. We illustrate how
the consumption profile and the location of the hump are affected by key
model parameters. For example, we find that the bigger the impact of current
consumption on future habit levels, the later the consumption hump occurs.
Moreover, consumers who are very impatient or have a low utility curvature
parameter have a consumption profile peaking at a relatively young age.

As a robustness check, we solve numerically for the optimal consumption
plan under alternative habit specifications. We show that the consumption
profile can be hump shaped also when the habit enters the utility function mul-
tiplicatively or when the habit is specified in terms of past log-consumption.
These results indicate that the consumption hump is caused by the presence
of habit formation and not its precise implementation.

Known explanations of the consumption hump include borrowing con-
straints (Thurow 1969), income uncertainty and precautionary savings (Na-
gatani 1972; Carroll 1997; Gourinchas and Parker 2002), endogenous labor
supply with hump-shaped wages (Becker 1965; Heckman 1974), variations in
household size (Attanasio and Browning 1995; Browning and Ejrnees 2009),
mortality risk (Feigenbaum 2008; Hansen and Imrohoroglu 2008), late-life
health concerns (Domeij and Johannesson 2006), and consumer durables serv-
ing as collateral (Ferndndez-Villaverde and Krueger 2011). Our purpose is not
to question these explanations but rather to add a new, simple explanation of
the hump. The formal models in the above-listed papers are all built on the
maximization of time-additive utility of one good or two goods (with leisure or
durables as the second good). The constraints, collateral, unspanned income
risk, and mortality risk in these models make it difficult to derive the optimal
consumption strategy in closed form. We show that habit formation in itself
offers a transparent explanation of the consumption hump, and even our very
parsimonious model matches the observed consumption hump nicely. These
findings strongly suggest that an improved fit to the observed consumption
pattern can be obtained by adding habit formation to a model with some of
the above-listed hump-generating features.

The consumption hump appears in our model only if § > 7. Indeed, nu-
merous experimental studies estimate the subjective time preference rate of
individuals to be around 10% per year or even higher (Andersen, Harrison,
Lau, and Rutstrom 2008). Habit formation has a long history in economics and
finds empirical support (Carrasco, Labeaga, and Lopez-Salido 2005; Browning



4 Kraft, Munk, Seifried, and Wagner

and Collado 2007; Ravina 2007).3 Regarding the consequences of habit forma-
tion for individual decision making, the literature has so far focused on the
portfolio choice implications (Ingersoll 1992; Munk 2008), and Betermier, Cal-
vet, and Sodini (2015) observe that habit formation can explain some of the
patterns observed in the portfolio decisions of Swedish households. In contrast
to these papers, we study the implications of habit formation for consumption
over the life cycle.

The habit in our model is internal in the sense that it is formed by the
agent’s own past consumption choices. In an equilibrium asset pricing con-
text, consumption habits are often assumed to be external, e.g., determined
by the consumption choices of peers (“keeping up with the Joneses”) or the
per capita consumption in the economy. Habit features in representative agent
preferences have proven helpful in explaining stylized asset pricing facts that
seem puzzling using time-separable power utility, see, e.g., Abel (1990), Con-
stantinides (1990), Campbell and Cochrane (1999), and Menzly, Santos, and
Veronesi (2004), although Lettau and Uhlig (2000) and Pijoan-Mas (2007)
question the success of these models. Based on an endowment economy with
identical agents, Grischenko (2010) concludes that an internal habit specifica-
tion, as we employ, provides a better match with asset pricing data than an
external habit specification. Heaton (1995) and Chen and Ludvigson (2009)
report similar results. In a steady-state equilibrium of a growth economy, Diaz,
Pijoan-Mas, and Rios-Rull (2003) find that persistent consumption habits lead
to higher precautionary savings and less inequality in the wealth distribution
across households compared to standard, non-habit preferences. Habit forma-
tion is also used in other areas of macroeconomics, see, e.g., Carroll, Over-
land, and Weil (2000), Boldrin, Christiano, and Fisher (2001), and Del Ne-
gro, Schorfheide, Smets, and Wouters (2007). Fuhrer (2000) and Christiano,
Eichenbaum, and Evans (2005) show that habit formation may explain the
hump-shaped response over time of aggregate consumption to a monetary pol-
icy shock. In contrast, we show that habit formation may lead to consumption
being hump-shaped over the life of an individual.

The rest of the paper is organized as follows. Section 2 states the model
and provides a closed-form solution for the optimal consumption plan. An-
alytical results on the existence and location of the consumption hump are
established in Section 3. The calibration of the model to U.S. consumption
data is presented in Section 4. Section 5 discusses the sensitivity of the results
with respect to the values of key parameters. Section 6 contains the results for
alternative specifications of the habit and its utility effect. Finally, Section 7
concludes. All proofs are relegated to appendices.

3 According to Browning (1991), the idea of intertemporally non-separable preferences
dates back to the 1890 book “Principles of Economics” by Alfred Marshall. The consequences
of habit formation have been studied formally at least since Ryder and Heal (1973).
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2 The model

We set up a deterministic, continuous-time model of an individual’s life-cycle
consumption and savings decisions. The individual enters the economy at
time 0 with some initial wealth Xy and lives until time 7" > 0, which we
assume is a known constant. The individual consumes a single consumption
good with ¢(t) representing the consumption rate at time ¢, so that the num-
ber of goods consumed over a short interval [¢, ¢ + dt] is approximately c¢(t) dt.
The good is the numeraire in the economy. The wealth not spent on consump-
tion is invested in a savings account that offers a constant, risk-free rate of r,
continuously compounded. The individual receives no other income during life
than the interest on savings.* The dynamics of wealth X (¢) is then simply

dX(t) = rX(t)dt — c(t) dt. (1)

The individual has to determine a consumption strategy (c(t)):c[o, 7], Which in
our deterministic setting is simply a function ¢ : [0, 7] — R.

We assume that the preferences of the individual exhibit (internal) habit
formation. As standard in continuous-time formulations (e.g., Constantinides
1990), we define the time ¢ habit level to be

t
h(t) = hoe Pt + a/ e P9 ¢(s) ds, (2)
0

where hg, «, and 8 are non-negative constants. The last term is proportional
to a weighted average of past consumption where we can interpret 5 as a
persistence parameter and o as a scaling parameter. Finally, hg > 0 is an
initial habit level whose influence fades away over time provided that g > 0.
Note that the habit level evolves as

dh(t) = (ac(t) — Bh(t)) dt. (3)

Given a wealth of x and a habit level of h at time ¢, the individual is
assumed to evaluate a given consumption strategy ¢ = (c(s))sept, 1) over the
remaining life by

JE(t,x, h) = / Te*f‘(S*t)U(c(s)fh(s)) ds +ee*TDU(X(T)), (4)

where ¢ is a constant subjective time preference rate, ¢ > 0 is a constant
indicating the preference weight of the bequest X (7T') relative to consumption,
and

Ulz) = 2. (5)

4 We could easily incorporate a deterministic labor income stream. In an unrestricted,
complete market model an income stream can be replaced by its unique present value.
Hence, labor income has distinct effects on optimal consumption and savings decisions only
in the presence of income uncertainty which is unspanned by traded assets or if the agent
faces potentially binding borrowing constraints.
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We refer to «y as the utility curvature parameter and assume that v > 1.5 This
is a standard representation of consumption habits in preferences (e.g., Con-
stantinides 1990, Campbell and Cochrane 1999, Chen and Ludvigson (2009)).
The indirect utility function is defined as
J(t,x, h) = max J(t,x, h). (6)
The setup requires that consumption stays above the habit level, otherwise
the marginal utility would be infinite. This implies that wealth at any point
in time has to be sufficient to finance future minimum consumption. If the
individual has a time ¢ habit level of h(t) and consumes at the minimum level
(i.e., the habit level) in all future so that ¢(s) = h(s), the habit level evolves
as dh(s) = —(8 — a)h(s) ds which implies that

h(s) = e B=E=pwy set,T]

The time ¢ present value of this stream of minimum future consumption is

T
/ == (s) ds = h(t)A(1),

t

where
T — ¢ ifry =0,
At) = 7
(t) {1 (1 —ema(T=1)  otherwise, g
TA
with

The difference 8 — « indicates the strength of the habit by determining how
much the current habit level restricts future decisions. The smaller the differ-
ence 8 — «, the stronger the habit.

Remark 1 If 8 = «, the habit level would stay constant as long as the agent
consumes at the minimum level as can be seen by applying c(t) = h(t) in (3).
If 8 > «, the habit level would decrease. In either case the constant r4 is
positive provided that the interest rate is positive. In the case § < «, the
habit level would increase even if the agent consumes at the minimum level,
which seems improbable.

Intuitively, the individual splits up her time t wealth into tied-up wealth
h(t)A(t) that covers the minimum future consumption and free wealth X (t) —
h(t)A(t) that finances excess consumption and thus generates utility. This
motivates that the utility maximization problem has a solution of the form
presented in the following theorem. See Appendix A for a proof.

5 As we want to illustrate in the simplest possible setting that habit formation can induce a
consumption habit, we deliberately assume full certainty in our model. If the model would in-
volve uncertainty, v would be a risk aversion parameter. More precisely, the relative risk aver-

2
sion with respect to consumption gambles would then be —CW/W =~e/(c—h)
so that v would be the minimal relative risk aversion possible.



Consumption Habits and Humps 7

Theorem 1 Assume that the individual at time t has a financial wealth © and
a habit level h satisfying x > hA(t), where A is given by (7). Then the indirect
utility function is given by

1

J(t,x,h) = mg(t)v(u’U —hA(1)'77, (9)
where
T y—1 1
g(t) = / e TN (1 4 aA(s)) 7 ds+eve T, (10)
¢
rg = 1= 17" + —
Y v

The optimal consumption strategy is
X(t) — h(t)A(?)
g(t)

Optimal consumption is the sum of the minimum consumption given by the
habit level and an age-dependent fraction of the current free wealth. In the
following, we are mainly interested in the shape of the function ¢t — ¢(¢).

Let us briefly consider some special cases. First, consider the case without
habit formation which requires hg = o = 8 = 0.5 In this case optimal con-
sumption is simply c(t) = X (t)/g(t) and, since X'(t) = (r — g(t)"1) X (t) and
g'(t) = rgg(t) — 1, we obtain

C/(t) _ (T*Tg)X(t) _ T*(SX(t) (12)

g(t) v g(t)

Hence, we see that the consumption function is increasing if » > § (the return
on savings exceeds the impatience), decreasing if r < §, and flat if § = r.
Secondly, consider the case where the consumption benchmark h(t) is an ex-
ogenously given function (an external habit or a subsistence consumption level)
and, in particular, « = 0 so that consumption does not affect future values
of h(t). In this case optimal consumption becomes

c(t) = h(t) + (14 aA(t) 7. (11)

X(t) - F(t)
gt) 7’

where g is given by (10) albeit with a@ = 0 and we must require X (t) > F'(¢).
Then

ot) = h(t) + Ft) = /t CereOnsyds, (13)

r—0 X(t)— F(¢)

v g(t)
so ¢(t) is decreasing if h(t) is decreasing and § > r, but can be increasing
under other assumptions. With a suitably specified benchmark function h(t),
the optimal consumption path can even exhibit a hump.

dt)=h(t)+ (14)

6 With uncertainty, this case would correspond to time-additive utility with constant
relative risk aversion.
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Now we return to the case with (internal) habit formation. Note that direct
differentiation with respect to time in (11) would involve the derivatives of
both h(t) and X(¢), but the latter can be expressed in terms of X (¢) and
¢(t) through (1) and then the X (¢) can be expressed in terms of ¢(t) and h(t)
using (11). Hence, the derivative of ¢(t) can be expressed in terms of ¢(t) and
h(t). From (3), the derivative of h(t) can be expressed in terms of ¢(t) and
h(t). In fact, it turns out to be useful to rewrite the system of derivatives of

c(t) and h(t) as a system of derivatives of ¢(t) and the surplus consumption
defined as
A(t) = c(t) — h(t). (15)

Note that the optimal consumption strategy is such that the surplus con-
sumption is a time-dependent fraction of the free wealth. We summarize the
derivatives in the following theorem, which is proved in Appendix B.

Theorem 2 The dynamics of the optimal consumption and the associated
surplus consumption is given by the system

dA(t) = ¢(t)A(t) dt, (16)
de(t) = (B + ¢(t)) A(t) dt — (B — a) c(t) dt, (17)
where
o) = T=2 2B, (18)
_ 1-— TAA(t) _ ma Z'fT.A = Oa
B(t) = - A0
®) 1+ aA(t) {me, otherwise. (19)

In the next section we provide analytical results on the existence and lo-
cation of a hump in the consumption function ¢ — ¢(t). Sections 4 and 5
illustrate the results by numerical examples.

3 Analytical results on the consumption hump

While the expression (11) for optimal consumption appears simple, it depends
on wealth and the habit level, which both are determined by the entire con-
sumption path up to time ¢ via (1) and (2). In general it seems very difficult
to analytically establish conditions under which consumption is hump-shaped.
For long horizons, however, we can obtain an analytical characterization of
the consumption pattern and establish sufficient conditions for the existence
of a consumption hump.

Suppose that a > 0, which means that the habit level is increasing in past
consumption, and preferences thus exhibit genuine habit formation. Further-
more, suppose that r4 > 0, where r4 is defined in (8). Then it is clear from (18)
and (19) that, for any fixed ¢, ¢(t) smoothly approaches —« as T' — oo, where

o—r
o

R =
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For T large enough, the graph of ¢(¢) is almost flat in the early years. We
now replace ¢(t) in the true dynamics (16) of the surplus consumption with
its limit and thus consider the time-independent dynamics

dA(t) = —kA(t) dt, (20)

d&(t) = (B — k) A(t) dt — (B — @)é(t) dt (21)

with initial values & > Ag > 0. The following lemma formally shows that
we can bound the difference between the true consumption function and its
approximation over any interval [0,¢] by any margin n > 0 if the planning
horizon T' is long enough. The proof can be found in Appendix C. In Section 4
we illustrate that, when the model is calibrated to consumption data, the
time-independent dynamics (20)—(21) are an accurate approximation of the
true dynamics (16)—(17) except possibly for the final years.

Lemma 1 Assume that f+1 > a > 0. Let the initial values of A(t) and &(t)
be given by ¢o = co and Ag = co — ho. For any given t > 0 and > 0, we can
then find T > 0 such that

lc(s) —c(s)| <m, s€][0,1], (22)
whenever T > T.

What do we learn about the life-cycle consumption pattern from the time-
independent dynamics? It is instructive first to consider the case § = r. In
the absence of habit formation, optimal consumption is then flat over the
life cycle. With habit formation, we have k = 0 so it follows from (20) that
a long-horizon investor optimally holds the consumption-habit difference A
constant and thus equal to its initial value Ay = ¢ — ho. Since utility depends
on the consumption-habit difference, this is the natural counterpart of having
constant consumption in the no-habit case. With k = 0 and 8 # «, Eqgs. (20)
and (21) imply that

&(t) = Lﬁo - 350 ey oo b — (G0 — o) (23)

For 3 > a, the consumption profile is flat if Bho = ady, increasing if Bhy < ado,
and decreasing if Shy > acy. The condition for an increasing profile is satisfied
if the habit is relatively strong, i.e. § — « is small, and the initial habit is
relatively small compared to optimal initial consumption.

Next, consider the case § > r. Without habit formation consumption would
be monotonically decreasing over life, but with habit formation the optimal
consumption profile can indeed be hump shaped. In this case x > 0 so that
the optimal consumption-habit difference is decreasing over time because of
the agent’s high degree of impatience. The next theorem establishes a set
of sufficient conditions under which the approximating dynamics produce a
unique hump in the function é(¢). Appendix D provides the proof.
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Theorem 3 Suppose that the conditions

§>r>0, (24)
B—k>a>0, (25)
(= K)é > (B — K)ho (26)

hold. Then the solution to the dynamic system (20)—(21) is such that the func-
tion &(t) has a unique hump at t = ty, where

~ (8~ ) ~In(r) +1n (1 - gt ) 2
. ) i , (27)

and where
b —k

B—a—kK

A= (28)
The parameter conditions stated in the theorem ensure that the log-terms
in (27) are well-defined. When Eq. (24) holds, & is positive, so Eq. (25) sharpens
the assumption 8 +r > a made in Lemma 1. If we assume o > k, ¢y = co,
and hg = hg, the inequality (26) can be rewritten, by applying (11) at ¢t = 0,

as
ﬁ;a /v
Xo > (A(O) + - Hg(O)(l + aA(0)) ) ho, (29)
so that it is satisfied for a large enough initial wealth.

The hump derived from the approximate dynamics occurs at age . For
fixed initial values ¢y and hg, tg is independent of the horizon T'. This obser-
vation highlights that Theorem 3 is relevant for the hump in the truly optimal
consumption path if the horizon is sufficiently large and, in particular, larger
than tz. We find that ¢ty is increasing in ¢y. Holding ¢ fixed, tp is increasing
in 7, 7, and «, but decreasing in ho, 8, and 8.

If the horizon T is long enough, the true dynamics also give rise to a
consumption hump as can be seen by an application of Lemma 1 for ¢ > ¢ and
a small 7. For a 40-year horizon and a set of plausible parameters, Section 4
shows that the approximate dynamics are very close to the true dynamics
over most of life and that the hump in optimal consumption coincides with
the hump in approximate consumption.

4 Calibrating the model to consumption data

Our model is designed to produce a closed-form expression for optimal con-
sumption so that the tension between impatience and habit concerns as well as
the resulting consumption hump can be studied analytically. To serve that pur-
pose, the model ignores some aspects potentially relevant for the consumption
decisions of real-life households. Nevertheless, we show in this section that
the consumption pattern in our parsimonious model matches the observed
consumption pattern very well.
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We apply consumption data from the Consumer Expenditure Survey from
the United States over the period 1980-2003. The data was originally pro-
cessed and used by Krueger and Perri (2006) and is made available online by
the authors.” The consumption is deflated back to represent “1982-84 con-
stant dollars.” We apply their so-called ND+ consumption measure; we refer
the reader to Krueger and Perri (2006) for details on the data. The con-
sumption data is on a household basis, whereas our model is better suited
for individuals. We focus on the consumption of singles and the per-person
consumption of couples without children (household consumption divided by
1.7 as recommended by the OECD equivalence scale). The uneven curves in
Figure 1 show the average consumption per year in thousands of U.S. dollars
for individuals at different ages who are living either as singles (upper panel)
or in childless couples (lower panel). The consumption of singles is relatively
flat over life, but still higher in mid-life than in the early and in the late years.
The consumption of couples exhibits a more pronounced hump-shape. Overall,
the consumption profiles are similar to those documented using other (older)
data sets by Attanasio and Weber (1995), Attanasio, Banks, Meghir, and We-
ber (1999), Browning and Crossley (2001), Gourinchas and Parker (2002), and
Fernandez-Villaverde and Krueger (2007), among others.

We calibrate our model so that the optimal consumption path from the
model best matches the observed age-profile of consumption of either singles
or couples. Since the consumption data covers ages from 25 to 65, we let t =0
and T = 40. In the calibration we fix the following parameters. The return on
savings is 7 = 0.02. The utility weight on bequests is fixed at ¢ = 0, in line with
Hurd (1989) who shows empirically that bequest motives are close to zero. The
subjective time preference rate is § = 0.1, in accordance with the experimental
studies of Andersen et al. (2008) and others. The utility curvature parameter
is fixed at v = 4, which for the case with uncertainty is a reasonable level of
relative risk aversion, cf. Meyer and Meyer (2005). The initial wealth is fixed
at Xy = 370 (thousand “1982-84 constant dollars” as the consumption data)
and represents the sum of a financial wealth and a human capital. In the 2007
Survey of Consumer Finances (SCF), cf., Bucks, Kennickell, Mach, and Moore
(2009, A11), the median net worth for families where the age of the head is
less than 35 is $11,800. Discounting this back to 1984 using a discount rate of
1%, we obtain $9,386. To compute an estimate of the human capital we start
with an initial 2007 income of $24,000, which is consistent with the SCF 2007
median before-tax family income of $37,400 for the age group up to 35 years
(Bucks et al., A5). The 2007 present value of an income stream for 35 years
discounted at 4% is then $452,042, and discounting that back to 1984 at a 1%

7 Web-link: http://www.fperri.net/research_data.htm
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Fig. 1 Consumption path from model calibrated to consumption data. The graphs
show annual consumption per person in thousands of dollars deflated to reflect 1982-84
constant dollars. The uneven curve in the upper panel reflects average consumption per
year of singles at different ages. The uneven curve in the lower panel shows the average
per-person consumption per year of childless couples at different ages. Data is taken from
the webpage http://www.fperri.net/research_data.htm of Fabrizio Perri and generated
by Krueger and Perri (2006) from the Consumer Expenditure Survey over the period 1980-
2003. The smooth curve in each panel is the consumption pattern in our model calibrated
to the data in the way explained in the text.

rate, we get $359,573.8 The sum of the financial and the human wealth would
then be $368.959, close to the $370,000 we use.

8 The 4% income discount rate can be justified by a risk-free rate of 2% less an expected
income growth rate of 1% plus a risk premium of 3% equal to the product of a 10% in-
come volatility and a market price of risk of 0.3. An expected income growth rate of 1%
implies that, over a 35-year working period, the income is then expected to grow by a factor
exp(0.01 x 35) & 1.42, which seems reasonable and is close to the 38% reported as the me-
dian individual’s income growth by Guvenen, Karahan, Ozkan, and Song (2015). An income
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Parameter  Description Consumption data

Singles  Couples

Calibrated values

« habit scaling parameter 0.100 0.117
B habit persistence parameter 0.174 0.181
ho initial habit level (kUSD) 2.253 0.000
Pre-fized values

é time preference rate 0.1 0.1

utility curvature parameter 4 4
€ preference weight of bequest 0 0
Xo wealth (kUSD) 370 370
r risk-free rate 0.02 0.02
T remaining life time 40 40

Table 1 Parameter values from calibration. The table shows the set of parameter
values giving the best fit to the consumption data considered, both for the consumption
of singles and the per-person consumption of couples. The data is taken from the webpage
http://www.fperri.net/research_data.htm of Fabrizio Perri and generated by Krueger
and Perri (2006) from the Consumer Expenditure Survey over the period 1980-2003. The
calibration objective is to minimize the sum of the squared differences between the model
consumption and the observed average consumption at ages 25,26, ...,65. We impose the
restriction o > 0.1.

We search for the habit parameters «, 3, and hy with the objective of
minimizing the sum of the squared differences between the model consumption
and the observed average consumption at ages 25,26, ...,65. Table 1 shows
the parameter values from the calibrations. The habit process parameters «
and § have very reasonable values. We restrict o to be at least 0.1, which
is a binding constraint in the calibration to the consumption of singles. As
long as the difference 8 — « is fixed, we can also obtain an excellent fit to the
data for higher values of o and . The value of S around 0.18 implies that,
when computing the current habit, the weight of consumption n + 1 years
ago is roughly 18% lower than the weight of consumption n years ago, which
seems plausible. Both for singles and couples, the difference 5 — « is around
0.07, implying that the habit declines by 7% per year as long as the agent
consumes at the minimum rate, which also seems reasonable. Direct estimates
of the habit parameters a and 8 seem impossible to derive from the existing
empirical habit literature, but the values we find are similar those considered
by Constantinides (1990) and Munk (2008).

The smooth curves in Figure 1 depict the life-cycle consumption pattern
from our calibrated model. The figure illustrates that our parsimonious model
nicely matches the observed consumption pattern over the life-cycle including
the mid-life consumption hump. The largest difference between our calibrated
model and the data occurs for persons of an age between, say, 30 and 45
years who live in a childless couple. However, the observed steep increase in

volatility of 10% is in line with Cocco, Gomes, and Maenhout (2005) and others. The risk
premium also reflects real-life borrowing constraints that lower the present value of future
income.
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Fig. 2 Consumption in the benchmark case. The black, thick curve shows the optimal
consumption path. The pale, thick curve shows the corresponding path of the habit level.
The thin solid curve depicts the consumption path based on the approximate, long-horizon
dynamics. These curves are generated using the parameters from the calibration of the model
to singles’ consumption data, cf. Table 1. The dashed downward-sloping curve shows the
optimal consumption path for the case without habit formation; this curve is drawn using
the same parameters, except that hg = a = =0.

their consumption can be partially explained by a “survivorship bias” in the
sample. Obviously, when the persons in a couple become parents, they leave
this group of individuals and their subsequent consumption is not reflected by
the data we use. If the less wealthy and therefore low-consuming couples are
more inclined to become parents, the remaining sample of childless couples is
tilted towards the more wealthy and high-consuming individuals.

Based on the parameters from the calibration for singles, Figure 2 shows
that the difference between the optimal consumption path (thick black curve)
and the habit level (solid grey curve) is decreasing over life which, as explained
earlier, occurs because the time preference rate § exceeds the rate of return » on
savings. The dashed curve represents the optimal consumption path of an agent
not developing habits, which is monotonically decreasing since § > r. Habit
formation thus has a dramatic effect on the optimal consumption path. Finally,
the thin solid curve depicts the consumption path based on the approximate,
long-horizon dynamics defined by Egs. (20) and (21). Over the first 20 years
the approximate consumption path is indistinguishable from the optimal path,
and the difference between the two curves remains small throughout life.

5 Parameter sensitivity

In this section we investigate the sensitivity of the consumption path and the
location of the consumption hump with respect to the values of key parameters.
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Fig. 3 Consumption for different values of the habit scaling parameter «. For all
other parameters the values from the calibration to singles’ consumption data are used, cf.
Table 1.

We vary parameter values around a benchmark which we take to be the values
obtained in the calibration to the consumption data for singles, cf. Table 1.

Figure 3 shows the optimal consumption profile for three different values of
the habit scaling parameter «. Increasing a, current consumption has a bigger
effect on future habit levels, which leads the agent to lower consumption in
the early years. The increased savings are spent on higher consumption in the
late years of life. Consequently, the consumption hump occurs later in life. For
very small values of « (in our case around 0.041 and smaller), the consumption
profile is monotonically decreasing over life, as in the case without habits,
since then the habit level does not have a sufficient magnitude to subdue
the impatience of the agent. Conversely, for very high values of o (in our case
around 0.135 and higher), the consumption profile is monotonically increasing.

Figure 4 illustrates the importance of the habit persistence parameter 5.
A higher 8 reduces the influence of current consumption on future habit levels.
Hence, the agent initially consumes more, which is naturally offset by lower
consumption late in life. A higher 3 therefore also leads to an earlier consump-
tion hump. If 3 is sufficiently high (around 0.657 and higher in our case), the
hump disappears and consumption monotonically decreases over life except
for the few final years where consumption increases. If 8 is sufficiently small
(0.136 or lower), the optimal consumption is monotonically increasing over
life.

The role of the time preference rate 6 can be seen in Figure 5. A higher §
means that the agent is more impatient and therefore increases consumption
early in life with the consequence of reducing consumption late in life, which
causes the consumption hump to occur earlier in life. Because a high early
consumption raises the minimum consumption level in the following years, it
takes a high value of ¢ (in our case 0.388 or higher) before the consumption
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Fig. 4 Consumption for different values of the habit persistence parameter .
For all other parameters the values from the calibration to singles’ consumption data are
used, cf. Table 1.
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Fig. 5 Consumption for different values of the time preference rate . For all
other parameters the values from the calibration to singles’ consumption data are used, cf.
Table 1.

path becomes downward-sloping right from the beginning. For low values of
d (around 0.054 and lower), the optimal consumption profile is monotonically
increasing. Note that this happens also for cases in which optimal consumption
without habit formation is monotonically decreasing; in our case this occurs
for § between 0.02 (the benchmark value of r) and 0.054.

Figure 6 shows that a higher value of the utility curvature parameter
leads to lower consumption early in life and higher consumption late in life
with the consumption hump occurring later in life. For high values of v (around
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Fig. 6 Consumption for different values of the utility curvature parameter ~.
For all other parameters the values from the calibration to singles’ consumption data are
used, cf. Table 1.
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Fig. 7 Consumption for different values of the time horizon T'. For all other pa-
rameters the values from the calibration to singles’ consumption data are used, cf. Table 1.

17.3 or higher), consumption is monotonically increasing. For low values of
(around 0.86 or lower), consumption is decreasing.

Figure 7 illustrates the optimal consumption profile for three different val-
ues of the time horizon T. Since we fix the initial wealth, the agent with a
longer horizon consumes at a lower level throughout life. The consumption
hump occurs earlier for longer horizons. For a sufficiently short horizon (about
25.3 years or shorter, given the other parameter values) the consumption path
is monotonically increasing over life.

Next, we consider the relevance of the strength of the bequest motive as
represented by the parameter ¢, cf. the preference specification in (4). We
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Fig. 8 Consumption for different values of the bequest parameter . For all other
parameters the values from the calibration to singles’ consumption data are used, cf. Table 1.

have used a benchmark value of € = 0, which obviously implies that the agent
consumes everything and ends up with zero wealth. In Figure 8 we compare
the benchmark consumption profile with the consumption profile when ¢ is
either 100 or 10,000. In the first of these two cases, the agent leaves a bequest
of 15.1 (compare with the initial wealth of 370) which corresponds to roughly
the consumption in the final 1.3 years. In the latter case, the agent leaves
a bequest of 45.6 roughly corresponding to the consumption over the final
4 years. Naturally, we see that the stronger the bequest weight ¢, the lower the
consumption throughout life as more savings need to be generated. However,
the shape of the consumption profile and the location of the consumption hump
are only affected slightly. The hump occurs after 14.04 years without bequest,
after 13.98 years when € = 100, and after 13.86 years when ¢ = 10,000.

Finally, Figure 9 illustrates how the consumption profile varies with the
initial habit level hg. A higher initial habit induces a higher initial consump-
tion at the expense of lower consumption later in life, so the consumption
hump occurs earlier. In fact, when the initial habit is sufficiently high, the
consumption path becomes monotonically decreasing over life as shown by the
curve for hg = 8. In all cases, the consumption-habit difference is decreasing
over life because the agent’s time preference rate exceeds the rate of return on
savings.

6 Robustness

The model we have considered above assumes (i) a power utility function of the
difference between the consumption rate and the habit level, cf. Egs. (4)—(5),
and (ii) the linear habit dynamics given by Egs. (2)—(3). Both assumptions
are crucial to obtain a closed-form solution. However, the underlying intuition
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Fig. 9 Consumption for different values of the initial habit level hg. For all other
parameters the values from the calibration to singles’ consumption data are used, cf. Table 1.

suggests that other specifications of the habit can also lead to a consumption
hump.

We consider an alternative utility specification in which the habit level
enters the utility function multiplicatively,

N | c(s) 1=y
U (c(s)h(s)™Y) = T <h(s)¢) ) (30)
where ¥ > 0 to ensure that marginal utility of consumption is increasing in the
habit level when v > 1 as is typically assumed. This utility specification has
been used by Abel (1990, 1999), Carroll, Overland, and Weil (2000), Fuhrer
(2000), and Amato and Laubach (2004), among others.

We also consider the log-additive habit dynamics

dinh(t) = [aln(c(t)) — Bn(h(t))] dt, (31)

which has the closed-form solution

0

h(t) = h(0) exp {a / t e Pt n(c(s)) ds} .

This is the continuous-time analogue of the discrete-time habit dynamics stud-
ied by Kozicki and Tinsley (2002, Eq. 19) and Corrado and Holly (2011,
Egs. 4-5). Furthermore, the famous Campbell and Cochrane (1999) asset pric-
ing model has very similar habit dynamics as explained by Campbell, Lo, and
MacKinlay (1997, p. 331).

More precisely, we study three alternative model specifications:

Alternative 1: The multiplicative utility (30) and the original additive habit
dynamics (3).
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Fig. 10 Calibration of alternative models to consumption data. The graphs show
annual consumption per person in thousands of dollars deflated to reflect 1982-84 constant
dollars. The uneven curve reflects average consumption per year of singles at different ages.
Data is taken from the webpage http://www.fperri.net/research_data.htm of Fabrizio
Perri and generated by Krueger and Perri (2006) from the Consumer Expenditure Survey
over the period 1980-2003. The smooth curves are the consumption patterns in the three
alternative models explained in the text.

Alternative 2: The original additive utility U(c — h) with U given by (5) and
the log-additive habit dynamics (31).

Alternative 3: The multiplicative utility (30) and the log-additive habit dy-
namics (31).

In all cases we determine optimal consumption by numerically solving the
Hamilton-Jacobi-Bellman equation and find that the consumption profile can
be hump shaped. In fact, Figure 10 shows that the alternative models also
provide a good fit to the hump-shaped consumption pattern in the data. For
brevity, we only show the calibration to the consumption of singles, but the
results are similar for the consumption of couples. As in the calibration of our
main model in Section 4, we fix the values of ¢, v, &, Xg, r, and T as shown
in Table 1. When applying the multiplicative utility (30), we fix ¥ = 1. We
then vary «, 3, and hg to obtain the best fit to the data, which leads to the
parameter values listed in Table 2.

7 Conclusion

This paper proposes a new potential explanation of the empirically observed
hump in the consumption of individuals over their life cycle. If the preferences
of the individual exhibit habit formation, the hump can naturally materialize
from a tradeoff between impatience and concerns about the effects of current
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Parameter  Description Alt. 1 Alt. 2 Alt. 3
« habit scaling parameter 0.100 0.137  0.100
B habit persistence parameter  0.110 0.175 0.110
ho initial habit level (kUSD) 6.988  2.079  5.061

Table 2 Parameter values from calibration of alternative models. The table shows
the set of parameter values giving the best fit to the consumption data for singles. The
data is taken from the webpage http://www.fperri.net/research_data.htm of Fabrizio
Perri and generated by Krueger and Perri (2006) from the Consumer Expenditure Survey
over the period 1980-2003. The calibration objective is to minimize the sum of the squared
differences between the consumption in the model with multiplicative habit utility and the
observed average consumption at ages 25,26,...,65. We impose the restriction o > 0.1.
Parameters not listed are fixed at the values stated in Table 1.

consumption on future habit levels and thus future minimum consumption.
The habit concerns cause a large reduction in the otherwise very high con-
sumption early in life, but a smaller reduction of the otherwise medium-sized
consumption in mid life. In some circumstances, a hump-shaped consumption
path emerges.

We present a set of sufficient conditions for the presence of a hump and
characterize the age at which the hump occurs. We show that our parsimonious
model closely matches the consumption patterns derived from the 1980-2003
U.S. Consumer Expenditure Surveys. Numerical examples illustrate the sen-
sitivity of the optimal consumption path and the location of the hump to the
values of key model parameters. We show that our main findings are robust
to the exact specification of how the habit level enters the utility function and
how the habit level is determined from past consumption.

As the purpose of the paper is to demonstrate that habit formation can
generate a consumption hump, we deliberately keep our model simple and, in
particular, disregard uncertainty, labor income, portfolio constraints etc. How-
ever, the basic tradeoff identified in this paper carries over to more elaborate
settings.

A Proof of Theorem 1

The Hamilton-Jacobi-Bellman (HIB) equation associated with the utility max-
imization problem (6) is

1 _
O:max{lpy(c—h)1 7+Jt+rx,]w—ch—(SJ—&—(ozc—Bh)Jh}, (32)

where we have suppressed the arguments of the functions and where subscripts
on J indicate partial derivatives. The terminal condition is

7. (33)

J(T,x,h) =cU(z) =

The first-order condition is

—Jetle—h) T H+ady=0 &  c=h+(J—ay) 7.  (34)
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The second-order condition is satisfied by concavity of the utility function.
After substituting the first-order condition back into the HJB equation and
simplifying, we see that J should satisfy the partial differential equation (PDE)

0

0=

(Jo — i) "7 + Ty +rady — Ry — 6 + (a— B) hJy.  (35)

We conjecture that

1

Eg(t)”’ (x — hA(t) "

J(t,x,h) =

for some deterministic functions g and A. The relevant derivatives are

L:—Am@—hArw7+17

(z—hA)' 79" gy,
Jr = (x—hA) g7, Jp = —A(x — hA)g".
By substituting the derivatives into the first-order condition (34), we obtain

xr— hA

e=ht((z—hA) 79" +adl —hA)7g") T = bt (1+ad) ™.
(36)
After substitution of the derivatives, the PDE (35) can be written as
0="hg"(x —hA) 7 [-A+(r+5—-a)A-1]
T o1 1—y 1 1] (37)
=9 (z — hA) m—;®+w—nmg+u+am M,

which is satisfied if A and g satisfy the ordinary differential equations (ODEs)
1 1
A= (r+f-a)A=1, g=_ @+ = Dr)g=(1+ad) .

Because of the terminal condition (33), we also need A(T) = 0 and g(T) =
e/ Tt is straightforward to verify that these conditions and the above ODEs
are indeed satisfied when the functions A and g are given by (7) and (10),
respectively.

B Proof of Theorem 2

From (11), we can write

(1+aA@»_%'

Alt) = (X(t) —h(OAC) H(E),  Ht) = —— 7
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Straightforward differentiation leads to

A'(t) = (X'(t) = W' (1) A(t) — h(H)A'()) H(t) + (X () — h(t) A(t)) H'(t)
= (rX(t) — c(t) — [ac(t) — Bh(B)]A(t) — h(t)[raA(t) — 1]) H(t)

+ A(t) Z((f))
= (rX(t) — elt) — ac(t) A(t) = h(H)[(r — ) A(t) — 1) H (1) + A(t) ]é((f))
(1)

=7r(X(t) — h(t)A))H(t) — (c(t) — h(t) (1 + 2 A(t))H(t) + A(t) )

= A(t) (r —(1+aA@®)H(t) + gég) ;

where we have used X'(t) = r X (¢) — c¢(t) and 1/ (t) = ac(t) — Sh(t), as well as

A'(t) = raA(t) — 1. By further applying that ¢/(t) = ryg(t) — (1 + aA(t))l_%,

we obtain

Ca(l+ad®) AR
gl 9(t) g(t)?

CaraA(t) - 1H(t) oy

S 1+ aA() )
(1+ad@®) 7\
g(t)

= %B(t)H(t) — g H(t) + (1 + aA(t)) H()?,

H'(t) =

+(1+aA(t) (

where we have introduced

_ 1— TAA(t)
B(t) = 1+ aA(t) "

Going back to the derivative of the surplus consumption, we get
Al(t) = A(t) <7" — 1+ aA)H(t) + %B(t) —rg+(1+ aA(t))H(t))
= A(t) <7~ — T+ O‘B(t))
Y
1

= A@) (r =8+ aB()

where
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Since ¢(t) = h(t) + A(t) by definition, we obtain

c(t) = h'(t) +A’( )
= (ac(t) = Bh(t)) + At)o(t)
= (B+¢(1) Alt) + (o = B)e(d),

which completes the proof.

C Proof of Lemma 1

Define f(s) = ¢(s) — ¢(s) and note that f(0) = 0. From (17) and (21), we get

df (s) = [(B + 6(s)A(s) — (8 — k) A(s)]ds + [(a = B)e(s) — (a — B)é(s)] ds
+

[(8+ &(5))(A(s) — As)) + (é(5) + £)A(s)] ds + (@ = B)f(s) ds

Noting that A(s) = Age™"*, we can write the solution as

£6) = [ e [(54 6(r)(A) ~ Alr) + (0() + A dr
:AO/OSe—W—“)(S m —KT[5+¢ (AT ) ¢(7)+n)} dr.

7_

By (18), (19), and the assumption o > 0, the function 8 + ¢(7) is uniformly
bounded for 7 € [0,¢] by a constant K > 0 which is independent of T. Obvi-
ously, this also holds for the functions e=(#=®)(=7) and =7, Furthermore,

A(r) Agelo ¢w) du

— - ~ — elo (e(w)+r) du7
A(T) Age™ KT

where we apply Ay = Ao which follows from assuming Bo = hg and ¢y = c¢y.
For any v > 0 we can find a 7" > 0 big enough that |¢(u) + x| < v for all
w € [0,¢] if T > T. It follows that

|f(s)] <AO/()S [K (e”* — 1)+ v] dr < tAg (K (e —=1)+v], sel0,t.

If we decrease v from positive values towards zero, the right-hand side in this
inequality decreases towards zero. Hence, for any given n > 0, we can find a
small enough v > 0 and therefore a corresponding large enough 7" so that, for
T>T,

If(s)l <m, s€l0d].
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D Proof of Theorem 3

Note that when the conditions (24)—(25) hold, we have k > 0, § > «, and
A>1
The solutions to (20)—(21) are

A(t) = Aoeint,
é(t) = (60 - )\AN())B_(B_a)t + )\Aoe_nt
as can be verified by straightforward differentiation. Observe that
Z(0) = (B —K)Ag + (a — B)éy = (a — k)& — (B — K)ho,

which is positive because of the condition (26). On the other hand, we can
write

F(t) = et ((5 — a)(AAg — &p)e~Bma—m)t _ HAAO) . (38)

Because of the conditions (24)—(25), the first term in the brackets approaches
zero as t — oo and the second term kAA is positive. Therefore, &(t) < 0 for
large enough t.

Because ¢ (t) is a smooth function with &(0) > 0 and &(¢) < 0 for large
enough ¢, there must be at least one point ty for which &(ty) = 0. The
condition & (tg) = 0 implies that

(B —a)(NAy — &p)e”Fmammtn = kAA,,

where both sides of the equality are positive due to the parameter conditions.
Hence, the solution is

o (8 — )N\ — &)
tH—ﬁanln< KA )
In(8 —a) —In(k) + In (1 - A(aniilo))

B—a—kK '

This is the only solution to & (ty) = 0 since the term in the brackets in (38)
is a decreasing function of ¢. Combining this with the above observation that
& (t) < 0 for large enough ¢, it becomes clear that ¢(¢) is hump-shaped, i.e.,
increasing from ¢ = 0 up to ¢ = ty where it attains its maximum and then
decreasing for ¢ > ty.
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