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Abstract: De�ned contribution pension schemes and life

insurance contracts often have a minimum interest rate guar-

antee as an integrated part of the contract. This guarantee

is an embedded put option issued by the institution to the

individual, who is forced to hold the option in the portfolio.

However, taking the inability to short this saving and other

institutional restrictions into account the individual may

actually face a restriction on the feasible set of portfolio

choices, hence be better o� without such guarantees. We

measure the e�ect of the minimum interest guarantee con-

straint through the wealth equivalent and show that guar-

antees may induce a signi�cant utility loss for relatively risk

tolerant investors.

We also consider the case with heterogenous investors sha-

ring a common portfolio. Investors with di�erent risk atti-

tudes will experience a loss of utility by being forced to share

a common portfolio. However, the relatively risk averse in-

vestors are partly compensated by the minimum interest rate

guarantee, whereas the relatively risk tolerant investors are

su�ering a further utility loss.

Keywords: Minimum interest rate guarantee, asset allo-

cation restrictions, utility loss, wealth equivalent, heteroge-

nous investors.



1 Introduction

Pension savings in countries with a considerable weight of funded pension schemes are often of

a mandatory nature with savings plans related to labour market contracts.

In some countries such funded pension schemes, operating on an actuarial reserve basis, are also

required by law to have a minimum interest rate guarantee which ensures a minimum growth

rate of the individual pension saver's reserves. This growth rate may be annual or may be

guaranteed as an average over long time intervals. In this paper we only consider the case with

the guarantee as an average over a given time horizon.

The point of view in the existing literature is that an insurance policy or a pension plan equipped

with a minimum interest rate guarantee provides the buyer with a useful guarantee. The seller is

issuing a put option enabling the buyer to receive a minimum guaranteed rate of return in cases

where the return on the underlying investment falls short of this guaranteed rate of return. On

the other hand the buyer receives the return of the underlying investment whenever its return

exceeds this minimum.

The literature on interest rate guarantees has mainly focused on the pricing of the implicit

put option provided by the guarantor. Early examples are Brennan and Schwartz (1976,1979),

whereas more recent examples are found in e.g. Bacinello and Ortu (1993a,b), Nielsen and

Sandmann (1995,1996) and Aase and Persson (1997).

A related topic is the valuation of the surrender option in policies allowing the investor to exit

prematurely at a cost. This can be of interest whenever the accumulated wealth cum guarantee

exceeds the actual market value of the underlying portfolio. See e.g. Albizzati and Geman (1994)

and Grosen and J�rgensen (1997,1999).

However, the pricing of the guarantee cannot be done without an explicit assumption on the

investment policy followed by the guarantor, and this investment policy will itself depend upon

the existence of an interest rate guarantee. In fact, the investor may be in a position where this

minimum interest rate guarantee is against what he or she would have wanted from a utility

maximization point of view. The only possible response to a more and more binding constraint

is to switch away from risky investments and into risk-free positions in the bond market. Hence

we consider the interest rate guarantee as a restriction on the permissible portfolio strategies

applicable to the pension fund contributions. In cases where the institutional saving constitutes

a major part of the savings of individuals, and where this saving in part or in full may be required

by law or somehow have a mandatory character, this can actually be a binding constraint on

the overall asset allocation problem.

We will pursue the following analysis under the assumption of dynamically complete markets

as far as the pricing of �nancial assets is concerned. In practice it may be di�cult for the

individuals to circumvent the e�ects of restrictions on institutional asset allocation decisions,

which is partly due to the fact that such savings cannot be put up as collateral in order to

undertake other o�setting �nancial positions. Hence in the paper we do not allow any given

individual to trade in �nancial assets on her own account outside the pension scheme.

The speci�c utility optimization problem in this paper only has a consumption objective at the

horizon. This is assumed in order to keep the analysis at the simplest possible level, but it can

be extended without changing the basic points of the paper. We are choosing an analytically

tractable class of utility functions in such a manner that problems with negative wealth positions
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automatically will be avoided. The menu of �nancial assets in the underlying economic model

consists of N risky securities and a bank account.

The unrestricted optimization problem is solved analytically.1 The solution to the restricted

optimization problem with a minimum interest rate guarantee corresponds to the following

portfolio insurance policy:

1. Invest xW0 in the same way as what is optimal with no constraints, and

2. buy a put option up front at a premium, which is a fraction (1�x) 2 (0; 1) of initial wealth

W0, and with

� the unrestricted portfolio xW0 as the underlying asset and

� the wealth level W0e
gT , guaranteed by the interest rate guarantee, as the exercise price

The fraction x is found numerically as the solution to one equation with one unknown, re
ecting

that the investment in the portfolio must equal initial wealth. If the appropriate put option which

ensures the ful�lment of the interest rate guarantee is not readily available in the market, it can

be duplicated through a dynamic self-�nancing trading strategy starting from (1�x)W0.

The solution generalizes the optimal strategies in related papers on portfolio insurance, e.g.

Rubinstein (1985), Basak (1995) and Grossman and Zhou (1996). In particular Basak (1995)

and Grossman and Zhou (1996) are concerned with a characterization of market equilibrium and

endogenously derived equilibrium asset price processes in the presence of \
oor constraints",

whereas the present analysis takes the market price processes as a given input to any particular

individual's optimization problem.

In the paper we analyze the utility loss of imposing a minimum interest rate guarantee as an

exogenous constraint on the investor's ability to tailor her portfolio. Formally we apply the

concept of a wealth equivalent, i.e. the magnitude of initial wealth that with no constraints

gives the investor the same level of expected utility as that obtainable with her given initial

wealth, but with constraints on the asset allocation decision. This is analogous to the certainty

equivalent in expected utility analysis and is used here as the measure of the investor's aversion

to the interest rate guarantee constraint.2 We derive the comparative statics of this wealth

equivalent towards changes in the level of the guarantee and changes in the relative risk aversion.

Furthermore, we numerically demonstrate the e�ects of the asset allocation restriction for the

classical Black-Scholes model with a constant interest rate and for the Black-Scholes model

combined with a Vasicek term structure model. It turns out that the multiplicity of assets and

a possible stochastic interest rate add very little. The parameters of primary importance are

the volatility of the pricing kernel and the yield to maturity on the zero coupon bond expiring

at the investment horizon. To the extent that these parameters do not change with a change in

the menu of assets the wealth equivalent is una�ected, although the optimal portfolio policy will

obviously change as a response to a change in the menu of assets. For realistic parameter values

1A related analysis of �xed income portfolio management, using a similar technique for a special case of the

more general model in this paper, is found in S�rensen (1999).
2This idea of measuring the e�ect of a suboptimal asset allocation decision has been used by other authors

in di�erent contexts, see e.g. Ang and Bekaert (1999), Brennan, Schwartz and Lagnado (1997), Campbell and

Viceira (1998,1999) and Das and Uppal (1996).
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the results suggest that imposing a minimum interest rate guarantee may induce a signi�cant

utility loss for relatively risk tolerant investors.

Another feature of mandatory savings plans and other institutionalized collective savings plans

analyzed in the paper is the e�ect of the minimum interest rate guarantee when investors with

di�erent risk attitudes are pooled in a pro rata shared common portfolio. We provide analytical

and numerical results for this situation as well. Investors with di�erent risk attitudes will

experience a loss of utility by being forced to share a common portfolio, because the fund

manager must compromise between the preferences of the members in an investment pool. It

turns out that this e�ect can be signi�cant per se. However, when an interest rate guarantee

is introduced, investors with high levels of relative risk aversion are compensated partly for the

loss induced by an \aggressive" investment policy, whereas investors with a low level of relative

risk aversion are su�ering a further utility loss relative to the loss induced by a \conservative"

investment policy.

The paper is organized as follows. In section 2 the investment problem is set up and the solutions

to the unrestricted and restricted problems are derived. In section 3 we derive comparative

statics of the wealth equivalent with respect to the level of the interest rate guarantee as well as

the level of relative risk aversion. In section 4 we present numerical examples. The analysis is

extended to the case with heterogenous agents sharing a common portfolio in section 5. Section

6 concludes the paper. The details of proofs and other technicalities of the modelling framework

are to a large extent carried out in the appendices of the paper.

2 The investment problem

Consider an investor with initial wealthW0 and investment horizon T . The investor's objective is

assumed to be expected utility maximization w.r.t. the accumulated wealth at the time horizon

T . The investor's utility function is assumed to belong to the class of constant relative risk

aversion (CRRA) utility functions:

U(WT ) =
W

1�

T

1� 

; 
 > 0

including the logarithmic utility function U(WT ) = log(WT ) for 
 = 1.3

There is no utility attached to intermediate consumption. This investor can invest in a combi-

nation of

1. an asset with a locally risk-free return rt. The in�nitesimally risk-free interest rate rt is

allowed to vary stochastically, but only within the class of Gaussian term structure models

and

3The usual way of representing these preferences in order to get the logarithmic utility function as a limiting

case is as U(WT ) =
W

1�


T
�1

1�

. However, this is just an addition of a constant of no consequence for preference

representation, but involving a more complicated notation elsewhere.
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2. a menu of N assets with locally risky returns and price processes Pt =
�
P 1
t ; P

2
t ; : : : ; P

N
t

�
:

dPt = (diag [rt1N + V �] � Pt) dt+ diag [Pt] � V � dZt (1)

where

� V is an N �M -matrix of di�usion coe�cients. These are denoted as �ij, i=1; 2; : : : ; N ,

j = 1; 2; : : : ;M , and ful�l the usual conditions required for the stochastic processes to

be well-de�ned

� Zt an M -dimensional standard Brownian motion

� � an M -vector of deterministic risk-premia

� 1N is an N -vector of ones

For an individual asset, say P
j

t , the price process becomes

dP
j

t

P
j

t

=

 
rt +

MX
m=1

�m�jm

!
dt+

MX
m=1

�jmdZ
m

t (2)

It is well-known that V - without loss of generality - can be chosen as a lower triangular matrix

if so desired for analytical or computational purposes. Di�erent models arise due to di�erent

speci�cations of the menu of assets, the number of risk-factors and the character of the interest

rate process.

� is assumed to be constant, but the results are easily modi�ed to encompass a time-varying,

deterministic function �(t). For notational reasons this is not stated explicitly here.

In a standard probabilistic setup, (
;F ;P; fFtgt=Tt=0 ), the �ltration fFtgt=Tt=0 is taken as the

�ltration generated by Zm
t ; m = 1; 2; : : : ;M . The market is assumed dynamically complete by

construction, i.e. the rank of V is M . Hence the pricing kernel or state price density, denoted

by Mt, is uniquely determined, and it has the usual properties:

� M0 = 1

� For any asset with price process P
j

t the process MtP
j

t is a martingale, i.e. P
j

t = Et

h
MT

Mt
P
j

T

i
� In particular, the process Mte

R t
0
rsds is a martingale

The pricing kernel Mt is known to be the inverse of the optimal growth portfolio chosen by an

investor with a logarithmic utility function, U(WT ) � logWT .
4 It is the solution to the following

stochastic di�erential equation:

dMt = �rtMtdt�Mt�
0

dZt; M0 = 1 (3)

Or, alternatively, in integral form:

Mt = e�ht��
0

Zt�
1
2
k�k2t = e�(ht+�

0

Zt)�
1
2
k�k2t (4)

4See e.g. chapter 6 in Merton (1992) or Du�e (1996), chapter 6.
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where ht is de�ned by

ht �
Z
t

0
rsds

Some immediate consequences of the restrictions on the model parameters are stated in the

following proposition.

Proposition 1 For a Gaussian interest rate process rt and constant (deterministic) market

prices of risk �:

1. the accumulation factor ehT is either deterministic or log-normally distributed

2. MT is log-normally distributed. Hence it can be represented as

MT � exp

�
�MT

�
1

2
�2MT

+ �MT
N
�

(5)

where N is a N(0; 1)-variable and �MT
=
q
var0 (hT + �

0

ZT )

3. the zero coupon bond price or discount factor D(0;T ) and the associated zero coupon interest

rate y(0;T ) at time zero is given by

D(0;T ) � exp [�Ty(0;T )] = E0 [MT ] = exp f�MT
g (6)

The choice of the CRRA class of utility functions is analytically convenient. As will become

clear in the next section, the optimally invested wealth WT as well as the kernel-weighted opti-

mal wealth MTWT become log-normally distributed. This enables the calculation of analytical

solutions and sensitivity analysis with respect to the relative risk aversion parameter 
. Being

log-normally distributed we are also sure that the optimally invested wealth is always positive,

i.e. the investor automatically satis�es an implicit solvency constraint.5

2.1 Optimal unrestricted portfolio choice

The optimization problem for an investor, with no constraints on the choice of optimal portfolio,

can be formulated and solved by the martingale method of Cox and Huang.6 Recalling the

dynamical completeness of the market an investor with a CRRA utility function solves the

problem:

Max

fWT g

E0

�
W

1�


T

1�


�

subject to the budget constraint

W0 = E0 [MT �WT ] [�]

5This is also a consequence of the fact that the marginal utility of wealth tends to in�nity as wealth tends to

zero. For similar problems, where this is not the case, see e.g. chapter 6 in Merton (1992) and references cited in

there.
6See Cox and Huang (1989, 1991) or Du�e (1996).
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The basic idea in this optimization approach is that wealth can be allocated in any way that is

consistent with the budget constraint. And to the extent that preferences are only formulated for

WT the only answer obtained in the �rst place is the optimal wealth distribution at time T . An

explicit solution to the asset allocation decision at any point in time must be found afterwards

by determining a dynamic trading strategy { along the lines well-known from contingent claims

analysis { leading to the desired end-point distribution for WT .

Theorem 1 (i) The optimal wealth distribution at the horizon T is log-normally distributed and

characterized by

WT =
M

�
1



T

E0

�
M�

T

� �W0 �W0 � exp
�
�WT

�
1

2
�2WT

� �WT
N
�

(7)

where

� N is the same N(0; 1)-variable as mentioned in (5)

� � � 1� 1



� �WT
= 1



�MT

� �WT
= � log(D(0;T )) + 1



�2
MT

= Ty(0;T ) + 1


�2
MT

(ii) The optimal level of expected utility can - for 
 6= 1 - be written as

J0(W0;T; 
) � E0

"
W

1�

T

1� 


#
=

�
W0

D(0;T )
� exp

h
1
2

�2
MT

i�1�

1� 


(8)

For 
 = 1 this becomes

J0(W0;T; 1) = log(W0) +
1

2
�2MT

� log(D(0;T )) (9)

(iii) The dynamic trading policy implementing the optimal wealth distribution depends upon the

nature of the interest rate process.

� For a deterministic interest rate process the portfolio weights ! for risky assets is

! =
1



V
�
V
0

V
��1

� (10)

with the residual fraction of wealth 1�1
0

N
! allocated to the risk-free asset.

� For a stochastic interest rate process the portfolio weights in (10) still apply. But the zero

coupon bond expiring at time T plays a special role as the risk-free asset relevant for the

investment horizon. An additional fraction of wealth, �, is allocated into this particular

bond or, equivalently, into a perfectly mimicking portfolio. The residual is allocated to the

instantaneously risk-free asset.
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Proof (i) The �rst order condition for the optimization problem is given by the relation:

W
�


T
= �MT ) WT = (�MT )

(� 1


)

(11)

with the Lagrangian multiplier � determined from the budget constraint:

W0 = E0 [MTWT ] = �
�

1

M�

T ) �
�

1

 =

W0

E0

�
M�

T

� (12)

Inserting this expression for �
�

1

 in (11) proves the �rst equality in (7).

The fact that the pricing kernel MT is log-normally distributed, and can be represented in the

functional form given in (5), implies that M
�

1



T
is also log-normally distributed:

M
�

1



T
= exp

�
�
1




�
�MT

�
1

2
�2MT

�
�

1



�MT

N
�

Hence �WT
= (1=
) �MT

.

The proofs of (ii), (iii), and the speci�c expression for �WT
require some tedious derivations,

for which reason the details are devoted to Appendix A.

Corollary 1 Whenever there is no interest rate risk the expression for optimal expected utility

simpli�es for 
 6= 1 to

J0(W0;T; 
) = E0

"
W

1�

T

1� 


#
=

�
W0

D(0;T )
� exp

h
1
2

k�k2 T

i�1�

1� 


(13)

For 
 = 1 the expression for optimal expected utility becomes

J0(W0;T; 1) = log(W0) +

�
r +

1

2
k�k2

�
T (14)

In the rest of the paper we will omit mentioning the special case 
=1. Most results are modi�ed

in an obvious manner.

2.2 Optimal portfolio choice with interest rate guarantee

Now assume that the investor is restricted in her �nal payo� pro�le by an exogenously given re-

quirement that her �nal wealth must at least be her initial investment increased with a minimum

guaranteed rate g, continuously compounded.

The investor's wealth at time T under this restriction is denoted by fWT , and the optimization

problem is given as follows:
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Max

ffWT g

E0

� eW 1�


T

1�


�

subject to

W0 = E0

h
MT

fWT

i
[�0]fWT �W0e

gT [�1]

The �rst order conditions for this problem are given by:

fW�


T
= �0MT � �1 ^ �1 �

�fWT �W0e
gT
�
= 0 (15)

or, equivalently:

fWT =

8<: (�0MT )
(� 1



)
if fWT > W0e

gT

W0e
gT otherwise

(16)

When �1>0 the guarantee is e�ective and we have that fWT =W0e
gT . When �1=0 the guarantee

is not e�ective and we have that fWT = (�0MT )
�1=
 . I.e. whenever the guarantee is not e�ective

the investor's payo� in the optimal solution fWT is proportional to M
�1=

T

, hence proportional

to the payo� in the unrestricted case.

The factor of proportionality is called x and is determined by the cost of insuring against \bad

states", where the optimal wealth in the unrestricted case falls below the lower limit given by

the guarantee.

Theorem 2 The optimal wealth distribution at the horizon T , fWT , can be written as

fWT = max

h
W0e

gT ; xWT

i
= xWT +max

h
0;W0e

gT � xWT

i
(17)

= W0e
gT +max

h
0; xWT �W0e

gT
i

(18)

where WT is the solution found for the unconstrained problem and x 2 (0; 1) is determined by

the wealth constraint.

The optimal level of expected utility can be expressed as:

eJ0(W0;T; 
) = U(W0e
gT )N(d�1) + J0(xW0;T; 
) (1�N(d�2)) (19)

where

d�1 =

 [(g � y(0;T ))T � log(x)]

�MT

+

�
1

2

� 1

�
�MT

(20)

d�2 = d�1 + ��MT

=

 [(g � y(0;T ))T � log(x)]

�MT

�
1

2

�MT

(21)
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Proof The optimal wealth distribution is already proven in the derivation just before the state-

ment of Theorem 2.

The optimal level of expected utility involves the following calculation:

eJ0(W0;T; 
) = E0

264
�
max

h
W0e

gT ; xWT

i�1�

1� 


375
= U(W0e

gT )PfWT � Kg+E0

"
(xWT )

1�


1� 

1fWT>Kg

#
(22)

where

K =
W0e

gT

x
(23)

The rest is a standard calculation with truncated log-normally distributed variables. Details are

given in Appendix B.
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Figure 1: Payment pro�le as a result of a restricted (slope=x) and

an unrestricted (slope=1) optimal portfolio strategy.

The payo� pro�les of the optimal portfolio strategies are shown in Figure 1. Observe that the

put option involved can be duplicated by means of the assets making up the optimal unrestricted

portfolio. Since duplicating a put option involves a short position in the underlying asset the
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e�ect of an interest rate guarantee is to limit the investment in the otherwise optimal risky

portfolio.

The long term zero coupon bond matching the investment horizon T becomes the risk-free asset

relative to the investment horizon in question. Hence the long term zero coupon rate y(0;T )

matching the investment horizon T becomes more interesting than the level of the short rate.

The investment policy is driven towards 100% invested in this bond, when the guaranteed rate

g tends to y(0;T ).

The latter part within parenthesis on the rhs of (17) is equivalent to a put option with xWT

as the underlying asset and with strike price W0e
gT . The investor pays a fraction 1�x of her

initial wealth for acquiring this put option. Denoting the price of this put as P (W0; g; T; x), we

can deduce the following relations from the wealth constraint:

W0 = xW0 + P (W0; g; T; x) ) (24)

P (W0; g; T; x) = (1�x)W0 (25)

The price of the put option is known analytically, assuming the value of x is known, in all the

log-normal environments studied here.

Theorem 3 The put option price is given as

P (W0; g; T; x) =W0 �
h
egTD(0;T )N(d�1 + �MT

)� xN(d�2)
i

(26)

Proof The proof is a standard calculation with truncated log-normally distributed variables. The

details are spelled out in Appendix B.

Plugging the put option price from (26) into the budget constraint (24) we have one equation

with x as the only unknown:

1 = xN(�d�2) + e(g�y(0;T ))TN(d�1 + �MT
) (27)

This equation is easily solved numerically for x.

3 Wealth equivalents and comparative statics

Our aim is to analyze the utility loss of imposing a minimum interest rate guarantee as an

exogenous constraint on the investor's ability to tailor her portfolio. We de�ne the wealth

equivalent, denoted by cW0, as the amount of initial wealth necessary for the investor to achieve

the same level of expected utility without restrictions imposed on the portfolio allocation as is

possible with the initial wealth W0 and the restriction imposed.

Since all relations are proportional in initial wealth we examine the wealth equivalent as a

relative measure, i.e. as a fraction of the initial wealth maintained in utility terms despite the

10



loss incurred upon the investor by enforcing the constraint. In the following we set W0 � 1

without loss of generality.

We start by examining the comparative statics for x. We apply the implicit function theorem

on (27) and use the symbol F to de�ne the rhs as a function of x; g and 
. In doing so it is

important to realize that

e(g�y(0;T ))TN
0

(d�1 + �MT
) = xN

0

(�d�2) (28)

This relation implies that a number of terms cancel out in the expressions for partial derivatives,

because the e�ect of any variable working through d�1 and d
�
2 with the same derivative e�ect on

d�1 and d
�
2 cancels out.

7 Hence

@F

@x
= N(�d�2) > 0 (29)

@F

@g
= Te(g�y(0;T ))TN(d�1 + �MT

) > 0 (30)

@F

@

= �xN

0

(�d�2) �
�MT


2
< 0 (31)

dx

dg
= �

@F=@g

@F=@x
= �

Te(g�y(0;T ))TN(d�1 + �MT
)

N(�d�2)
< 0 (32)

dx

d

= �

@F=@


@F=@x
=
xN

0

(�d�2)
N(�d�2)

�
�MT


2
> 0 (33)

The derivative dx=dg is negative, implying that as the level of the interest rate guarantee in-

creases, an increasing fraction of initial wealth must be allocated to the put option. Furthermore,

it can be inferred from (27) that limg!y(0;T ) x = 0; i.e., when the interest rate guarantee is mov-

ing up and gets very close to the yield on the T -maturity zero coupon bond, the risk bearing

capacity vanishes and the investment in the unrestricted optimal portfolio is eliminated. In

this case the portfolio converges to a put option on an underlying asset (xWT ) of zero value,

equivalent to a portfolio position with 100% of zero coupon bonds with maturity date T . Note

also that the convergence is such that limg!y(0;T ) dx=dg = �1.

The derivative dx=d
 is positive. As 
 changes, the optimal unrestricted portfolio leading to

WT also changes. A very risk averse individual does not need the protection from the put option

because the unrestricted wealth allocation already involves a high degree of built-in protection.

This is also re
ected in the fact that lim
!1 x = 1, as can be inferred from (27).8

Next we derive the comparative statics for the wealth equivalent. Finding the wealth equivalent

amounts to solving the following equation, cf. (8) and (19):

J0(cW0;T; 
) = eJ0(1;T; 
) , cW0 = J�1
0 � eJ0(1;T; 
) , (34)

7This property is well-known from the Black-Scholes model and other option pricing formulas within the

log-normal framework.
8Since we know from (33) that x is an increasing function of 
, an asymptotic limit, lim
!1 x, exists in (0,1].

Then we also know that d�1 and �d�2 have opposite limiting in�nite values. It is impossible that lim
!1 d�1 =1,

because e(g�y(0;T ))T < 1. Hence lim
!1(�d�2) =1, which further implies that lim
!1 x = 1.
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 cW0

D(0;T )
exp

�
1

2

�2MT

�!1�


=
�
egT

�1�

N(d�1) +

�
x

D(0;T )
exp

�
1

2

�2MT

��1�


(1�N(d�2)) (35)

Equation (35) can be solved for analytically, once the variable x has been determined. Using

the chain rule and the de�nition of the wealth equivalent in (34) we arrive at

dcW0

dg
=

cW0

(1� 
)J0(cW0;T; 
)
+

�

2664 @ eJ0
@g
+

+
@ eJ0
@x
+

@x

@g
�

3775 (36)

dcW0

d

=

cW0

(1� 
)J0(cW0;T; 
)
+

�

26664@ eJ0@

�
@J0

@
| {z }
?

+
@ eJ0
@x
+

@x

@

+

37775 (37)

Analytical expressions for all the terms involving partial derivatives in (36) and (37) are found

in Appendix C.

The expression in (36) reveals two e�ects of an increase in the level of the minimum interest

rate guarantee g. The �rst term within the brackets is positive, re
ecting the bene�t from

having a higher level of guaranteed payo�. The second term within the brackets is negative,

re
ecting the cost of paying for a higher level of guaranteed payo�. The second term must

dominate the �rst term. The e�ect of increasing the level of g, as re
ected in dcW0=dg, must be

negative, because by increasing g the set of feasible terminal payo�s of the restricted portfolio

shrinks. A mathematical proof in the present context is found in Appendix C. Furthermore,

limg!y(0;T ) d
cW0=dg = �1, which is also demonstrated in Appendix C.

The risk aversion parameter 
 enters through three channels:

� It changes the need for buying put options through a change in x as a response to a change

in 
.

� It changes the level of �WT
in the unrestricted portfolio. This e�ect shows up in two places:

{ The unrestricted expected utility changes.

{ The cost of the put option changes.

� It changes the functional form of the utility function.

Numerical calculations for various parameter values suggest that dcW0=d
 is positive but, due

to the many e�ects of changing 
, we have not been able to prove this analytically in general -

neither have we been able to provide a counterexample.

Anyhow, a positive derivative dcW0=d
 is consistent with the economic reasoning that, since

dx=d
>0, high values of 
 leads to a relatively high fraction of wealth invested in the unrestricted

12



optimal portfolio. Hence, very risk averse investors do not su�er as much from the imposed

constraints as do more risk tolerant investors. This e�ect is re
ected in the latter positive term

in (37).

4 Examples

Following the derivations in section 2 and section 3 above we observe that the indirect utility

function and the wealth equivalent are solely determined by

� the discount factor D(0;T ) or, equivalently, the zero coupon rate y(0;T )

� the variance of the pricing kernel �2
MT

� the relative risk aversion parameter 


Whether the interest rate process is deterministic or stochastic has no direct in
uence on the

results. Some of the calculations become more complex with a stochastic interest rate, but only

because the calculation of �2
MT

becomes more complex. Similarly, the zero coupon rate y(0;T )

{ and not the spot rate r0 { is the interest rate of primary concern. The distance between

y(0;T ) and the level of the interest rate guarantee g is gauging the severeness of the guarantee

in the sense that the feasible set of investment opportunities shrinks as g moves towards y(0;T ).

When g reaches the level y(0;T ) there is only one feasible investment policy: All wealth must

be allocated to the discount bond expiring at time T .

In the following we consider two examples. Our primary example is the classical Black-Scholes

framework, where there is only one stock (or portfolio of stocks), a constant risk premium,

and a constant short term interest rate. Subsequently we consider the Black-Scholes model

in combination with a Vasicek term structure model, cf. Vasicek (1977). In particular, we

demonstrate how the parameter values can be chosen to obtain the same result for the wealth

equivalent as in the classical Black-Scholes model.

4.1 The classical Black-Scholes model

The price process of the single risky asset (stock portfolio) is

dSt = (r + �S�S)Stdt+ �SStdZt = �SStdt+ �SStdZt (38)

Under this scenario the relations in Theorem 1 become9

Wt = W0 � exp

" 
r �

1

2

�2
S


2
+
�2
S




!
t+

�S



Zt

#
(39)

WT = W0 � exp

" 
r �

1

2

�2
S


2
+
�2
S




!
T +

�S




p
TN

#
(40)

9For details of the derivation see appendix A, in particular relation (67).
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where N is a N(0,1)-variable. The level of expected utility is

J0(W0;T; 
) =W
1�

0 �

exp

�
(1� 
)

�
r +

�2
S

2


�
T

�
1� 


(41)

and the dynamics of wealth follows the process:

dWt =Wt

" 
r +

�2
S




!
dt+

�S



dZt

#
(42)

The optimal portfolio position in the risky asset that gives rise to this dynamics of wealth

allocates a �xed fraction �S


�S
of wealth in the risky asset in accordance with Theorem 1.

Besides the general comparative static results in section 3 it is obvious that we have the following

limiting behaviour of the wealth equivalent:

lim
g!�1

cW0 =W0; lim
g!�1

x = 1

lim
g!r

cW0 =W0 exp

 
�
�2
S

2

T

!
; lim

g!r

x = 0

�

���

���

���

���

�

�� �� �� �� �� �� �� �� ��

+PVGTGUV TCVG IWCTCPVGG 
�����

9
G
C
NV
J
G
S
W
KX
C
NG
P
V�

HT
C
E
VK
Q
P
Q
H
KP
KV
KC
N
Y
G
C
NV
J

44# � ���� 44# � ���� 44# � ����

44# � ���� 44# � ���� 44# � ����

Figure 2: Wealth equivalents as a function of the interest

rate guarantee for di�erent investors.
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Figure 2 shows the wealth equivalents for varying levels of the interest rate guarantee between 0

and 8.0% and for a variety of values of the parameter 
, i.e. for a variety of values of the relative

risk aversion (RRA). The following parameters are used:

�S = 13%; �S = 25%; r = 8%; �S = 20%; T = 25

The optimal unrestricted asset allocation is to invest the fraction 0:8=
 in the stock portfolio.

The logarithmic utility investor (RRA = 1) has 80% of wealth invested in stocks and 20% in

risk-free assets in the unrestricted portfolio.

The shapes of the curves in Figure 2 are in accordance with the general comparative static

results in section 3. As can be seen from Figure 2 the interest rate guarantee is turning into a

severe constraint as the level of the guarantee approaches the level of the constant interest rate

for all degrees of relative risk aversion, and this e�ect is increasing with decreasing level of risk

aversion. The only way the minimum interest rate guarantee can be ful�lled is to switch the

asset allocation much more heavily towards the bank account and away from the risky asset and

its risk premium than would otherwise have been optimal.

For very low levels of the relative risk aversion (
 � 0; 5) even a zero guarantee is a perceptible

restriction. In the other end, even a very risk averse investor with relative risk aversion 4 will

su�er a measurable utility loss as the guaranteed rate g moves towards the risk-free rate of

interest 8%.

4.2 The Black-Scholes model with a Vasicek term structure

As the second example we consider a menu of assets consisting of a stock portfolio, as in the

classical Black-Scholes model, and a bond market driven by the Vasicek model.

The price processes can be written in accordance with the general notation outlined in (1). The

Brownian motion Z1t is chosen as the risk factor driving the stock investment opportunity, hence

�1��S . The Brownian motion Z2t is chosen as independent of Z1t. The correlation coe�cient

between the return processes in these two markets is denoted by � and is assumed constant.

With our choice of speci�cation, the Vasicek model is given by the following set of stochastic

di�erential equations for the stock price process (St), the price process for a zero coupon bond

with maturity H (D(t;H)) and the process for the in�nitesimally risk-free rate of interest (rt).

The coe�cients are adjusted in order to get the variance of the bond price processes as well as

the correlation � correct:

264 dSt=St

dD(t;H)=D(t;H)

drt

375 =

264 rt + �S�S

rt + �r�rB(H � t)

a(b� rt)

375 dt+
2664

�S 0

��rB(H � t) �r
p
1� �2B(H � t)

���S�r ��2�r
p
1� �2

3775
"
dZ1t

dZ2t

#
(43)

where

�r � �S�+ �2

q
1� �2 (44)
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It is well-known that the bond prices have the following form:

D(t;H) = exp [A(H � t)�B(H � t)rt] (45)

A(�) = r1 (B(�)� �)�
�2rB(�)

2

4a
(46)

r1 = b+
�r�r

a
�

�2r
2a2

(47)

B(�) =
1� e�a�

a
(48)

As shown in Theorem 1 the unrestricted portfolio policy in this case is a combination of

� a fraction � invested in the zero coupon bond expiring at time T ,

� a \speculative portfolio" with the portfolio weights given in (10),

� and the residual allocated to the instantaneously risk-free asset.

The volatility of the pricing kernel, �2
MT

, involves some straightforward calculations with inte-

grals of B(T � s) and B(T � s)2. It has the form

�2MT
=

Z
T

0

 
[�S � ��rB(T � s)]2 +

�
�2 � �r

q
1� �2B(T � s)

�2!
ds

=
�
�2S + �22

�
T + 2 (r1 � b) (B(T )� T )�

�2r
2a
B(T )2 (49)

By choosing parameters that give rise to the same magnitude of �2
MT

andD(0;T ) as in the former

example with the classical Black-Scholes model, the wealth equivalents will be exactly the same

as displayed in Figure 2. In the classical Black-Scholes model �2
MT

=1 and D(0;T )=e�2. This

is accomplished by, e.g., choosing parameter values

a = 0:2; b = 0:08; �r = 0:05; �r = 0:0228; �2 = 0

�S = 0:2; �S = 0:25; � = 0:25; T = 25

With these parameter values the risk-premium at time 0 on the 25 year zero coupon bond is

close to 0.57%, whereas the risk premium on the stock portfolio is 5%. The parameters above for

the interest rate process are close to the estimates for the US market found in Chan et al. (1992)

for the Vasicek model. The positive correlation between the returns on stocks and bonds is

suggested by, e.g., Campbell (1987), Fama and French (1989) and Shiller and Beltratti (1992).

Note that the magnitude of �S has no role to play for �MT
and D(0;T ), but it is crucial for

the exact portfolio composition implementing the optimal portfolio policy. With the parameters

above the optimal portfolio for a logarithmic utility investor, cf. Theorem 1, 80% is in the stock

portfolio and 20% in the bank account. For an investor with relative risk aversion 
 = 2 the

investor allocates 40% to the stock portfolio, 50% to the zero coupon bond expiring at the

horizon and the residual 10% in the bank account.
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5 Heterogenous investors

When an individual is a member of an investment pool the sharing of the realized portfolio

value is assumed to be linear on a pro rata basis. This is the usual restriction forced upon

the investor's payo� pro�le in pension schemes, participating life insurance contracts and other

institutional savings arrangements.

There are only few results in the �nance literature for this situation to be Pareto optimal. For

CRRA utility functions this requires identical degrees of relative risk aversion, in which case the

investment objective for the fund manager of the pool is obvious.

The interesting questions arise when the members of the pool have CRRA utility functions

with di�erent degrees of relative risk aversion - or even very di�erent utility functions. In

this case it is well known that non-linear sharing rules are necessary in order for the members

of the pool to share the portfolio value in a Pareto optimal way. However, we take the pro

rata sharing as a given institutional restriction and consider an investor with a CRRA utility

function who participates in a fund where the investment policy is deviating from her own

preferred unrestricted optimal investment policy.

As an analytically convenient behavioral rule for the fund manager we assume in this section

that the fund manager invests in the same manner as would an investor with some CRRA utility

function with a relative risk aversion parameter �
 di�erent from that of the individual investor

under consideration. This behavioral rule could be loosely interpreted as an attempt on behalf

of the fund manager to compromise between individual preferences.

We have the following result for the value of the expected utility of a CRRA investor.

Theorem 4 (i) If wealth is invested according to what is optimal for investors with investment

horizon T and constant risk aversion parameter �
, then the level of expected utility of an investor

with a CRRA utility function from wealth at the investment horizon T and constant relative risk

aversion parameter 
 can be expressed as:

J0(W0;T
j�
) =

�
W0

D(0;T )
� exp

�
1
2


�
1�

�
�
�

�


�2�
�2
MT

��1�


1� 

(50)

(ii) If wealth is invested with an interest rate guarantee and according to what is constrained

optimal for investors with investment horizon T and constant risk aversion parameter �
 as de-

scribed in Theorem 2, then the level of expected utility of an investor with CRRA utility function

U(�) from wealth at the investment horizon T and constant relative risk aversion parameter 


can be expressed as:

eJ0(W0;T; 
j�
) = U(W0e
gT )N( �d1) + J0(xW0;T; 
j�
)

�
1�N( �d2)

�
(51)

with

�d1 =
�
 [(g � y(0;T ))T � log(x)]

�MT

+

�
1

2�

� 1

�
�MT

�d2 = �d1 +

 � 1

�

�MT
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and where x is determined so that the budget constraint is satis�ed with equality, as described in

Theorem 2.

Proof The proof of (i) follows from the log-normality of WT and is a straightforward extension

of the proof of Theorem 1, part (ii), as given in Appendix A. Likewise the proof of (ii) is a

straightforward extension of the proof of the form of the indirect utility function in Theorem 2

as given in Appendix B.

Corollary 2 For an unrestricted investment policy the wealth equivalent cW0 is given by

cW0 =W0 � exp

"
�

1

2


�
1�




�


�2

�2MT

#
(52)

Proof Follows directly from equation (50) in combination with equation (8).

In Figure 3 we show the relation (52) with W0=1 for three di�erent values of the relative risk

aversion parameter �
 applied in the pool: 0.5, 1 and 2. We have applied the same parameter

values as used in section 4.1. As is apparent from Figure 3 forced participation in an investment

pool on a pro rata basis can induce severe utility losses, especially for relatively risk tolerant

investors.

�
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���

���

���

�

� ��� � ��� � ��� � ��� � ��� �
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55$�SRRO ���

Figure 3: Wealth equivalents as a function of individual relative risk aversion

(RRA) for investors participating in an investment pool with port-

folio policies determined by �
 = 0:5, �
 = 1, and �
 = 2, respectively.
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When investors in a pool are also subject to a minimum interest rate guarantee the situation

is no longer clear-cut. Everyone su�ers a loss of utility because of the compromise between

preferences. However, the minimum interest rate guarantee is a compensation for some investors

for a too \aggressive" investment policy, whereas other investors su�er an additional utility loss

due to a too \conservative" investment policy.

Figure 4 shows this within the framework of the classical Black-Scholes model and with the

same parameter values as in section 4.1. The �gure shows the wealth equivalent as a function

of the interest rate guarantee g for di�erent CRRA investors participating in a pool, where the

investment policy in the pool is in accordance with the preferences of a logarithmic investor, i.e.

�
 = 1. The asymptotic values \to the left", limg!�1
cW0, are identical to the wealth equivalent

in (52).

For the logarithmic investor the curve is identical to the analogous curve in Figure 2. For

investors with a relative risk aversion higher than the logarithmic investor, 
 > 1, the wealth

equivalent is increasing as a function of the minimum interest guarantee g until g gets close to

the level of the risk-free rate of interest. For investors with a relative risk aversion lower than

the logarithmic investor, 
<1, the wealth equivalent is decreasing as a function of the minimum

interest guarantee g everywhere.

In all cases the very last segments of the curves in Figure 4 are coinciding with the analogous

curves in Figure 2. When g gets close to the level of the risk-free rate of interest the feasible set

of investment policies shrinks and becomes almost independent of the compromised preferences

in the pool.
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44# � ���� 44# � ���� 44# � ����

Figure 4: Wealth equivalents as a function of the interest rate guarantee g

for di�erent investors participating in an investment pool with

portfolio policy determined by �
 = 1.
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6 Conclusion and topics for further investigation

The common feature of minimum interest rate guarantees in de�ned contribution pension

schemes may be viewed as an exogenously imposed constraint on individual portfolio opti-

mization that cannot easily be o�set by the individual. In this paper we have demonstrated

that such an exogenously imposed restriction may cause severe utility losses. This is di�erent

from the conventional view that interest rate guarantees are useful embedded options that the

investor would �nd it fair to pay for. In fact the investor is paying for this embedded option

through the asset allocation decisions, but should be reluctant to do so whenever the embedded

option is not part of her unrestricted optimal investment policy.

The utility loss due to the interest rate guarantee is most outspoken for relatively risk tolerant

investors. Furthermore, when investors participate in an investment pool on a pro rata basis the

interest rate guarantee tends to reinforce this utility loss. On the other hand, for relatively risk

averse investors in an investment pool an interest rate guarantee tends to work as a defensive

mechanism towards a too risk tolerant investment policy in the pool.

An interesting topic for future research in the context of a minimum interest rate guarantee is

to examine the e�ects of annual guarantees as also found in many real world contracts. This

will clearly reinforce the e�ects found here. Also, the e�ects of an interest rate guarantee in a

pool of individuals, heterogenous w.r.t. their age pro�le, seems an interesting topic for further

investigation.
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Appendix

A Theorem 1 (Continuation of proof)

(ii) In order to �nd the expression for the optimal expected utility we elaborate on the following

expression, based on the �rst equality in (7)

W
1�

T

=
M�

T�
E0

�
M�

T

��1�
 �W 1�

0 ) E0

h
W

1�

T

i
=
�
E0

h
M�

T

i�

�W 1�


0 (53)

First we �nd
�
E0

h
M�

T

i�

. From the log-normality of MT :

MT = exp

�
�MT

�
1

2
�2MT

+ �MT
N
�

(54)

it follows that M�
T
is log-normal as well:

M�
T = exp

�
�

�
�MT

�
1

2
�2MT

�
+ ��MT

N
�

(55)

Hence,

E0

h
M�

T

i
= exp

�
��MT

�
1

2

��2MT

�
) (56)

�
E0

h
M�

T

i�

= exp

�
(1� 
)(��MT

) +
1� 


2

�2MT

�

= exp

�
��MT

+
1� 


2

�2MT

�1�

(57)

Recall that

D(0;T ) = exp (�MT
) , � log(D(0;T )) = ��MT

(58)

Insert (56) in the expression for WT in (7) to obtain the expression for the parameter �WT
. This

concludes the proof of (i).

Next insert (58) into (57) and (57) into (53) to obtain

E0

h
W

1�

T

i
=

�
W0

D(0;T )
� exp

�
1

2

�2MT

��1�


(59)

This immediately gives the expression for J(W0; T ; 
) in (8). For the logarithmic case, i.e. 
 = 1,

we have that

log(WT ) = log(W0)� log(MT ) = log(W0) + (
1

2
�2MT

� �MT
+ �MT

N ) )

E0 [log(WT )] = log(W0) + (
1

2
�2MT

� log(D(0;T )) (60)
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which is the expression for J(W0; T ; 1) in (9).

(iii) Resorting to the martingale property of MtWt we have that

MtWt = Et

"
M�

T

E0

�
M�

T

�# �W0 ) (61)

Wt = M�1
t �Et

"
M�

T

E0

�
M�

T

�# �W0 �W0 �M�1
t �	t (62)

where

	t = Et

"
M�

T

E0

�
M�

T

�# (63)

is a martingale gauging the deviation from the optimal growth portfolio, W0M
�1
t , which de-

scribes the optimal wealth process for the special case of a logarithmic utility investor (
=1).

From (55) and (57) we have that

	T =
M�

T

E0

�
M�

T

� = exp

�
��MT

N �
1

2
�2�2MT

�
(64)

Under deterministically evolving interest rates the optimal portfolio policy and the dynamics of

optimal wealth simpli�es considerably. Using the characterization of Mt in (4) and redoing the

calculations in (55)-(57), we obtain

M�
T

E0

�
M�

T

� = exp

�
���

0

ZT �
1

2
�2 k�k2 T

�
) (65)

	t = Et

�
exp

�
���

0

ZT �
1

2
�2 k�k2 T

��
= exp

�
���

0

Zt �
1

2
�2 k�k2 t

�
(66)

The optimal unrestricted portfolio in (62) under deterministically evolving interest rates can

now be stated in a compact manner:

Wt = W0 �M�1
t �	t

= W0 � exp
�
ht + (1� �)�

0

Zt +
1

2
(1� �2) k�k2 t

�
= W0 � exp

�
ht +

�
1



�

1

2
2

�
k�k2 t+

1



�
0

Zt

�
(67)

with the dynamics

dWt =Wt �

" 
rt +

k�k2




!
dt+

1



�
0

dZt

#
(68)

The portfolio policy is then found in a straightforward manner from combining the price dy-

namics (1) with the development in the optimal portfolio in (68). As stated in (10) a solution

can be found by applying the generalized inverse:

! =
1



V
�
V
0

V
��1

� (69)
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in accordance with the classical results of Merton (1971). In the case where N=M this solution

is unique. In the case where N > M this solution is not unique, but one among an in�nity of

possible solutions for the optimal portfolio.

Under interest rate uncertainty things become slightly more complex. The relevant pricing

kernel at any intermediate point in time, t, is MT =Mt:

MT =Mt = exp

�
�(hT � ht)� �

0

(ZT � Zt)�
1

2
k�k2 (T � t)

�
= exp

�
ht � hT jt �

1

2
k�k2 (T � t)�

�
hT � hT jt + �(ZT � Zt)

��
� exp

�
�MT jt

�
1

2
�2MT jt

+ �MT jt
N
�

(70)

hT jt = Et[hT ] (71)

�2MT jt
= vart(log(MT )� log(Mt)) = vart(hT � ht + �

0

(ZT � Zt)) (72)

�MT jt
= ht � hT jt �

1

2
k�k2 (T � t) +

1

2
�2MT jt

(73)

D(t;T ) = E0 [(MT =Mt)] � exp
�
�MT jt

�
(74)

M�
T = M�

t � (MT =Mt)
�

= M�
t �D(t;T )� � exp

�
�

�
�MT jt

N �
1

2
�2MT jt

��
(75)

Et

h
M�

T

i
= M�

t �D(t;T )� � exp
�
�

1

2

��2MT jt

�
(76)

	t = M�
t �
�
D(t;T )

D(0;T )

��

� exp
�
1

2

�
�
�2MT

� �2MT jt

��
(77)

The term
�
�2
MT

� �2
MT jt

�
is a deterministic function of time, due to our assumptions about

Gaussian interest rates and market prices of risk being constant or - at most - deterministic

functions of time. The optimal wealth Wt at any point in time t 2 (0; T ) can be stated, cf. (62),

as

Wt = W0 �M
�

1



t �
�
D(t; T )

D(0;T )

��

� exp
�
1

2


�
�2MT

� �2MT jt

��
(78)

From here the dynamics of the optimal wealth can be determined. To �nd the optimal portfolio

it is only necessary to keep track of the risky part of this dynamics:

dWt =Wt �
�
(: : :)dt+ �dD(t;T ) + (

1



)�

0

dZt

�
(79)

Hence, the optimal portfolio has two components. One component mimics exactly the price

development in the bond D(t;T ) and enters with the weight �=1� 1


. The other component is

identical in form to the risky portfolio found under interest rate certainty, cf. (69), q.e.d.
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B Proofs of Theorems 2 and 3 using truncated

log-normally distributed random variables

The proofs of theorem 2 and Theorem 3 are based on the following proposition concerning

truncated log-normally distributed variables.

Proposition 2 Let X and Y be log-normally distributed and (logX; log Y ) ' N(�;�) where

� = (�X ; �Y ) ; � =

 
�2
X

�XY
�XY �2

Y

!

Then the following four relations are valid:

P fX > Kg = N

�
� log(K) + �X

�X

�
(80)

E
h
X1fX>Kg

i
= E [X]N

�
� log(K) + �X

�X
+ �X

�
(81)

E
h
Y 1fX>Kg

i
= E [Y ]N

�
� log(K) + �X

�X
+
�XY

�X

�
(82)

E
h
XY 1fX>Kg

i
= E [XY ]N

�
� log(K) + �X

�X
+
�XY

�X
+ �X

�
(83)

Proof These relations are proved in the appendix of Rubinstein (1976) and can also be found

in chapter 6 of Huang and Litzenberger (1988).

Proof of Theorem 2 (continued)

Let X�WT and Y �W 1�

T

. Hence, using (i) in Theorem 1:

�X = log(W0) + y(0;T )T +

�
1



�

1

2
2

�
�2MT

(84)

�X =
1



�MT

; �Y =
1� 




�MT

; �XY =
1� 



2
�2MT

�XY

�X
=

1� 




�MT

(85)

We use (80) to obtain the �rst term in (22):

PfWT � Kg = 1� PfWT > Kg =

1�N

0@� log(K) + log(W0) + y(0;T )T +
�
1


� 1

2
2

�
�2
MT

1


�MT

1A = 1�N(�d�1) = N(d�1) (86)

Next use (82) to obtain the last term in (22):
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E0

"
(xWT )

1�


1� 

1fWT>Kg

#
=

J0(xW0;T; 
) �N

0@� log(K) + log(W0) + y(0;T )T +
�
1


� 1

2
2

�
�2
MT

1


�MT

+
1� 




�MT

1A =

J0(xW0;T; 
) �N

 
(y(0;T ) � g)T + log(x)

1


�MT

+
1

2

�MT

!
= J0(xW0;T; 
) � (1�N(d�2)) (87)

q.e.d.

Proof of Theorem 3

Let X�WT

W0
and Y �MT . Hence

�X = y(0;T )T +

�
1



�

1

2
2

�
�2MT

(88)

�Y = �MT
; �X =

1



�MT

; �XY = �
1



�2MT

(89)

P (W0; g; T; x) = E0

�
MT

�
W0e

gT � xWT

�+�
= xW0 �E0

"�
MT e

gT�log(x) �MT

WT

W0

�+
#
=

xW0 �
�
E0

�
MT e

gT�log(x)1
f
WT
W0

<egT�log(x)g

�
�E0

�
MT

WT

W0

1
f
WT
W0

<egT�log(x)g

��
=

W0e
gTE0

�
MT

�
1� 1

f
WT
W0

>egT�log(x)g

��
� xW0E0

�
MT

WT

W0

�
1� 1

f
WT
W0

>egT�log(x)g

��
=

The two terms are found by inserting from the general results in Proposition 2 and using the

symmetry of the normal distribution, 1�N(d) = N(�d):

W0e
gTE0

�
MT

�
1� 1

f
WT
W0

>egT�log(x)g

��
=

W0e
gTD(0;T ) �

0@1�N

0@ log(x)� gT + y(0;T )T +
�
1


� 1

2
2

�
�2
MT

1


�MT

� �MT

1A1A =

W0e
gTD(0;T )N(d�1 + �MT

) (90)

xW0E0

�
MT

WT

W0

�
1� 1

f
WT
W0

>egT�log(x)g

��
=

xW0 �

0@1�N

0@ log(x)� gT + y(0;T )T +
�
1


� 1

2
2

�
�2
MT

1


�MT

� �MT
+

1



�MT

1A1A =

xW0N(d�2) (91)

q.e.d.
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C Comparative statics

Equation (36):

In (36) the partial derivatives are easily worked out:

@ eJ0
@g

= T
�
egT

�1�

N(d�1) (92)

@ eJ0
@x

=

�
x

D(0; t)
e

1
2

�2
MT

�1�
 1

x
(1�N(d�2)) (93)

Upon substituting for @x=@g from (32) the terms in brackets in (36) reduce to

@ eJ0
@g

+
@ eJ0
@x

@x

@g
=

"
T
�
egT

�1�

N(d�1)�

�
x

D(0; t)
e

1
2

�2
MT

��

Te

gT+ 1
2

�2
MTN(d�1 + �MT

)

#

= TegT

"�
egT

��

N(d�1)�

�
x

D(0; t)
e

1
2

�
2
MT

��

e

1
2

�
2
MTN(d�1 + �MT

)

#
(94)

Applying Proposition 2 this can be written as

�TegTE0

"�
[xWT ]

�
 �
h
egT

i�
�+
#
< 0 (95)

which is obviously negative.

Equation (37):

The calculations in (37) are more involved. First we calculate the latter term within parenthesis.

@ eJ0
@x

@x

@

=

�
x

D(0;T )
e

1
2

�
2
MT

�1�


� (1�N(d�2)) �
@x

@


1

x
(96)

Inserting from (33) leads to

@ eJ0
@x

@x

@

=

�
x

D(0;T )
e

1
2

�
2
MT

�1�


N
0

(d�2)
�MT


2
> 0 (97)

The 
-terms involve a number of complex expressions. Observe that by construction we have

eJ0(1;T; 
) � J0(cW0;T; 
) = 0 (98)

Next observe that

egT (1�
)N
0

(d�1) =

�
x

D(0;T )
e

1
2

�
2
MT

�1�


N
0

(d�2) (99)
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and that

d�1 = d�2 � ��MT
)

@d�1
@


=
@d�2
@


�
1


2
�MT

(100)

Hence, using these relations and brute force calculations we end up with the following expres-

sion10

(1� 
) �

 
@ eJ0
@


�
@J0

@

+
@ eJ0
@x

@x

@


!
= (101)

�
x

D(0;T )
e

1
2

�2
MT

�1�


� (1�N(d�2)) � [(g � y(0;T ))T � log(x)]

�

 dW0

D(0;T )
e

1
2

�
2
MT

!1�


�
h
� log(dW0) + (g � y(0;T ))T

i

�
�

x

D(0;T )
e

1
2

�2
MT

�1�


�N
0

(d�2) �
1


2
�MT

+(1� 
)

�
x

D(0;T )
e

1
2

�2
MT

�1�


�N
0

(d�2) �
1


2
�MT24 dW0

D(0;T )
e

1
2

�2
MT

!1�


�
�

x

D(0;T )
e

1
2

�2
MT

�1�


� (1�N(d�2))

35 � 1

2
2
�2MT

By collecting terms we end up with the expression

(1� 
) �

 
@ eJ0
@


�
@J0

@

+
@ eJ0
@x

@x

@


!
= (102)

24 dW0

D(0;T )
e

1
2

�2
MT

!1�


�
�

x

D(0;T )
e

1
2

�2
MT

�1�


� (1�N(d�2))

35 �
�
(y(0;T ) � g)T + log(cW0) +

1

2
2
�2MT

�
+

�
x

D(0;T )
e

1
2

�2
MT

�1�


� (1�N(d�2)) �
h
log(cW0)� log(x)

i

�
�

x

D(0;T )
e

1
2

�
2
MT

�1�


�N
0

(d�2) �
1



�MT

10For ease of notation we multiply the �nal expression with 1�
.
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