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Executive summary

In the aftermath othe financial crisi®f 20072009 the Gaussian copula has received a lot of hegatiemtion
concerning its role in the valuation procesdifllateralized Debt Obligations (CDOs). Specifidsllgenerating
the portfolio loss distributionthe applicatiorof this model allowed its usserto quantify the risk in the portfolio
of assets underlyinthe CDO. However, because oftitslerlying distibutional assumptionthe Gaussian copula
critically underestimates the probability of many simultaneous defaaltsl thus the rislassociated witlthe

most senior CDO tranches.

¢ KA & a hasiscdrisiiess the use of the ofactor Gaussian copulpplied to synthetic CDO valuation, and
compares itto an alternativerepresented by the onéactor Student t copulaThrough a serranalytical
implementation of the ondactor Gaussian copuland a Monte Carlo implementation of tieae-factor Student

t copula, this thesis finds thathe Student t copuladue to its fattertailed nature, distributes the relative risk
between tranches somewhat differently. In general terms, the-fawor Student t copulassigns more risk to
the most senior tranche in the CDO and less riskéoequity trancheln spite of thiglifference no immediate
improvement is obtainedn relation to matchinghe observed tranched ITraxx Europe quotes, angih the

ability to simultaneously price aByntheticCDO tranches correctly.

Through a thorough sensitivity atysis of both mode]ghe researcher finds it unlikely that the specifics of the
Gaussian copula played a significant role in the escalation of the financial This similarities between the
behavior of the two modelsinder varying input assumptionsdicate that no major improvement would have
been obtained, had the onfactor Student t copula been applied #s marketaccepted valuation model.
Instead, it apears thatother underlying factors withi the financiaindustrywere the main contributos to the
outbreak of the crisis, and that math represented by the Gaussian copalRuseds an excust justify some

of theunhealthy and immoral behavidhat occurred across the financial industiyhis both in relation to some
very concerning moral hazard problems within financial institutions, the inevitable conflict of interest that exist
in the business model of the credit rating agenceexd the generadverconfidence, whicdominated acros the

financial industry during this period
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1. Introduction

Approachiy the 10year anniversary othe Global Financial Crigis (i KN #NA ¢4 G KS T A,y hag OA | f
become clear to most thaassetsecuritization played aignificantrole in the escalation of what many consider

the worst financial crisis since the Great Depresg§®&tawart, 2008)In its most general forirasset securitization

allows the originator taransfer risk from itsown balance sheet to another counterpartwhich is doneby

pooling the desired assets and selling themtof secalled Special Purpose Vehi¢lebst, 2008)In isolation

such a transaction does not appearbeof particularly harmful nature.é S@GSNE | & AG Aa 2F0Sy

world, one cannot consider sueminstrument to be independent frorthe environment in which it is applied.

The years leding up to the outbreak of therisis were dominated by a heavy increasédth the dollar amount

of outstanding securities as well &#® complexiy of the instrunents traded in the market.One of the most
notoriousinstrumentswithin this categoryvas and still iscollateralzeddebt obligatiors, usually referred to as
CDG. A CDO consists afnumberof securities with different levels of seniority and corresgding spreadsall
backed bythe cash flows from the same underlying reference portfaifodebt instruments. The cash flows
generatedfrom the reference portfolio are thedistributed o CDO investordased on theseniority of their
claims(Bomfim, 2005) Following the si& K S| Rt Th¢ G2O¢ KA § S5 8 & ((NE&SR11And D ¢
4 2+ttt {GNBSG Ly JS yNosepay2010)mvepaintédSa pictivd cCRGias andzif theingin
contributors to the escaléion of the finarcial crisis.Articles like the abovetypically referto the socalled
synthetic CD®, which argroducts that are similar to the cash CDOs described altbgenly difference being
that the reference portfolio consists of credit defasiivaps(Gibson, 2004)As payments to CDGnvestors
depend on the cash flongeneratedfrom the reference portfoliothey need to consider the probability that
some of the reérence entitieglefault on their payments, and even more importantly, the probability that several
of the reference entitis default simultaneouslyn other words, a welpreparedsyntheticCDQGnvestorshould

be aware of the default correlation between the assets in the reference portfafid thus the corresponding

loss distribution functiofBomfim, 2005)

A natural consequence of increasing complexity in the products tradégifinancial markets ianincrease in

the complexity otthe models used to valuthem. In astudy from 2014 Donald MacKenzie and Taylor Spears
investigatethe use of the Gaussian copula model for CDO valuation in investment banks and credit rating
agencies. Here they find thatspecificsemianalytical versioof this model was accepteak the general market

modelin derivatives departments in inggment banksas well asn all major credit rating agencieslowever
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following the cisis this modelhas been criticized heavily gveral people in and around the financial industry,
some evergoing as far namingdét ¢ KS T 2 N¥ @£ § R { K {Stihoh, {201 R)S Bdicated by theame,
the Gaussian copula is based the welkknown Gaussian distributiorwhich as it turns out, can be said to be
both its greatest strength and weakne3hisassumption of multivariate Gaussity made the modehppealing

to practitioners, whichn turn facilitated the adoption of thenodel across the financial indust(MacKenzie &
Sears, 2014)However, in retrospedhe sameassumptiorhas been subject to enormoasnounts of criticism,
mainly evolving around théact that thisassumption means that the Gaussian copcdanpletely ignoregail
deperdence In nonstatistical termsthis means thathe model does not account for dependence between
extreme values, i.aghe possibility that large crashesr peaks can be correlated across asset¢hich is in fact
often indicated fromempirical data(Oh & Patton, 2015)Considering the events that occurrestound the
financial crisisthis characteristic appeaparticularly unfortunateas theinstability around thecrisismeant that

the ability to model tail dependence turned out to be highly relevant.

This thesis sets out tmvestigde the role of copula models e financial crisiswith a specific focus othe use

of the Gaussian copuland Student copulain syntretic CDO valuatianTheinvestigation will evele around
some of theshort-comings of the Gaussian copufeodel and the potential implications the use of this model
had on the escalation of the financial cridtsirthermore, the applicationf the Gaussia copula will be put in
perspectiveto the potential improvements isyntheticCDO valuationwhichcould have been achievethd the
Student t copula moddbeen applied instead. In other wordshe author of this thesiposes the question of
whetherthe financial crisis would have ddaped any differently, had the Studehtopula model been applied

to syntheticCDO valuatioinstead of the Gaussian copulthe thesis seeks to answer thgsiestion through a
model specific investigation of the relevamodels, and considers the findings of this analysis in relation to the

financial crisis.

1.1Rese&ch question

The purpose of this M & { SekR & to investigate the role thfe Gaussian copula model the financial crisis
The thesisd focused aromd on a comparative analysig the performance othe Gaussian copula and the
Sudentt copulg and furthermore aims to considéine potential implication®f using oneopposed to the other
in relation to the development ofhe financial crisisConductiry this investigation, the aim is to answer the

following research question:
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What were the implications of the use of the Gaussian capol@elin syntheticCDO valuation for the escalation

of the financial crisis, and would anytly have been differeritad theStudentt copulabeen applied instead?
In answering this question, the author seeks to answer the followingpsiistions:

- Howis the Gaussian copula modgiplied to syntheti€CDO valuation and how does itrfarm compared
to market prices?

- Wha are the shortcomings of the Gaussian copula when appliedytotheticCDO valuatiorand what
implications couldheseshort-comings have for investors?

- How can the Student t copula model be applied to synth€O valuationand how does it perform
compared to the Gaussian copula in relation to manketes?

- Could using the Studeritcopula instead of the Gaussiapulafor synthetic CDO valuation have

changedanything inthe developmenbf the financial crisis?

These questions will be ansredthrough a theoretical analysis of the relevant models, as well as an empirical
modelorientedanalysis of the performance of both models compared to market data at different points in time.
However, as the primgrfocus is to investigate the difference weten the characteristics of the two models,
the empirical data is fpmarily used toillustrate model behaviounder variousassunptions. The empirical
analysiof this thesiswill be conductedbn multiple series ofhe tranched ITraxx Europe wilayearmaturity on

data pointsrepresentingdifferent market conditions.

1.2 Structure

The thesis is structured in the following wa&hapter llays out the problem statement anaccounts fo the
limitations of the thesis. Moreover, chapter 1 alsdroducesthe market for credit derivativesas financial
instruments within this market will bthe focus moving forwardChapter 2 provides a theoretical introduction

to the components obyntheticCDO valuation. This includes the main approachesedit risk modelhg, and
modelling of the loss distribution using copula theory. Chapter 2 also gives an overview of relevant existing
literature within copula theonand CDO valuation. ChapterrfroducesCDS indices aritie selected empirical

data, which lays the founation for the modeloriented analysis conducted in chapter 4. Furthermore, chapter 3

accounts foithe generalresearch approachpplied in this thesis



¢ KSaAa Jens Christian Betton Johansen 11/09-2017

Q)¢
(=N
(s}
zZ
5
QX

al

In chapter 4, thentroduced onefactor Gaussian anahe-factor Studentt copulamodelsare applied tesynthetic

CDO valuatiorand a sensitivity analysis is conducted on the ltssiound using the twoanodel approachesThe
estimated tranche spreads computed under various input assumptions are then compared and usedifo infer
any improvement can bachieved when using theStudentt copulamodelasan alternative to the Gaussian.
Chapter 5 contains a discussion on the results tbimchapter 4 as well as a discussion other factorsthat
might have influenceih the escalation of the financial crisinally, chapter 6 concludesd answers the overall

research questionand chapter 7 takeslarief look ahead.

1.3 Delmitations

When investigating #opic as wide and complex as a global financial crisis, rfantgrs can undoubtedly be
examined from avariety of different angles and perspectivgsonsequently, a clear delimitation of the areas
covered within this thesis is importamd secure a match between the expectations of the readarsl the

intentions of the author.

As stated irthe problem satement presented in section 1.2, this the&i&es a very narrow starting point in the
Gaussian copujand the implications of its uder syntheticCDO valuatiorand compares this with the potential
alternative in the Student t copula. This narrow fetias been consciously chosen, acknowledging mhary
other interestingcopulamodel alternatives exisn the literature. Thesenodels however, will only béoriefly
touched upon as a detailed discimsis outside the scope of this thesihisdelimitationincludesother families
of copula models as well as extensidoghe models consideredncluding stochastic input variablesich as

those related to stochastic correlation, stochastic recovery,ratestochastic interest rates.

The analy& conducted in th thesis,should not be considered a classical empirical analysisethe purposeis
not to prove certain phenomaa in the data. Rather the foca$ the analysis is to illustrate the behavior and the
characteristics of the models codsred, anddiscusghese in thecontext of the cisis.Consequently, the quality
and the specifics of the applied data is of lower importance thawduld be in the case ia dassic empirical
analysis, as the datanly functions as means towards undetandingthe models. For comparability purposes,
a maturity of 5 years is assumed for all calculations and model quoteg.the specific use of copula models for

synthetic CDO valuation is considered in this thesis.
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Due to the complexity ofnte models icluded a certain level of mathematicalophistication is required to
understand both their characteristics and implementation. However, the full mathematical/adiens
underlying the models areutside the scope of this thesis, as the puspas not tacontribute withmathematical
advarces within the field, but more so tmvestigate the use and practical implementation of the ralsdin
relation to the cisis. Thus, the thesis will only introduce mathematical content to the extent that is required to

understand the characteristics of the models and their implementation.

As mentioned, a&erynarrow focus on the two mentioned copula modkbs been choseim this thesis. However,
the author acknowledges that many other factors did undoubtedly also cartrilto the escalation of the
financial crisisNo detailed account of all these factors wilbwever, bagivenhere, as this isimplynot possible
within the scope of his thesis However, some of them will be discussed in relation to the resldtained
through the model analysis, as this witbvide a better understanding of the role of the models in relation to

other factors.

Regulatory details concerning defaylissuance of credit derivativeas well as taxations issues related to credit

derivatives will not be included in this thesis.

1.4The narket for credit derivatives

To properlyset the scene for the remainder of the thesiisis necessary to introduce thmntext in which it is
written. Thus the following section Wl introducethe market for credit derivativesnd outline the development

this market has undergone in recent decad@$the many different derivatives traded in thisarket, two of the
most weltknownare credit default swaps (Cp&nd colléeralizeddebt obligations (CDOAs these are also the
products that are most relevant to this thesis, the following introduction to the market for credit derivatives will
mainly evolve around these productdowever, the specific characteristics of tharticular products will be

introduced inmore detail in sectior.1.

The market for credit derivaves hasexisted for several decades. Hever, much has changed since the early
beginningn the 199G. The origin of credit derivatives can be found in the finanui@vations, which tookplace

in banks at thigpoint in time Basically, banks needed at method that would allow them to extend more credit
to their most important clients, towards whom the limit of credit exposure had already been reached. The

solution was to sell this credit risk to another finandredtitution as this allowed the originating bamé keep

8



Q)¢
N
(@p))
zZ
o
QX

al ¢CKSaaAa Jens Christian Betton Johansen 11/09-2017

increasing the credit volume towards the clisnithout increasing risk on their own balance shébufey &
Rehm, 200Q)Even though many things have happened since these original credit risk transaction, one thing

remains the same, a credit derivative carries caregk.

An important development, which has catalyzed both the size and the extent of the credit derivatives market,
was the formulation of the 1999 ISDA Credit Derivative Definitions, which essentially worked as a standardization
of the terms under whickransactions were made, e.gy defining credit event$Rule, 2001)These standardized
contracts must be regarded as a risk reduditgrnative to the bilateral negotiations that otherwise occurred

prior to each individual tradéRule, 2001)

1.4.1Market developrant

As mentioned a lot has happened in the market for credit derivatives in recent decades. To give a better
understanding on how the size of this market has evolved in the years befiarieg and after the igsis, this
section will give a numerical argtaphical presentatiorof this development. Figure 1.Hescribes the total

notional amountoutstanding of CDS contracts in the OTC market in the period from 2004 to 2016.

CDS - Notional amount outstanding (USD Billion)
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Figure 1.1Notional amount outianding CDS contracts,SDBillion, 20042016.

SourceOwn contribution- data retrievedfrom BIS

From figure 1.1t becomes evidenthat the years leading up to theisis were dominated by an explosigrowth

in the notional amount of outstanding CDS contradise graph clearly shows thatpgak ocurs around the



¢ KSaAa Jens Christian Betton Johansen 11/09-2017

Q)¢
N
(@p))
zZ
o
QX

al

second half of 2007, whicisoapproximatelymarks the outbreak of therisis.After this, the impact of thergsis

can be observed dbe sudden @crease irthe CDS markehat occurredin the following years.

Focusing specifically dBBD issuancea similar pattern showsome very progerous years leading up to the
financial cisis, folbwed by a very ihstic downturn. From figure 1.2n increase in thgearlyCDO issuandeom
around USD 25,000 millian 2001to more thanUSD 130,00nillion in 2008 can be observedrollowing the
outbreak of the disis the yearly CD{Ssuance decreased drastically from its peak in 2008 to artl8id 12,000
millionin 2013.

CDO issuance (USD Million)
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[2]
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Figure 1.2CDO issuance, Europe, USDidiJl19962016

Source: Owrontribution ¢ data retrieved from SIFMA

The main drivers behind this explosiy®wth in credit derivatives issuances W discussed further later in the
thesis For nowthe key takeaway from thigrief introduction to the market focredit derivative isthe explosive

expansion that the market underwerand how this came to an immediate stop at the outbreak ofdhsis.

1.4.2Market participants

The patrticipants in the credit derivatives market can generally be separated into three grougsyysnd of
protection, endsellers of protection, and intermediari¢Rule, 2001)Endbuyers of protection typically wish to
hedgethe aedit riskthey are exposed to, while ergkllers of protection typically wish to take on risk in order

to diversify their existing portfolio. The intermediaries typically provide liquidity and assemble and manage

structured finance productiRule, 2001)Common for the participating groups on both sides of the deal is that

10
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they mainly consist of bank$his is especially thease for the protection buyersshere banksby far is the most
dominatingplayer. Other larg players on the buyer sidie securities houses, large corporates, and inscea
companies. Looking #e protection sellers, banks still represent the larggstup, howeverpn this side of the

deal,insurance companieare also a very dominantgjer alongside securities housgdule, 2001)

11
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2. Theoretical Background

Before moving on to the empirical analysis,theoretical introduction to CD©Omust be given as a full
understanding of these financial instrumersa necessity for uferstanding the methods used in thaluation
process Furthermore, due to the complexity of the valuation process of synthetic CBQkeoretical
introduction to the different elements in the valuation process must be giasnthis will allow the reader to
better understand theactual valuation conducted i chapter4. In addition to this a thorough theoretical
introduction to the entire valuation process aésnecessity fordentifying the influence of copula models in the
valuation of these financial product®ue to the magnitude of different theetical strings required in the
valuation process, the varioukeories and their origin will only be accounted for to the extent neceskary
understandingthe remaining sections of the thesibor further details and full mathematical derivations,

interested readers are referred to the relevant literature.

Specificallythis chapter is structured in the following waye@ion 2.1 introducesthe characteristics anthe
structure of CDQss well as theimainapplications The purpose of this sectids to provide the reader ith a
basic understanding of the mechanics of these financial progdactd what the basis for their existence is in
G2RIF@Qa T AY higddetrstandivgwilNde Sedjuirebito fecognizethe role d copula models in the
valuation of these productin continuation of this, section 2\&ill focus on two common approaches to credit
risk modelling, namely the struatal approach and the reducddrm approach. The approaches discussed in
this section will lay the foundatin for the valuation method applied latén the thesis and understanding these
two approaches in their most general form is therefore a prerequisiteufaterstandingthe method applied
later in the thesis. Section 2.3introduces the loss distribution andxplainshow one can move from the
independent default probabilitiesnodeled using either the structurair reduced form approagho the joint
distribution for a given portfolio of assets. This section is essential as this is the point in the vghnatiess
where copud models are applied with the purpose of capturthg dependence structure betweemultiple
assets in gortfolio. The last section of the theoretical introduction ties everything togethed illustrates the

role of the loss distribtion in the calculation of the faspread for eaclsyntheticCDO tranche.

Following the theoretical introduction teyntheticCDO pricingelevantexisting literatureon copula models and
CDOvaluationwill be reviewedas this will hellarifywherethe contributions of thethesis fit within thisspecific

field of researchTo give a comprehensive understanding of the development of CDO valuation meitvoidg,
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selectionof research igonsidered, as this will enable baotiee author andreaderto postion the contributions

of this thesis in relation to the existing literature.

2.1The Collateralized Debt Obligation (FDO

Before turning to the description of the synthetic CDO, which is the focus of this thesis, thmidg of the
original cash CD@ill be ntroduced. The cash CDO is a forerunner for the sstithCDQwhich wasoriginally
created to mimic the cash flows of a cash CRQDO is categorized as a credit derivadivdt, asall other credit
derivativesallowsmarket participants toriansfer credit risk between one anoth@omfim, 2005)The structure

and characteristics of both casimd synthetic CDOs wile introduced in the followingections

2.1.1TheCash CDO

Aspreviously mentioneda cash CDO consistseofumber olecuritieswith claims ofdifferent senioritytowards
the cash flows generateby theassets in theinderlying portfolio.These diffeent levels of seniorityneanthat
investorswith the most senior claims, often referred to as the senior tranobieers mustbe fully compensated
before anyjunior trancle investorsreceive anyof the cash flows that they are entitletb (Bomfim, 2005)The
implications of offering tranches with differeevels of seniority caibe illustratedusing a simple example.
Consider a CDO issuer, typically acalbed Special Purpose Vehicle (SPV) that buys a porfoli@ns with a
face value ofJSDL billion The SPV finances the purchase of the loan portfolio by issuing notes that are backed
by the cash flows generatelly the underlying portfoliolf we assumedhat payments for both the underlying
loans and the notes issued by the Sfe\ur with similar intensitye.g. quarterly or monthly payments, the issuer
simply passes on the payments received on the loanh¢oGOD investorsaccording to the seniority of the
notes.Assuming that the CDO in this example consists of three tranches, a faniche with a face value of
USDB50 million, a mezzanine tranche with facalueUSD100 million, and an equitiranche with aface value

of USDBO0 million, the structure of the CD@urt be illustrated as in figure 2.1
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COUPONS + PRINCIPAL

TRANCHE INV.

COUPONS + PRINCIPAL

COUPONS + PRINCIPAL MEZZANINE
TRANCHE
TRANCHE INV. 10% ($100 M)

COUPONS + PRINCIPAL
o TRANCHE INV.

Figure 2.1 Simple cash CDO. The figure illustrates the directions of cashflows after the purchase of the loan portfolio has occurred.

Source: Own contribution with inspiration from Bomfim (2005)

This structure means that equity tranche holders are subject to the highest level of credit riiskest®rs irthis
tranche willbe the first to incur a loss in the event thlabrrowersin the underlying portfolio default on their
loanpayments For this reason, investors in the equity tranche are compensated by receigmficantly higher

spreads, compared tmvestors in the more senior tranches.

2.1.2The Synthetic CDO

Before continuing to the introduction of the synthetic CDO, a brief introduction to credit default swaps will have
to be given. In short, a credit default swap (CDS) is an agreement between two parties, a protection seller and a
protection buyer. In a CD8)e protection buyer agrees to makirgeriodic payments tdghe protection seller,

who in turn,commits to covering any losses that protection buyer might have on the reference @ityfim,

2005) Thus, a CDS can be used to transfer credit risk without transferringvthership of the actual asset. As

mentioned earlier, CDSs play a significant role in the structure of aetyn@®DO.

Themaindifference between a synthetic CDO aihe cash CD@escribed irsection 2.1.1is the fact that the
referenceportfolio in a synthetic CDO consists of credit default sw@bson, 2004)Figure 2.4llustrates the

structure of asimplesynthetic CDO.
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SPREAD PAYMENTS
PROTECTION DP =100%
SPREAD PAYMENTS AP = 15%
PROTECTION
COUPONS
+
PRINCIPAL
SPREAD PAYMENTS MEZZANINE ——
TRANCHE AP = 5%
PROTECTION 10% ($100 M)

SPREAD PAYMENTS
DP = 5%
PROTECTION AP = 0%

Figure 2.2 Simpleunfundedsynthetic CDO illustrating the transfer of credit risk from the sponsoring bank and all the way to the

synthetic CDO investorSource: Own contributiowith inspiration fromBomnfim (2005)

As shown in figure 2,2he SPV sells protection on lossegtia portfolio of reference assets owned by the
sponsoring bankAs it was the case in the cash CE®, SPV issues notes with different seniordffectively
buying protection on losses the reference portfolio from syntheti€DO investorGibson, 2004)The trancle
structure of asyntheticCDO allows investors &ell protection on a specific fraction of losses in the reference
portfolio, according to their own risketurn preferences. In the exanmglllustrated in figure 2.2quity investos

are committed to coveng losses between 0% anbP6 of the value of the reference portfolio, mezzanine
investors are committed to covierglosses between 5% and 15%, and senior investersanmitted to coveing
losses exceeding 15% of the valuetbé reference portfolio.This structure means thaequity tranche investors
start incurring losses from the first default in the reference portfolio, while senior tranche inves®rmlikely

to incur any loss at all. Consequently, investors in the equity tranche readignifiantly higher spread from

theissuer than it is the case faniestors in the senior tranchaf the syntheticCDO

The specifisetup of thesyntheticCDOR S| f RSLISYyRa 2y 6KSGOKSNJ G4KS /5h (NI
In the ofundeck version, the CDO investor athe entire rotional of the tranche at the time of issuanckhe

funds paid by the investor atgpically invested in lowisk securities by the CDO issués defaults occur in the
reference portfolio, the principal of #htranche is written down by ammount corresponding to thesdefaults.

Ly GKS adzy T dgDR,She ssuer Bay td i€l ah kh®creditworthiness of the investors as no pyme

are made at the time of issuanckut only when defaults occ6Gibson, 2004)
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2.1.3CDO applications

After having established the general structued dynamics of a CDO detlle attention can now be switched
towards understanding the motivation behind the use of these financial instrumeXgsillustrated in the
introduction to the market for credit derivativeshe years leading upo the outbreakof the aisis were
dominated by explosive growth imoth CDS an€DO issuancd&he followingsection willclarify some ofthe

incentives behind this explog growth bebre the aisis.

Theunderlying motivation foCDO issuance can generally be separattrtwo groups, those based on balance
sheet considerations and those based on arbitrage speculaf@asia & Goossens, 201Gpnsidering the CDOs
issued due to balance sheet considerations, the securitization here happaing/with the purpose of either
gaining capital relief, increasing the liquidity of theetsdn theunderlying portfolio, or transferring risk off the
balance sheetThrough such activities, financial institutions had a way of reducing some ofajpitalc
requirements that were forced upon them by the Basel Accamithe arbitrage CDO, the issuertainpts to
exploit a possible difference between the yield received on the underlyingsased the cost of funding them.
Basically, this means that the CDO issuer tries to befmefit payinga lower fee toCDQnvestorsthan they pay
on the underlying refegnce entities as this would allow them to pocket riflee profits (Garcia & Goossen
2010)

During the years leading up to the crisis, thereasing popularity of the synthetic CDO compared to the cash
CDQcanprobablybe attributed tothe fact that nolegal transfer ofassets takeplace between originator and
SPMn the synthett CDOThis characteristic simplifies thwocess of the deaignificantly comparetb that of

a cash CDO, wheresa-calledtrue saleoccursbetween originator and SPRy cicumventing the classification
asatrue sale a number ofegal issues regarding the trdas of assesare avoided Without going intolegislative
details, some of the main issues that are avoidedthe processare approval of the sale from obligoand
consolidationGarcia & Goossens, 2018hother major benefiof the synthetic CD@lates to funding the deal.

In a cash CDG@he issuemustraise cash to buy the refereagortfolio from the originator. This is opposed to in

a synthetic CDQvhere the issuer onlgeeds to raise cash in the event of default the reference portfolioThis

is due to the fact thathe underlying portfolioin the syntheticCDO consists of credit default swaps on the

reference entities.

In the years leading up to the crisSDOs were especially used to take advantage of manksgricing This

mispricing was mainly caused by the credit rating age@medility to correctly ratehesestructured finance
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products Following the crisis, credit rating agencies have been heavily criticized for these incorrect ratings, which
were mainly caused by the complexity of the CP¥Ds the obvious aaflict of interest that exissin the business
model of credit rating agencidgdarrow, 2011)This conflict of interesandthe pre-crisis financial environment

will be discussed furtheén chapter 5.

2.2 Credit Risk Modelling

In section 2.1 it is showthat the payoff to CDO investors is highly dependent on the probability of default of the
assets in the reference pifolio. In other words, in assessing potential investment opportunities CDO investors
should be highly concerned withe credit risk othese reference entitieas this will be the main determinant

of their final payoff. In the extensive literature on edit risk modelling, researchers usually distinguish between
the structural approach and the reducdrm approachAs these aproaches function as general foundation

for the models appliedater in this thesisthey will be introducedn the following.

2.2.1TheStructural Approacto Default Modelling

The idea behinthe structural approach to credit risk modellingthat2 6 f A abityNd@X@nor its obligations is
connected tothe total asset valuef same obligarThe main assumption withithis framework is that a firm
goes bankrupt if the asset value ofetlirm falls below a given barri¢Giesecke, 2004pifferent variations of
the position of this default barrier existeross modelshowever, the intuition behind thetructuralapproach
can be illustrated using the wekhown BlackScholesMerton modelframework Even though this model will not
be applied directly in the thesis, the intuition behind this approach can be considered foundation footteds

applied in chapter 4

Assume a company that is financed through equity azérm-couponbond with face valu&and maturity Tln

the BlackScholesMerton mode| default occurs ibondA @ 8 dzSNXR& G201 €t | aasa ot dzS
debt at maturity(Duffie & Singleton, 2003Furthermore, itisassumel K I & G KS YI NJ SG @I £ dzS
follows a lognormal diffusion process

— ' Qo, @ ho 1h (2.1)

where* is a drift parameter, Tis a volatility parameterandw is a standard Brownian motion. Through the
FLILX AOFGA2Y 2F LG2Qa: [ SYYIFX AdG OFy 0SS akK2gSR GKI
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W wz'Q - (Giesecke, 2004) (2.2

The intuition behind th&lackSholesMerton model is illustrated in figure 2.3

ASSET VALUE

DISTANCE TO
DEFAULT

DEFAULT
PROBABILITY

NOW T TIME

BOOK
LIABILITIES

Figure 2.3 The intuition behind the BlaeRcholesMerton framework to credit risk modelling.

Source: By inspiration from Duffie and Singleton (2003)

As illustrated in figure 2,3he default probability of the firm can be obtained from the probability distribution
functionat time T.Since we have thab is normallydistributed with a mean of zero and variance T, the default

probabilityr) "Y can be written as:

nNY Lw 0 U,w DEM &Y B — (Giesecke, 2004) (2.3

Whered * -, ,0 —is the initial leverage ratio, ang is the standard normal distribution function.

Writing this out gives:

1Y 2.4
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Ly GGKS S@SylG 2F RSTlLdzZ G (GKS FTANNQA RSO0UGK26 RENR & A
If no default occursdebtholders will receive the promised payment of K, and equity heldéll receiven 0.

Thus, the value of the bond at time T can be written as:
6 [T EDR o [T A@ o, (2.5
which turns out to be equivalent to the payajeneratedfrom a portfolio consisting foa short Europeaput

optononi KS O2YLI yeQa aasSda oAGK AaGNATS Y FyR YI GdzNR @
maturity T(Giesecke, 2004)

PAAY3 I AAYAT NI FNBdzYSyidz GKS @1 tdzS 2F SljdzAadsets | 4 G
with strike K and maturity T:

o [ Aghw 0 (2.6

Valuing equity and dehitsing options theory is admittedly what the Bla@kholesMerton framework is most
commonly known for. However, as the detaifghis part of the framework haveo immediate relevance to the

remainder of this thesis, it will not be explainedyaiurther. Interested readers aneferred to Merton (1974)

for a more elaborate presentation.

As mentioned in the beginning of the section, the Bi&ckolesMerton model is only one of many that fit under
the structural approacto default modelling. face the publication of the original Bla8cholegvierton model
in 1974 many alternativesand extensions to the original model have emerg@gposed to the BSM nael,
some of these models allodefault to occur before the maturity of the detdnd at a diferent barrier than the
face value of the debtdowever, as the intuition behind these models is similar to in the BSM mibasl will
not be covered in the thesiEor more details on some of these extensions,a®eng othersBlack & Cox1076)
andLongstaff & Schwarf{d995)

As the models applied in this thesis arainly based on the structural approach to default modelling, the
intuition behind this approacls thefoundation forunderstandingthe analysisconducted in chapter 4f the
thesis. Howeveras the intuition behind the reducelilom approach also contributes to some of the underlying

assumptions, this approach will be introduced in the following.
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2.2.2 The Reduce#form Approachto Default Modelling

Opposed to the structural approach, the redueledm approachto default modellingdoes not assume a direct
O2yySOGA2Yy 0S06SSy theprobabiitya@defauit.Anst&ad, thid hpprdash mogeR default as
an exogenous event thatccurs at unpredictable timg®omfim, 2005)This means that default is modelled as
a stochastic processalibrated from dservable data such as histodc currentmarket prices. Generally, two
types of models are discussed under this approach to default modelling, intdrasigd and ratingbased
models. With the purpose of this thesi;n mind only the htensity-based models will be discusséu the

following.

As indicated byhe name, intensitybased models are based on modelling the arrival intensity of defaala
stochastic procesdn its simplest form, default is fiaed asthe firstjump ina Poisson procedsmppening with
a constant intensity_. According toSchonbucher (2003)ye can assume that the probability of a jump in the

next small timdnterval 3-0is proportional to3-0. This can be written as:
006 30 0o p _30 (2.7

Moreover, if weassume that the probability of more than one default occurring during a very short time interval
is practically zero, and that the number of defaults occurring in nonoverlapping time periods are independent,

then the probability of no defaults can be written as:

006 30 06 m p _30 (2.9
Similarly the probability of no defaults oegring within two timeintervals can be written as:
0006 ¢cgdd GO T p _30 (2.9

According toSchénbucher (2003je probability of no defaults during the entire intervali'y, after dividing it

into ¢ intervals so thata0 —, can be written as

00"Y 006 p 30_ p -z"Y o_ (2.10
Asp - ©0QUM& © H the above expression converges to:

O0Y 006 OA (2.11)
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Similar to beforethis corresponds to théollowing expression denoting therobability thatat least onedefault

occurs within the period:
50°Y p p A (2.12

Since its introductiopseveral extensions tthis approach has been publishel.ratural extensionrelates to the
assumption of a constant intensity of the jump process. Among sflierffie &Singleton (2003) describes the
implementationof both a deterministic timesarying intensity as well as a stochastic intensity. For rdetails
on this, see Duffie &ingleton (2003).

2.2.3Summary; Credit risk modelling

In the abovesectiors, two general approachetcredit risk modelling havbeen presentedthe structural
approach and the reducefbrm approach. In the structural approach, the probability of default is directly
connected to the asset value of the firmvhereas the reduceébrm approach considers default as an exogenous
event ocurring atunpredictable times. Howeverpmmon for both is that they only describe the probability of
default for a single asset, meiagthat they are insufficient when assessing the credit risk of a portfolio of assets,
as some degree of correlation Wilave to be included in such assessméhisparticularissue will be addressed

in the nextsection

2.3ThelLoss tribution

In continuation of the apprachesntroduced formodelling the probabity of default for a single firprthis section
will focuson the distribution of losses @f large portfolio of assets, such as the one underlyiagraheticCDO.
Using either one of the approaches introduced in the abawegstors carcreate the marginal distribution of
losses for each asset in the pfmtio. This, however, is not sufficient whassessing the full credit risk afjiven
reference portfolio Assuming independence between defaults in a large portfolio of assetseslistic which

is why investors require a method for evaluating fjbent default behavior ofthe reference entitiesA way of
addressing this isslisthroughthe application of copula theomys a tool for modelling the dependence structure

between entities in a given portfolio.
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2.3.1Copula Theory

In thissection,the notion of copulas will be introduced both in a general senseianerms directly applicable
to the use ofthe specific copulas in this thesidn generalterms, copula models are used to describe the
dependence between multiple random variabl@dalevergn & Sornette, 2006)n terms of financial markets
these variables could typically be equity returasas in this thes, the valie of given assets aifferent points

in time. More formally, a copula function can biefined by the following properties:
Definition:
Afunction C:rfp © T is a ncopula if it enjoys the following properties:

T lon riphd pf8 phofpB D 6

T o~ Tiphd 6 8O Ttif at least one of thé deequals zero

1 0 isgrounded and fincreasingMalevergn & Sornette, 2006)

In essencea copua function is a multivariate distribution with uniform marginals and with support within the

interval Tip

Copula functions are relevant for modelling the loss distribution of a portfolio of gssethey allow for a way
to link univariate marginalidtributions to their full multivariate distributioriLi, 2000) For& uniform random
variables,YRY 8 RY , the joint distribution functiord can be defined as:

6ommBgo i 048y ohY o mBa&AY o (2.13
where” is a dependence parameter agdcanbe considered a copula functighi, 2000)

In 1959 Abe Sklar proved thaf "O o 8 8w is a joint multivariate distribution function with continuous

marginal distributionSORO 8 HO, there exist a copula functiod 6 6 8 & such that
oo & 600 KO o MBHO® (Skar, 1973) (2.14

Therefore, the copula functioallows for a way to combine a set of marginidtributions to form a joint
multivariate distribution The copula functiondescribes the dependence structure between gbemarginal
distributions Moreover,ag { f  NRa GKS2NBY adrkrdiSa GKIFIG GKS RSLISYRS)
be separtged completely it is possible to apply the dependenatructure for one set of dependent random

variables to a different set of random variables with different marginal distributi¢8shdnbucher, 2003pPnly
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copula functions allow for theeparatestudyof marginal distributions and of the dependence, as they allow for

clear distinction between the information held in each component.

Several different copula functions haween used in biostatistics, physics, awduarial sciencekbng before

they were introduced to finance by David X. Li in his now infanpapera hy 5 STl dzZf & / 2 NNBf |
Cdzy Ol A 2 ¥y (2000)HNEeVel) & ghe focus of this thesis is limited to the comparison between the use of
two different factor copilas, namely the onéactor Gaussian copula and the ofaetor Student t copula, the
specifics of these two models will be investigated further in the next sections. Other copula model alternatives

will be discussed as part of the literature review in gatR.5.

2.3.2Copula models

In the followingsection the Gaussian copula and the Studertopula will be presented. Both models belong to
the group of copulas derived fronlliptical distributions. Firstthe general form of both models presented,

before the actual factor models applied in chapter 4 are introduced.

2.3.2.1Elliptical Copulas

As indicated from the name, elliptical copulas have their foundation in multivariate elliptical distributions
(Malevergn & Sornette, 2006Ywo ofthe most widely used distributions within this family of probability
distributions ae the Gaussian and the Studandistribution, and these are exactly the two distributions that
form the basis for the copula models appliéd this thesisGenerally speakinghese two copula models are
guite similar however, as it is discussed in a later section, their behavior in relation to gendence between

extreme values can be very different.
TheGaussian copula

The Gaussian copula is based on the multivariate Gaussian distriblitierrandom vecto= & 8 i s

multivariate normal if the following two properties hold:

 The univariate margin©R0O 8 &0 followsa Gaussian distribution
1 The dependence structure between these margins can be described by the Gaussian copula:
6p 0B By o Bakg o |, (2.15
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wherely  denotes then-dimensional stadard Gaussian distribution, which is completely determined
by correlationmatrix z, and § denotes thestandardnormal cumulative distributior(Malevergn &
Sornette, 2006)

TheStudentt copula
The Student copulais derived from the multivariate t8dent t distribution. It can be expressed as:
O rp 0B M 4:n 4 O BEAE O (2.1

where”Yj ; is an ndimensional Student t distribution withhdegrees of freedom and shape mattiX'Y denotes

the univariate Student distribution with0 degrees of freedomMalevergn & Sornette, 2006)

Sinceit is the case for he underlying distributionshat the Studentt distribution goes towards the Gaussian
distribution, wheno goes to infinity, the sameharacteristics is transferred to tlerrespondingopula moels.
Thus, whenb goes to infinity, the Student copula model approachesthe Gaussian copuléMalevergn &
Sornette, 2006)However, a key differenciat will play an impdiant role later in the thesis is thievel of tall
dependence in the Student t copula. In particuthis characteristic makesitsmodelbetter suited fomodelling
situations of financial instability than its Gaussian countergaonsequentlya variation of the Student t copula
modelis applied as an alternative to the Gaussian copula ircttamter 4. The concept of tail dependeaavill

be introducedfurther after theintroduction of the applied factor models.

2.3.2.2Factor models

A subclass of copula models referred to as factor copulas have Wwighaly usedn the financial industry. This
type of model allows for a higher level of computational tractability, which is whysibkean preferred ovehe
entirely simulation based model# the industry(Cousin & Laurent, 2009MacKenzie and Spears (2014
describe how this serm@nalytical version of the Gaussian copula was used by the majority of financial market

participanssin the time leading up to thersis.

In factor copulaghe dependence structure of default times across assets is assumed to follow a factor structure,
meaning that the dependence structure is drivieplatent variableso /8 &1, wherew in turn depends on a
common risk factor) hand an idiosyncratic risk factab,. Within the group of factor copulas, the additivetfar
copulas have been used extensively in relation to pricirgyotheticCDO tranches. As indicated from the name,

in this specific family of factor copulas tradnt variablew is assumed to follow an additive functi¢@ousin &
24
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Laurent, 2009)Theone-factor Gaussian copula and the ofeetor Student t copulapplied in chapter 4oth

belong to the family of additive factor copuld@oth models will be introduced in the next sections.

2.3.30ne-factor Gaussian Copula

As mentionedin chapter 1 the onefactor Gaussian copula was broadigcepted as the market modébr
syntheticCDO valuatiorfMacKenzie & Spears, 2014ssentially, this version of the Gaussian copula can be
considered a special case of the original Gaussian coptuced byDavidLi (2000). Thisemianalytical
versionintroduced by among othersleanPaulLaurent &Jon Gregory2003) was accepted across the industry

in the time leading up to the financial crisis, maidlye to the significant redumn in computation timethat
could be achieved. Thadlowed traders and other users the modelto react much faster than it had otherwise
been the cas€MacKenzie & Spears, 2014 the literature, several different implementation methodare
applied however, this thesis adopts the approach described by Gibson (20@4Hull & White(2004) and
combines this with the approach described in Schénbucher (2003).

Consider a portfolio o credits described by the following parameters:
0 : Notional amount of each credi®
'Y : Recovery rate of credi2
0 d'he time of default of compari@
1 0 dhe cumulative riskeutral probability that companifvill default before timet, i.e. the probability that
0 0
YO p 1 0drhe riskneutral probability that companiwill survive beyond timeg i.e. the probability that
0
The @neral assumption regarding this model is that creditworthiness of a given company depends on its

normalized asset valu®d. Thus, default occurs when falls belowaf, which isa specified default thresholdhe

normalizedasset valugo p "Q 0 is definedas:

® O P WW (2.17
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where®, 0 and® all have independent standard normal distributiof@Oand O, and p & p. In this
expressionM represents a common factor that affects the probability ofaddt for all companies in the
economy, and can therefore be perceived as an econaalg factor such athe business cycler interest rate
levels Conversely( represents an idiosyncratic factdhat only affects the probability of default of the
individual company. Finallg) specifies the factor loadingnd & ¢ denotes the correlation between asset value

for company@nd companyQThe default thresholdf'is defined as

i 0 Afo, (2.19

where"O denotes the inverse of the standard normal cumulative distribution function

According to Hull & White (2004the copula model implies thab is mapped to0 using a percentil¢o-
percentile transformationThis meanghat the conditional default probability 6 0 0w o can

be written as:

na 0O — (2.19

The main point of formulating the probability of defautbnditional on the common factas , is the fact that
this leaves the idiosyncratic factor as the only driver of asset value. Consequently, both firm value and defaults
are now independent across entitias they, conditional on a given realization of the common fagctpare only

affectedby thefirm-specific factoxo, whichby definitionis uncorrelated across entities

The loss distribution is a discrete process as each credit either incurs no loss or adlogs ofY . Assuming
that © and'Y are equal for every credit irhe reference portfolio, the number of discrete values must equal
0 p. Furthermore, this assumption means one can go from the distribution of the number of defaults to the

loss distribution, simply by multiplying the number of defaultbp 'Y .

The canditional distribution ofthe number of defaults can be computed using the recursion algorithm applied
by Gibson (2004). The probability of exacilgefaults by timed, conditional ond , in a reference portfolio

consisting of K credits can be writtes:a

n o & 7B 8o (2.20

26



¢ KSaAa Jens Christian Betton Johansen 11/09-2017

Q)¢
(=N
(@p))
zZ
5
QX

al

By adding one credivith a conditional default probability af o , the default distribution for the new

reference portfolio ob  p credits is now:

o omod fond p A D (2.2))
o odd nodd pn & noapdn & a pBR (2.2
oo pd N o & (2.23

By continuing to add creditsntil 0 0, this recursion can be used to fikde default distribution for the

reference portfolio of) credits.

However asit in the context of thighesisis assumed thaall reference entities have equal default probabilities

and that the pairwise asset correlation is equal across all adeetie portfolio, the conditional default
probability will be equal for all entities in the reference portfolio. This means that instead of the above described
recursion algorithm, the conditional probability distributiontb® number of defaultsn the referenceportfolio

can be found using the binomial distributig@chonbucher, 2003)he conditional default probability of exactly
adefaultsby timedin the entire portfolio can thee written as:

A

A efoed —en e 2 pon e (224

where0 is the number of credits in the portfolidildenotes the number of defaults in the reference portfolio,

andry o is therisk-neutral conditional default probability for each underlyingferenceentity.

After all conditional distributions have been calculated, the unconditional default distribution can be written as

the following integral:
ndo | N dod QO QO (2.29

where g is the probability density af. This integral can é considered as an average of the conditional
distributions weigpted by the density function ¢he common factoi® 8Vathematically, this expression cée
calculated using numerical integratidm. this thesis, this numerical integration is implementadoughthe use

of the trapezoidal rule.

27



¢ KSaAa Jens Christian Betton Johansen 11/09-2017

Q)¢
(=N
(@p))
zZ
5
QX

al

2.3.40nefactor Studentt Copula

Although the onedactor Gaussian copula was accepted as the market model by the majority of market
participants, researcheiboth before and after the crisizaveheavilycriticizedthe widespread use of this model
for syntheticCDO valuationThe details of thigriticism will be elaboratedvhen discussing the ralis of the
model analysis. Howevein order to understand th@urpose of introducing thene-factor Studentt copula as

an alternativemodel, the general basis for the criticism wile presentedThe main area of criticism related to
the one-factor Gaussian copulmodel pregnted in the previous sectigris the distributional assumption
underlying the modelThe underlyig assumptiorof multivariate Gaussianity results in a lack of @élpendence

in the copula model. Specifically, this means that Gaussian copula model is unable to priceC@iCQtranches
simultaneously, which imainlydue to theoccurrence of theso-called correlation smilereated from the varying
implied tranche correlationfGoegebeur, Hoedemakers, & Tistaert, 200RHereforeintroducing an alternative
model, whichbetter incorporates tail dependencewill allow the researcher to copare the results found under
this different distributional assumptionThe Student distribution distinguishestselffrom the Gaussian in the
senseth & AdG KI & &7 dh&tStdécalintsAfrtailédgEpendfeSde oingaied to the ondactor
Gaussian copula presented in seati2.3.3, multiple modifications will have to be made in order to include the
change in distributional assumptiorin the onefactor Student t copula, the following factor model forms the
basis for the calculations:

®w  ®O P W (2.26

Wherew 0 andd all have independent standard normal distributiof@OandO,and p @& p.

However, where the output of this model could be compared directly to the default threshold in the Gaussian
case the following traisformation is necessary to computiee asset value of the company in tlh@e-factor
Studentt model According toGoegeleur et. al (2007rnd Greerberg, Mashal, Naldi, & Schlogg004) w

follows a $8udent t distribution with0 degrees of freedom if:

O -0 (2.27

where w againdenotesthe normalized asset value cbmpany@ndw follows a... distributionwith U degrees
of freedom and isndependent of h 8 &0 .
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Combining the two expressions therefore gities following factor model

O o0 p GO 7 - (2.28

The threshold for defaultifhcan in this setup bexpressed as:

o 0 no, (2.29
where © denotes the inverse of the cumulatiwdistribution function for the Student distribution with’

degrees of freedom.

Contrary to the semanalytical implementation of the onfactor Gaussian copula presented in section 2B,
one-factor Student copula will be implemented through the use of Monte Carlo simulaffdve specifics of this

implementation approach will be introduced next.

2.3.4.1Monte Carlo implementation

The Monte Carlo iplementation of the ondactor Student copula can be explained in the following steps.

1. The random independent drawings from both the normal distribution and. thdistribution are made.
Forthe ... distribution, 4 degrees of freedom is chosdfor every simulation, the market factor is
defined as 1 standard normal variable common for all entities within the individual simuldtien.
idiosyncratic factor is represented by an individual standard normal variable specific to each firm in
the simulation (here 125 firms). The sampled variable is in the same way as the market factor
0 hcommon for all entities within the individual simulation. Thus, for every simulation step, 1 occurrence
of the market factor is drawnl occurrence of the.. variable is drawnand 125 occurneces of the
idiosyncratic factor is drawn.

2. Based on the valisdrawn in 1., the normalized asset value of compdaig/ calculatedusing equation
2.28 For every simulation 125 asset values are calculdtegractice, this results in a 100000 x 125
matrix of simulatd asset values as the process of calculating the normalized asset value of cdispany
repeated 100.000 times.

3. Each of the calculated normalized asset values are then compared to the dt#feaghold af

0 1N O ateach of the 2Qimesteps,and information about whether is above or below the
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threshold at that given time is stored.d§ O 1 0 , a value of 1 is assigned, whereaswif
0 1N O avalue of (s stored.
4. The algorithm then countsow many of the 125 credits that have defaultedeath of the 2Q@ime steps.
5. Finally, the loss distribution is constructed by calculating the probability of experieadefgults at

each individual timestep.

Thereasoningoehindthe simulation carbe illustrated by the followingimplifiedexample

Table 2.4 Simplified illustration othe counting process within the applied Monte Carlo simulatibheresults are generated for t=5, a
hazard rate of 0.41%, 4 degrees of freedom, and an assunsed esrrelation of (8.

Source: Own contribution.

In the above examplehe value of 3ndividualassets are simulatetiOtimes. Every time an asset value falls
below the common default threshold, this information is stored and used to construct the loss distribution. In
the above, the probability agxperiencind defaults at time 5 in this very simplified example is theref6/10,
which is equal to 60%n the actual implementi#on, 125 asset values are simulated and compared to the
default threshold at every timestep as it has been donedforu in the above example. This procesthisn

repeated 100.000 times.

2.3.5Tal dependence

To understand the reasoning behind selecting the Student t copula akexnative to the Gaussian copula, the

notion of tail dependence will be introduced brieflyowever, with the scope of this thesis in mind, only a very

mathematicallylight introduction will be given. For the full mathematical details, Bedeil, Frey, & Embrechts
30

































































































































































































































