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Foreword 

This dissertation is the result of my PhD studies at the Department of Economics at 

Copenhagen Business School (CBS) as a member of the Pension Research Centre 

(PeRCent). I had the privilege of completing my PhD studies as an employee of the 

Central Bank of Iceland while having the liberty to travel to Copenhagen multiple times 

a year. I express my gratitude to the Central Bank of Iceland for facilitating my PhD 

studies and providing an excellent research atmosphere. I’m also grateful for the 

support of PeRCent during my studies. There are many individuals that I would like to 

mention, but I will start with the four that made the biggest impact on my PhD studies, 

Svend, Gylfi, Filipe and Andy, all of which are co-authors of chapters of this 

dissertation.  

Svend E. Hougaard Jensen and I first met roughly six years ago when I approached 

him as a potential supervisor for my MSc thesis. Svend has enforced my interest in 

macroeconomics, cultivated my academic development and motivated me to pursue a 

PhD. I sometimes get the impression that Svend has transferred the effort he once put 

towards coaching tennis towards coaching me as an economist.  

Gylfi Zoega has proved to be an excellent PhD supervisor. Our biweekly meetings 

on Fridays at 5 pm (at which time I sometimes felt more like meeting over a pint of 

beer) were both academically and personally rewarding as Gylfi’s supervision style is 

to pepper serious academic topics with life lessons and creative perspectives.  

Filipe “Chipi” António Eslau Bonito Vieira, not only has a long name, but also has 

a long personal history as my friend and fellow MSc and PhD student. Filipe and I have 

a symbiotic relationship, we provide each other with thought provoking economic 

discussions, collaborate on research and when in Denmark I usually sleep on his sofa. 

On my many visits to Copenhagen we would usually start the day off by relaxing with 
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a cup of coffee watching a quiz show on TV with Filipe’s wife, Amalie, imagining 

what the personal lives of the contestants are like. This has been an anchor to normality 

in the stormy seas of PhD studies.  

Andrew Hughes-Hallett collaborated with Svend, Filipe and me on a few projects 

throughout my studies. Andy taught me unforgettable lessons about the realities of 

academia and life in general. His cheerful attitude and excellent economic guidance 

certainly put a positive spin on my PhD experience. 

I would like to extend my gratitude to colleagues at the Central Bank of Iceland. In 

general, the entire staff of the Economics and Monetary Policy Department have been 

a source of support. I would especially like to thank Þórarinn G. Pétursson for his 

interest in my PhD studies. Ásgeir Daníelsson, Elís Pétursson, Lúðvík Elíasson, Ólafur 

Ö. Klemensson, Pálmar Þorsteinsson and Önundur P. Ragnarsson have all proved to 

be great conversation partners about the research topics of my dissertation. My close 

colleagues at the Forecasting and Research Division, Lilja S. Kro, Magnús F. 

Guðmundsson and Svava J. Haraldsdóttir, deserve my appreciation for their flexibility 

and understanding throughout the duration of my studies. I would also like to give 

credit to Guðjón Emilsson, Gunnar Gunnarsson, Páll Þ. Björnsson, Sigurður H. 

Pálmason and Telma Ýr Unnsteinsdóttir. They encouraged me during the low points 

and celebrated with me during the high points of my studies. Without exception I’ve 

been received positively by the staff of the Central Bank, for that I am truly grateful. 

I’m thankful for the advice Marías H. Gestsson, at the University of Iceland, provided 

me. I would also like to thank Sveriges Riksbank and the supporting colleagues I got 

to know there during my PhD internship in the autumn of 2019.  

Finally, my family and friends have been a source of support and inspiration. My 

wife Steinunn has always supported me in my studies, her unwavering belief in me has 

spillover effects, boosting my own confidence. My parents, Sveinn and Anna Þóra have 
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always provided me with the advice and motivation to reach my fullest potential. Their 

individual styles of guidance differ but their advice is perfectly complementary (much 

like pop-corn and cola). My siblings, Inga and Þorri, have inspired me to never be 

overcome by adversity. I have also been blessed with a supportive family-in-law, who 

have taken a keen interest in my studies. I want to conclude by mentioning my Icelandic 

and international friends, Amalie, Ana, Andrea, Birta, Davide, Erlend, Francesco, 

Gunnar, Ingvar, Ísak, Jón Erlingur, Kiddi, Magnús, Priscilla, Ragnar, Róbert, Svavar, 

Viktor, Weronika and Þorsteinn Gunnar. Having the chance to goof around in good 

company is the perfect antidote to PhD stress. 

 

Þorsteinn Sigurður Sveinsson 
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Abstract 

Demographic change is becoming increasingly important to the economic wellbeing 

of industrialized countries. These changes bring with them a set of implications, among 

which are the sustainability of public finance, pension- and social security systems. 

These implication cause a response, the span of which can range from pension reforms 

and fiscal policy to the individual’s life cycle plan. Understanding the economic 

implication of these demographic changes is instrumental to a sound resolution of the 

issues they spark. This dissertation is composed of four independent chapters, all of 

which are concerned with the economic implications of demographic change.  

Chapter one, “Sustainable fiscal strategies under changing demographics”, 

develops an overlapping generations model to evaluate, first, the steady state growth 

maximizing level of public debt around which an economy needs to stabilize; second, 

how the optimal level of public debt varies as a function of key population parameters; 

third, how fiscal rules designed to stabilize the economy around that debt level need to 

vary with the population parameters; and, fourth, how well the model performs as a 

reasonable and plausible representation of the advanced economies that face fiscal 

strain and deteriorating demographics. The main conclusion is: despite diminished 

fiscal space and flexibility due to deteriorating population parameters, a relatively 

benign steady state is feasible and available under mild fiscal restraints. The bigger 

problem will be how to get there without financial or fiscal breakdowns along the way. 

We offer some political economy perspectives on how best to manage that risk. 

Chapter two, “Reform and Backlash to Reform: Longevity Adjustment of the 

Retirement Age”, uses an overlapping generations model, ad modum Blanchard-Yaari, 

to analyse the effects of retirement reform on labour supply, and found there is not a 

one-to-one relationship between an increase in the statutory retirement age and the 
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corresponding increase in aggregate labour supply: Rather, a backlash effect is 

observed, where a reform aimed at broadening the labour supply on the extensive 

margin, has the unintended effect of decreasing labour supply on the intensive margin. 

Following a calibration exercise to analyse the robustness of these backlash effects on 

different pension scheme designs, we found that, under a defined-benefit scheme, the 

effects on the intensive margin of labour supply are drastically increased, compared to 

the defined-contribution scheme and the fully-funded scheme. 

Chapter three, “Longevity, Pension Reform and Intra-Generational Equity”, finds 

that segments of society who have shorter life expectancy can expect a lower income 

from their pensions and lifetime utility due to the longevity of other groups 

participating in the same pension scheme. Linking the pension age to average life 

expectancy magnifies the negative effect on the lifetime utility of those who suffer low 

longevity. Furthermore, when the income of those with greater longevity increases, 

those with shorter life expectancy become even worse off. Conversely, when the 

income of those with shorter life expectancy increases, they end up paying more into 

the pension scheme, which benefits those who live longer. The relative sizes of the low 

and high longevity groups in the population determine the magnitude of these effects. 

We calibrate the model based on data on differences in life expectancy of different 

socio-economic groups and find that low-income workers suffer from a 10-13 percent 

drop in pension benefits from being forced to pay into the same scheme as high-income 

workers. 

Chapter four, “Healthy aging, saving and retirement”, argues that healthy aging is 

an essential factor in individuals’ retirement behaviour and should therefore be 

considered in the design of retirement reforms. A model is constructed where agents 

make consumption, saving, and retirement decisions based on their expectations of 

future health and their uncertainty about their time of death. Changes in health shift the 
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agent’s utility curve and increase the disutility of work, providing a connection 

between healthy aging and the agent’s life-cycle decisions. The author finds, among 

other things, that healthy aging is associated with later retirement and that as the risk 

of adverse health shocks increases, the agent saves less. Life-cycle health 

developments are found to explain to an extent the hump-shape of the individual’s 

consumption plan. These effects are established with various formulations of health 

functions and simulated with data on life-cycle health and longevity to obtain estimates 

of the impact of healthy aging on retirement decisions. 
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Resumé (Abstract in Danish) 

Demografiske ændringer får større og større indflydelse på økonomi og velfærd i de 

industrialiserede lande. Ændringerne har en række konsekvenser, bl.a. for 

holdbarheden af de offentlige finanser, pensionssystemerne og velfærdsstaten mere 

generelt. Disse konsekvenser afføder en række tiltag, som kan variere fra 

pensionsreformer og overordnede økonomiske indgreb til ændringer i den enkeltes 

langsigtede planlægning. En bedre forståelse af de økonomiske konsekvenser af de 

demografiske ændringer kan medvirke til mere robuste løsninger på de udfordringer, 

de skaber. Denne afhandling består af fire uafhængige kapitler, der alle beskæftiger sig 

med økonomiske konsekvenser af demografiske ændringer. 

 Kapitel et, “Sustainable fiscal strategies under changing demographics,” 

(“Bæredygtige finanspolitiske strategier under ændret demografi”) præsenterer en 

overlappende generationsmodel til evaluering af 1) Det maksimale niveau af 

langsigtsvækstraten for den offentlige gæld, omkring hvilken en økonomi bør 

stabilisere sig; 2) Hvordan det optimale niveau af offentlig gæld varierer som en 

funktion af væsentlige befolkningsparametre; 3) Hvordan økonomiske indgreb, som 

har til formål at stabilisere økonomien omkring dette gældsniveau, er nødt til at variere 

i forhold til befolkningsparametrene; og 4) Hvor godt modellen fungerer som en  

plausibel repræsentation af de avancerede økonomier, der går en fremtid i møde med 

svækket demografi og pres på de offentlige finanser. Hovedkonklusionen er, at selv 

med et svækket økonomisk råderum som følge af ændrede befolkningsparametre er en 

relativt gunstig langsigtsligevægt stadig mulig at opnå gennem relativt beskedne 

økonomiske indgreb. Sværere vil det være at nå dertil uden finansielle eller fiskale 

sammenbrud undervejs. I kapitlet fremlægges nogle politisk-økonomiske perspektiver 

på, hvordan man kan håndtere denne risiko bedst muligt. 
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Kapitel to, “Reform and Backlash to Reform: Longevity Adjustment of the 

Retirement Age,” (“Reform og modreaktion mod reform: levetidsindeksering af 

tilbagetrækningsalderen”) anvender en model med overlappende generationer ad 

modum Blanchard-Yaari til at analysere effekterne af en tilbagetrækningsreform på 

arbejdsudbuddet.  Resultaterne viser, at der ikke er et ét-til-ét forhold mellem en 

forhøjelse af den lovbestemte tilbagetrækningsalder og tilsvarende forøgelse af 

arbejdsudbuddet. Tværtimod demonstreres en modsatrettet effekt, hvor en reform, der 

har til hensigt at øge arbejdsudbuddet på den ekstensive margin, vil have den ikke-

intenderede effekt, at den mindsker arbejdsudbuddet på den intensive margin. Der 

gennemføres en kalibreringsøvelse for at analysere betydningen af disse modsatrettede 

effekter på forskellige pensionsmodeller. Her ses det, at effekterne øges kraftigt på den 

intensive margin for arbejdsudbuddet ved en ydelsesbaseret ordning sammenlignet 

med en bidragsbaseret ordning og en opsparingsbaseret ordning.  

Kapitel tre, “Longevity, Pension Reform and Intra-Generational Equity,” (Levetid, 

pensionsreform og intra-generationel fairness,”) viser, at grupper i samfundet, der har 

kortere forventet levetid, også kan forvente en lavere indkomst fra deres 

pensionsopsparinger og livstidsnytte pga. levetiden hos de andre grupper, som deltager 

i den samme pensionsordning. At knytte reguleringen af pensionsalderen til den 

gennemsnitlige levetid forstørrer den negative indvirkning på livstidsnytten for dem, 

der ikke lever så længe. Desuden vil dem med kortere forventet levetid stå i en endnu 

dårligere situation, når indkomsten hos dem med længere levetid går op. Omvendt, når 

indkomsten hos dem med kortere forventet levetid går op, ender de med at betale mere 

ind på en pensionsordning, der kommer dem, der lever længere, til gode. 

Størrelsesforholdene mellem grupperne med høj og lav levetid afgør størrelsen af disse 

konsekvenser. Med en kalibrering ud fra data om forskellene i forventet levetid i 

forskellige socioøkonomiske grupper vises, at lavindkomstgrupperne oplever et fald i 
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pensionsudbetaling på 10–13 procent ved at være tvunget til at betale til de samme 

ordninger som højindkomstgrupperne. 

Kapitel fire, “Healthy aging, saving and retirement,”(”Sund aldring, opsparing og 

pension”) argumenterer for, at såkaldt ”sund aldring” er en afgørende faktor for den 

enkeltes pensionsadfærd, og som derfor  bør tages højde for i udformningen af 

pensionsreformer. I kapitlet opstilles en model, hvor forbrug, opsparing og pension er 

udgangspunkt for agenters forventninger til fremtidigt helbred og usikkerhed omkring 

tidspunktet for deres død. Ændringer i helbred ændrer agentens nyttekurve og hæver 

ikke-nytten ved arbejde, og angiver således en forbindelse mellem livscyklus-

beslutninger hos agenterne og sund aldring. Resultaterne viser bl.a., at sund aldring 

hænger sammen med senere tilbagetrækning, og at agenten mindsker sin opsparing i 

takt med, at risikoen for negativt helbredschok stiger. Udviklingen i livscyklus-helbred 

forklarer til en vis grad den pukkelformede kurve for den enkeltes forbrugsplan. Disse 

virkninger er opstillet gennem formulering af sundhedsfunktioner og er simuleret med 

data om livscyklus-helbred og levetid for at opnå skøn over indvirkningen af sund 

aldring på beslutninger om tilbagetrækning. 
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Satire demonstrates the public’s interest in the issue of sustainable pensions. 

Cartoon from Icelandic newspaper, January 30th 2019 

 

 
 

Yellow box: Three suggestions for achieving a sustainable pension system, 

1. Increase contributions | 2. Increase the pension age | 3. Shorter life expectancy 

 

Source: Halldór Baldursson, visir.is 
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Introduction 

National economies are affected by many variables: While government policy, 

international trade and even the weather are among the causes of economic conditions 

in the relatively short-run, and technological progress is a key determinant of long-run 

economic growth, other factors such as demographics have gained attention as drivers 

of economic outcomes. 

Demographic changes are a prominent feature of the economic landscape of 

industrialized countries. Longevity increases coupled with lower fertility rates have 

sparked a serious debate on the sustainability of public finance, pension and social 

security systems. This debate is not confined to a small group of specialists, but rather 

is open to a broad range of discussants, from academics, to policymakers and the 

general public. Even though these issues are driven by a simple cause, their resolution 

can prove to be precarious.  

Many advanced economies rely on a pension scheme where the benefits to the retired 

population are financed by contributions of the current working population. Reform of 

these pension schemes can principally take three forms: Firstly, an increase in the 

pension contributions, which redistributes incomes from the working population to the 

retired; secondly, a decrease in the pension benefits, which has the opposite effect, i.e., 

distributing income from the retired population to the working population; thirdly, an 

increase in the official retirement age, which strikes at the issue by both broadening the 

labour force and reducing the retired population. These three avenues of pension 

reforms will all result in some degree of redistribution of inter-generational welfare. 

Due to these redistribution effects, pension reforms can prove to be a heated issue. 

Recently, this has become evident across Europe. In 2018, the Russian government 

was forced to reconsider a proposed gradual retirement age rise for women following 
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public outcry (BBC, 2018). In France, strikes starting in December 2019 were also 

sparked by pension reforms. These reforms have been criticized for being too opaque, 

as the exact amount of eventual pension benefits are not explicitly stated, but workers 

earn points which will be transformed to pension benefits at a later date. Furthermore, 

the opponents state that the reforms will force people to choose, either to work longer 

or face reduced pension benefits. Yet the official retirement age in France is still one 

of the lowest in the OECD (BBC, 2019).  

In light of the potential of pension reforms to spark turmoil, one popular way of 

ensuring long-run pension sustainability is to link the official pension age to the 

average life expectancy of the population (Jensen et al., 2019). In fact, Denmark has 

implemented a pension rule, which keeps the average length of retirement fixed; 

effectively tying the official pension age to average longevity on a one-to-one basis 

(Andersen, 2015). Similar plans are prevalent across Europe: Last year the pension 

scheme of the Netherlands was reformed so that a year’s increase in life expectancy 

would be followed by an 8-month rise in the pension age, reverting from the one-to-

one rule applied in Denmark. Sweden has established a recommended retirement age, 

which serves as a benchmark for the calculation of pension benefits and will be linked 

to longevity (OECD, 2019). 

While longevity indexation of the pension age is a concise way to reduce the 

pressure on public finances, these indexation schemes are based on a stylized version 

of the world; notably the assumption of a homogeneous population. Members of the 

top income quartile in the US can expect to live about a decade longer than those in the 

bottom quartile (Chetty et al., 2016). The same pattern, can also be observed in 

Denmark, as the gap in life expectancy at age 30 for men with primary or lower 

secondary education and tertiary education stood at 6.4 years in 2011, and has 

increased since 1987 (Brønnum-Hansen & Baadsgaard, 2012). Moreover, this 
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heterogeneity in longevity is not explained by extreme poverty, but rather longevity is 

a gradient across the socio-economic scale (Waldron, 2007). A similar gradient can 

also be observed when it comes to healthy aging (Eurostat, 2019).  

The heterogeneity of the population raises concerns about the distributional 

consequences of pension systems applying a one-size-fits-all design. Changes in the 

pension age based on increases in average life expectancy and healthy aging might 

therefore affect socio-economic groups differently. For instance, increases in the 

pension age that are driven to a large extent by higher longevity of white-collar 

workers, could cause the lifetime welfare of the blue-collar workers to decrease. 

Understandably, blue-collar workers could, following a long and physically 

demanding working life, prefer to retire at an earlier age than white-collar workers, 

who perhaps spend a substantial time on education and are subject to less physically 

strenuous work. Therefore, due to these intra-generational transfers, the broad political 

support of longevity indexation of pension ages might gradually drop in Nordic welfare 

states.   

The official pension age does not, in most cases, force people into retirement: Any 

increases in the official pension age may affect the financial incentives to retire at a 

specific age, and could potentially affect individuals of different socio-economic status 

differently. However, the timing of retirement cannot solely be explained as a financial 

decision (Cribb et al., 2016). In fact, the official pension age has been found to serve 

as a reference point or a signal of the appropriate time to retire (Lumsdaine et al., 1996, 

Manoli & Weber, 2016). This illustrates the complexity of potential outcomes of 

reforms triggered by demographic change.   

The issues discussed above are addressed in this dissertation, which is composed of 

four independent, yet interconnected, chapters. Each chapter applies an overlapping 
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generations model, to theoretically analyse economic implications of demographic 

change.  

The first chapter analyses how demographics can affect the optimality of public 

capital. The analysis is motivated by fiscal rules aimed at mitigating the deficit bias 

associated with fiscal policy. Instead of formulating generic fiscal rules, the analysis 

features a government which seeks to maximize economic growth subject to the golden 

rule of public capital (Hughes Hallett & Jensen, 2012). This allows for conditioning 

the government’s optimal strategy on demographic parameters and age-related 

government spending (Bokan et al., 2016). The chapter then explores the effects of 

demographics on key economic variables, including economic growth, public debt and 

taxation. Finally, the severity of projected demographic change on the capacity of fiscal 

policy in a typical OECD economy is assessed.  

The second chapter examines one of the three avenues of addressing the effects of 

adverse demographics on pension schemes; namely, raising the retirement age 

(Börsch-Supan & Ludwig, 2013). The life-cycle consumption, saving and leisure plan 

of individuals is analysed subject to retirement age raises. The chapter analytically 

establishes the existence of a “backlash” effect: When the retirement age is raised, 

individuals work for more years, but this might lead to the unintended effect of 

individuals choosing to work less each year. This implies that retirement age rises will 

cause a less than one-to-one increase in the labour force. The size of this “backlash” 

effect is examined in the context of the pension scheme design, namely whether the 

pension scheme is fully funded or features either defined contributions or defined 

benefits.  

The third chapter addresses the fact that longevity is unequally shared between 

socio-economic groups and illustrates equalitarian effects of a uniform statutory 

pension age. Various implications of such one-size-fits-all pension designs are proved 
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theoretically. These include redistribution of welfare from those that suffer low 

longevity to those who enjoy higher longevity. These intra-generational effects are 

magnified when accounting for the income distribution of society. When those that live 

long become richer, the pension scheme harms the low longevity group even more. 

This is supplemented by policy advice and a calibration to match empirical 

demographic structures and longevity improvements.  

The fourth chapter focuses on healthy aging. The chapter is motivated by providing 

guidance to policymakers designing retirement reforms. To this extent, the analysis 

investigates the effects of the individual’s expectations of future health on his life-cycle 

plan. Other recent articles have analysed the effects of health on retirement (French, 

2005) and the welfare implications of retirement reforms (Laun et al., 2019). This 

chapter goes one step further, providing a connection between expected wellbeing after 

retirement and the time chosen to retire. In other words, it shows that not only does the 

length of retirement matter, but also the quality of life during retirement.  

When viewed as a whole, the dissertation demonstrates the intricacies of the 

economic implications of demographic change. The first chapter shows how 

demographic change affects the optimal level of public capital. This is supplemented 

by three chapters that address distinct aspects of retirement reforms: The unintended 

effects of retirement age hikes; the intra-generational considerations and the 

significance of healthy aging for retirement and savings.  

Each chapter provides a distinct contribution to the literature. The first chapter shows 

that when following the golden rule of public finance, the demographic changes 

projected this century tend to have a benign effect on the optimal level of public debt. 

However, the effects on other economic variables, such as taxation, are much more 

pronounced. The second chapter analytically establishes the existence of the backlash 

effect and the capacity of pension scheme design to affect its magnitude. The third 
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chapter clarifies how pension reforms will cause intra-generational transfers. Finally, 

the fourth chapter establishes a link between the quality of life after retirement and the 

time chosen to retire.  
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1. Introduction 

General fiscal rules are legislative agreements intended to mitigate the deficit bias 

usually associated with fiscal policy and typically due to myopia by governments. 

Recent empirical research suggests that national fiscal rules are helpful in achieving 

greater budgetary discipline (Debrun et al., 2008; Nerlich and Reuter, 2013; Foremny, 

2014). The question of which specific rule is most effective in promoting fiscal 

discipline has recently attracted a lot of attention. For example, Bergman et al. (2016) 

find that a combination of an expenditure rule and a balanced budget rule, or a 

combination of an expenditure rule, a balanced budget rule and debt rules, give 

significant positive effects on the primary balance for virtually all levels of government 

efficiency.1 However that does not guarantee acceptable economic outcomes. 

In this paper, we take a different route. Rather than formulating generic rules 

designed to reduce the deficit bias, we set up specific rules aimed at maximising 

economic growth.2 This enables us to condition those rules on population parameters 

and age-related spending, and to show the impact of population change on fiscal 

balances and debt. We ask: first, whether, to what extent and when do changing 

demographics affect the net fiscal position; second, whether it is acceptable to allow 

larger debt burdens, or whether tax and spending austerity are always necessary when 

demographic change leads to pressure on public finances. 

Then, rather than evaluating alternative forms of fiscal rule, we restrict attention to 

a rule for public debt. This is in line with previous work where we have argued that 

debt targets are superior to deficit targets for theoretical and practical reasons (Hughes 

                                           

1 For a fuller discussion of what makes a fiscal rule successful, see Eyraud et al. (2018) of the 

IMF fiscal rules project. 
2 Existing models in the fiscal literature that aim to determine optimal levels of debt include 

Aschauer (2000), Aiyagari and McGrattan (1998) and Checherita et al. (2014). 
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Hallett and Jensen, 2012).3 But choosing a debt target is not a trivial task. A key issue 

is how to account for (the discounted value of) future spending liabilities. If the implicit 

liabilities created by ageing populations are ignored, the debt criterion will ignore the 

future revenues required to avoid default despite the obvious need to cover the benefits 

promised to existing and future beneficiaries. 

This is the case for extending debt targeting rules to account for predictable 

demographic changes. Put differently, forward looking fiscal rules are needed to allow 

for future liabilities created by adverse demographics. The implication is that 

governments facing demographic change, or the need for higher social spending, will 

have to adjust (most likely restrict) their fiscal plans to accommodate those changes. 

Hence our key contribution is to make debt control forward looking by designing a rule 

where fiscal policy reacts, not only to changes in existing levels of debt, but also to 

anticipated changes in future liabilities. 

This study provides a comparative static analysis of the problem. Within that 

framework, the paper makes three new contributions.4 First, we offer a formal 

evaluation of the optimal debt level around which the economy needs to stabilise.5 

                                           

3 If debt targeting is preferred, the question is: what debt or debt-to-GDP ratio should be 

targeted (Auerbach, 2009)? Deriving optimal levels of public debt may involve several 

complicated trade-offs. For example, how should inter-generational equity be balanced against 

economic performance and long term fiscal sustainability?  
4 In a follow up paper, Hughes Hallett et al. (2017) focus on the dynamics of how different 

economies might reach the new steady state. In this paper, by contrast, we focus on establishing 

(from a political economy perspective) that a feasible steady state does indeed exist before 

going on to analyse how to reach it. It makes little sense to study the transition before we can 

show that an acceptable/sustainable steady state exists. 
5 The optimal debt level depends on the marginal productivity of public capital, defined as 

public spending on investment projects which are (a) productive, (b) have an identifiable rate 

of return and (c) have a longer horizon than consumption expenditures. Conceptually, this is 

clear-cut. But in practice there are often problems in separating public investment from public 

consumption in the data (Checherita et al., 2014). 
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Second, we study how the optimal debt level varies with the key population parameters. 

Third, we show how fiscal rules designed to stabilise the economy around that debt 

level need to react to population age, life expectancy, the birth rate and rising welfare 

expenditures.6 

While general fiscal rules primarily address the deficit bias, this paper also looks at 

specific rules to deal with ageing and lack of growth in the work force. Such policies 

imply three roles for public policy: i) to improve the incentives to raise children, to 

maintain the number of taxpayers and a capacity to sustain a certain level of public 

debt; ii) to improve the volume and effectiveness of public capital in order to boost 

productivity and growth; and iii) to smooth the distributional consequences of 

demographic change and offset negative effects on growth. In this paper, we focus on 

all three roles because they explain how we can reach a benign steady state and good 

fiscal outcomes despite adverse demographics: an explanation that has been missing in 

the literature so far, but is perhaps the main contribution of the paper. 

How and whether the government should incentivize child-rearing is a controversial 

issue. Since the children of today are the workers of tomorrow, we consider how 

demographics and sustainable government finances are related. We do that by allowing 

social spending aimed at alleviating the private cost of child-rearing. We include fiscal 

balances because a growing population has a feedback that can help maintain a certain 

level of public spending and debt. Specifically, we model government spending related 

to child-rearing; and then analyse how those expenditures influence the economy. 

                                           

6 Previous work has tended to focus on impact of worsening demographics on the financial 

markets; Auerbach and Herrmann (2002) for example devote 7 out of 8 chapters to that theme, 

and only one to fiscal issues. On the other hand, Bohn (2002) stresses the importance of 

managing debt for a successful resolution of the impact of ageing. 
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We consider public and private capital to be labour productivity-enhancing factors 

in production. Public capital can be interpreted as education, R&D and the social 

infrastructure that underpins human capital formation and leads to a more skilled and 

productive workforce. Private capital, however, provides the incentives for innovation 

and competition. The ratio of public to private capital is therefore a key factor for 

economic prosperity. The government seeks to improve the volume and effectiveness 

of public infrastructure, helping to raise productivity and the economy's rate of growth. 

Having a government with this mandate enables this study to present an optimal 

(public) debt policy which allows for demographic factors. 

The roadmap of the paper is as follows. In Section 2 we set out our analytical 

framework: an OLG model extended to allow for public debt. Section 3 derives the 

optimal debt-to-GDP ratio; section 4 outlines policies to manage demographic change 

and introduces the political economy forces that underlie the main issue: 

intergenerational equity and transfers. Sections 5 and 6 provide a simulation treatment 

of the effects of population change on optimal debt. Section 7 then illustrates the 

political economy trade-offs that underlie policy problems of this type. Section 8 

provides our principle conclusions and an agenda for future research. 

2. The model 

We use a model with overlapping generations, changing demographics, welfare 

spending, and productive public and private capital accumulation (Yakita, 2008; Bokan 

et al., 2016). The economy contains homogenous individuals and firms operating in 

competitive markets. Individuals have two periods in their lives, first as a worker and 

then as a retiree. To introduce population ageing and entitlement spending, people face 

a risk of dying in the transition from worker to retirement, so that not every worker will 

live a full two-period life. However, in each period, working people form the young 

cohort and make decisions about consumption, savings and child rearing. Surviving 
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retirees then form the old cohort. Public investment decisions are made by a 

government that issues debt and levies taxes in order to fulfil its objectives. 

2.1. Firms 

The economy is composed of a large number of identical firms which produce a 

homogenous product by utilizing the services of private capital and labour. The 

production technology for each firm 𝑗 is characterized by constant returns to scale 

between the private capital and productivity-adjusted labour inputs that each firm 

employs: 

 𝑌𝑗,𝑡 = 𝐴𝐾𝑗,𝑡
𝛼 (ℎ𝑡𝐿𝑗,𝑡)

1−𝛼
 ; 0 < 𝛼 < 1 (1) 

where 𝑌𝑗,𝑡, 𝐾𝑗,𝑡  and 𝐿𝑗,𝑡  denote, respectively, the output level, the private capital 

stock, and labour input in firm 𝑗 for period 𝑡. Total factor productivity (TFP) is captured 

by a standard scale factor, A (which may be time dependent), and labour augmenting 

productivity (not firm specific) described by ℎ𝑡, where 𝛼 is the output elasticity with 

respect to private capital. 

Given the assumption of perfectly competitive markets for production goods and 

inputs, the equilibrium rental rate of capital, 𝑟𝑡, and wage rate, 𝑤𝑡, can be found in the 

usual way as the solutions to the firm's profit maximization problem: 

 
𝑟𝑡 = 𝐴𝛼 (

𝐾𝑗,𝑡
𝐿𝑗,𝑡
)

𝛼−1

(ℎ𝑡)
1−𝛼 (2) 

 
𝑤𝑡 = 𝐴(1 − 𝛼) (

𝐾𝑗,𝑡
𝐿𝑗,𝑡
)

𝛼

(ℎ𝑡)
1−𝛼 (3) 

The labour augmenting productivity, ℎ𝑡, is determined by both the aggregate public 

and private capital stocks. From a macroeconomic perspective, it is important to 

recognize the productivity effects stemming from government productive inputs that 
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combine with the productivity effects of private capital.7 We do not model these 

productivity effects as public goods; instead we treat them as rival goods that are 

universally available to workers.8 This implies that it is the per capita values of 

productive activities and private capital that matter, not their absolute level. So, the 

productivity adjustment process ℎ𝑡  is defined as9: 

 
ℎ𝑡 =

𝐾𝑡
𝛽
𝐺𝑡
1−𝛽

𝐿𝑡
; 0 < 𝛽 < 1 (4) 

where 𝐺𝑡  is the public capital stock and 𝛽 is the productivity elasticity of private 

capital (i.e. private capital's share of any income gains from increased productivity). 

Equations (2) and (3) reflect a perfectly competitive environment where the marginal 

product of an input equals its price. Notice that, since ℎ𝑡  reflects a macro-level 

measurement, the actions of an individual or firm cannot influence ℎ𝑡. So, at 

equilibrium, the competitive pricing of inputs does not take into account marginal 

changes to ℎ𝑡: ℎ𝑡  is taken as given by firms and individuals. The aggregate private 

capital stock and the aggregate labour input are, respectively, defined as 𝐾𝑡 = ∑ 𝐾𝑗,𝑡𝑗  

and 𝐿𝑡 = ∑ 𝐿𝑗,𝑡𝑗 . Moreover,  given the symmetry of firms, the equilibrium pricing 

expressions (2) and (3) imply that all firms share the same optimal solution, such that 

the ratio of input choices of each firm is the same in equilibrium: 𝐾𝑗,𝑡/𝐿𝑗,𝑡 = 𝐾𝑡/𝐿𝑡. 

This allows us to rewrite expression (1) in terms of aggregate output at time t: 

 𝑌𝑡 = 𝐴𝐾𝑡
𝛼(ℎ𝑡𝐿𝑡)

1−𝛼 = 𝐴𝐾𝑡
𝛼+𝛽(1−𝛼)

𝐺𝑡
(1−𝛽)(1−𝛼)

= 𝐴𝐾𝑡
𝜔𝐺𝑡

1−𝜔 (5) 

                                           

7 We consider aggregate private capital to be as in Arrow's (1962) Learning by Doing model. 

For a literature review on the importance of both private and public investment in the 

economic growth process, see Makuyana and Odhiambo (2016). 
8 We take the view of Barro (1990) that actual nonrival government activities are relatively 

few, so we do not consider them. 
9 See Kalaitzidakis and Kalyvitis (2004). 
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where 𝑌𝑡 = ∑ 𝑌𝑗,𝑡𝑗  and 𝜔 ≡ 𝛼 + 𝛽(1 − 𝛼). Note that Equation (5) does not include the 

aggregate labour input. This is a simple consequence of our definition of the 

(endogenous) labour productivity input, ℎ𝑡. 

The firm specific optimality conditions can now be rewritten in aggregate terms as: 

 𝑟𝑡 = 𝐴𝛼 (
𝐾𝑡
𝐺𝑡
)
𝜔−1

 (6) 

 𝑤𝑡 = 𝐴(1 − 𝛼) (
𝐾𝑡
𝐺𝑡
)
𝜔

(
𝐺𝑡
𝐿𝑡
) (7) 

Finally, for the purpose of simplification only, this model assumes that neither 

private nor public capital depreciates over time. We define the ratio of public-to-private 

capital, 𝐺𝑡/𝐾𝑡, as 𝑋𝑡. 

2.2. Households 

The economy is populated by homogeneous individuals. The lives of individuals are 

divided into working and retirement periods. The working period is of fixed length. 

Individuals in the working period form the young cohort; those in retirement the old 

cohort. At the end of the working period, a fraction of the young agents die while the 

rest move into retirement. The probability of dying by the end of the working period is 

given by the hazard rate 𝜆; the same for all agents. The probability of being alive at the 

start of the retirement period is 1 − 𝜆. As there is no third period, the size of the retired 

cohort is (1 − 𝜆) times the size of the working cohort in the previous period. With 𝑁𝑡  

being the population of working-age people, the total population of the economy at 𝑡 

is equal to 𝑁𝑡 + (1 − 𝜆)𝑁𝑡−1. 

Young individuals work, consume, save and raise children. The retirees do not have 

children but they consume based on the return on savings from the previous period. 

The representative individual's decisions in both periods are based on the maximization 

of life-time utility which is given by the following function in period 𝑡: 
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 ln 𝑐𝑡 + (1 − 𝜆)𝜌 ln 𝑑𝑡+1 + 𝜀 ln 𝑛𝑡 (8) 

where 𝑐𝑡 (𝑑𝑡+1) is consumption in the working (retirement) period, 𝑛𝑡  is the number 

of children the individual has, 𝜀 is the priority/weight of having children in a person's 

life-time utility, and 𝜌 denotes the usual time discount factor, being a value between 0 

and 1. 

The time endowment for a young individual is normalized to 1. The model does not 

include leisure explicitly, but rather includes the child rearing time during which the 

young individual receives no wages.10 Labour income is then allocated between current 

consumption, savings and tax payments. However, the individual receives a subsidy 

for child rearing which is also subject to taxation. This subsidy, denoted by 𝜌𝑤; is a 

fixed ratio of the wage rate, 𝑤𝑡. The tax rate is the same for wages and the child-rearing 

subsidy.11 The budget constraint of the representative young agent at time t therefore 

reads as: 

 (1 − 𝜃)[𝑤𝑡(1 − 𝑧𝑛𝑡) + 𝜌𝑤𝑤𝑡𝑧𝑛𝑡] = 𝑐𝑡 + 𝑠𝑡 (9) 

where z > 0 is the rearing time per child, and 𝜃𝑡  denotes the flat tax rate. Savings are 

given by 𝑠𝑡  and are exclusively invested in purchasing annuity assets. We assume that 

                                           

10 Hence the desire to have children crowds out the time spent working. A more general 

approach might allow extra saving, to leave bequests or invest in education. But to do that, 

workers have to have the children and pay carers to rear the children while agents are working 

extra hours to make the extra savings. The result is little or no net effect on incomes, savings 

or the fiscal position. So we treat these cases in a simpler way in Section 3 below. 
11 We can think of the child-rearing subsidy as a cost that is covered by the government. As 

such, the subsidy accounts for the amount of income that would be spent by the individual on 

child-rearing. Hence the subsidy is a labour income augmenting subsidy. Because that is income 

that could end up not being spent on child-rearing (hiring a nanny for example), this subsidy is 

taxed at the same rate as labour income. This interpretation forces us to see the subsidy as 

something that diminishes out-of-pocket costs of child-rearing. 
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not all of each individual's time endowment can go towards child rearing: (1 − 𝑧𝑛𝑡) >

0.12 

As in Blanchard (1985), we assume the existence of an actuarially fair insurance 

company operating in a perfectly competitive market for insurance. This insurance 

company collects savings from agents and invests them in private capital and/or 

government bonds. We assume that government bond purchases can crowd out private 

capital. The insurance company pays a return on savings to the agents that survive into 

retirement. The retirees therefore receive a rate of return of 
𝑟𝑡+1

(1−𝜆)
on their savings. The 

returns (not the principal) on savings are taxed at a rate equal to that on labour income. 

The second period budget constraint therefore reads as: 

 
1 + (1 − 𝜃𝑡+1)𝑟𝑡+1

(1 − 𝜆)
𝑠𝑡 = 𝑑𝑡+1 (10) 

The maximization problem of young individuals consists of choosing the optimal 

amount of savings and number of children to maximize life-time utility subject to the 

budget constraints for the working and retirement periods. The amount of savings 

directly influences the amount consumed in both periods. Meanwhile labour income 

not saved in the working period goes to current consumption, 𝑐𝑡; while that saved goes 

towards consumption in retirement, 𝑑𝑡+1. The overall maximization problem now is: 

 

 

 

                                           

12 (1 − 𝑧𝑛𝑡) > 0 is guaranteed if the interval between the lower bound on 𝜀 in (15), and the 

upper bound on 𝜀 when (1 − 𝑧𝑛𝑡) = 0, is nonempty. That interval is always nonempty if 𝑧 <

 1, a restriction that has to hold since not all agents can spend all of their allotted life time 

rearing children and still survive. The parameter restrictions in this model therefore guarantee 
(1 − 𝑧𝑛𝑡) > 0. 
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 max
𝑐𝑡,𝑑𝑡+1,𝑛𝑡

ln 𝑐𝑡 + (1 − 𝜆)𝜌 ln 𝑑𝑡+1 + 𝜀 ln𝑛𝑡   

 𝑠. 𝑡. (𝑖) 𝑐𝑡 + 𝑠𝑡 = (1 − 𝜃𝑡)[𝑤𝑡(1 − 𝑧𝑛𝑡) + 𝜌𝑤𝑤𝑡𝑧𝑛𝑡]   

       (𝑖𝑖) 𝑑𝑡+1 =
1+(1−𝜃𝑡+1)𝑟𝑡+1

(1−𝜆)
𝑠𝑡   

By rearranging the first order conditions for this maximization, the following 

relationships are obtained: 

 
𝑑𝑡+1
𝑐𝑡

= 𝜌[1 + (1 − 𝜃𝑡+1)𝑟𝑡+1] (11) 

 
𝑛𝑡
𝑐𝑡
=

𝜀

(1 − 𝜃𝑡)(1 − 𝜌𝑤)𝑤𝑡𝑧
 (12) 

From these two conditions we find optimal solutions for savings 𝑠𝑡, and number of 

children per individual, 𝑛𝑡: 

 𝑠𝑡 =
(1 − 𝜆)𝜌

1 + (1 − 𝜆)𝜌 + 𝜀
(1 − 𝜃𝑡)𝑤𝑡 (13) 

 𝑛𝑡 =
𝜀

𝑧(1 − 𝜌𝑤)[1 + (1 − 𝜆)𝜌 + 𝜀]
≡ 𝑛 > 0 (14) 

Two insights follow. First, we see the fraction in equation (13) is solely composed 

of demographic related factors, meaning that savings are a fixed share of after-tax 

income only if population parameters do not change. Second, the same is true for the 

fraction in equation (14), except that it includes 𝜌𝑤 which is set by the government. 

Moreover, 𝑛 is increasing in 𝜌𝑤. This should not be a surprise since increasing 𝜌𝑤 

lowers the financial burden of raising children, which gives individuals an incentive to 

have more children. The economy will then continue to survive so long as 𝑛𝑡 ≥ 1, 

which holds true as long as: 

 𝜀 ≥
𝑧(1 − 𝜌𝑤)[1 + (1 − 𝜆)𝜌]

1 − 𝑧(1 − 𝜌𝑤)
 (15) 
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In this analysis we focus on the case of non shrinking populations (𝑛 ≥ 1). If 𝑛 <

1, the economy would disappear asymptotically. For the sustainability of the steady 

state, we need to assume that the inequality in (15) holds. In practice, to ensure such a 

steady state exists, we do not restrict 𝑛 to be greater than the replacement rate of the 

population, but instead impose a restraint on the preferences of agents for children such 

that it does. The reality is that, with immigration, population growth is positive (if small 

in some places) almost everywhere – as data from the World Development Indicators 

show. Revealed preference therefore justifies (15) as the appropriate restriction. 

Population growth may also be improved by changes in mortality (𝜆) as well as by 

fertility decisions (𝑛, 𝜀). 

2.3. Government 

The government collects taxes from the wage income of the working population, 

from the child-rearing subsidy, and from the returns on savings of the retired 

population. The tax rate is denoted by 𝜃𝑡  and is fixed regardless of income type. The 

government also issues public debt, 𝑏𝑡, and invests the proceeds in public capital, 𝐺𝑡. 

In addition, the government pays the child-rearing subsidy as specified above. The 

government budget constraint is therefore: 

𝑏𝑡+1 = (1 + 𝑟𝑡)𝑏𝑡 + (𝐺𝑡+1 − 𝐺𝑡) + 𝜌𝑤𝑤𝑡𝑧𝑛𝑡𝑁𝑡 

       −𝜃𝑡(𝑤𝑡𝐿𝑡 + 𝜌𝑤𝑤𝑡𝑧𝑛𝑡𝑁𝑡 + 𝑟𝑡𝑠𝑡−1𝑁𝑡−1) 
(16) 

We assume debt interest payments and public consumption are financed by taxes on 

wages, subsidies and returns on savings. That leads to the period-by-period budget 

constraint: 

 𝑟𝑡𝑏𝑡 + 𝜌𝑤𝑤𝑡𝑧𝑛𝑡𝑁𝑡 = 𝜃𝑡(𝑤𝑡𝐿𝑡 + 𝜌𝑤𝑤𝑡𝑧𝑛𝑡𝑁𝑡 + 𝑟𝑡𝑠𝑡−1𝑁𝑡−1) (17) 

Public debt is then issued as needed to finance public capital formation, that is: 

 𝑏𝑡 = 𝐺𝑡 (18) 
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The model is thus stated in terms of the “golden rule” for public finance: the 

government only borrows to invest, not to finance its consumption or transfer 

payments.13 The question is then, what is the optimal level of public debt and how is it 

determined? 

3. The optimal level of public debt 

3.1. Growth maximising public debt 

The representative insurance company, and hence the young generation, can invest 

in both private and public capital. Equilibrium in capital markets requires that 

 𝑠𝑡𝑁𝑡 = 𝐾𝑡+1 + 𝐺𝑡+1 (19) 

We can use conditions (17), (18) and (19), and combine them with capital rents and 

wages, (6) and (7), and with the fact that 𝐿𝑡 = (1 − 𝑧𝑛)𝑁𝑡 (labour supply equals the 

time endowment less child rearing time), to derive an expression for the income tax 

rate, 𝜃𝑡 ; needed to satisfy current public spending: 

 𝜃𝑡 = 1 −
1

𝛼𝑋 + 𝜌𝑤(1 − 𝛼)𝑧𝑛/(1 − 𝑧𝑛) + 1
 (20) 

Using the equilibrium condition for capital markets (19), and the solution for 𝑠𝑡  in 

(13), we obtain: 

 
(1 − 𝜆)𝜌

1 + (1 − 𝜆)𝜌 + 𝜀
(1 − 𝜃𝑡)𝑤𝑡𝑁𝑡 = 𝐾𝑡+1 + 𝐺𝑡+1 (21) 

This equation determines the dynamic relationship between wages, working 

population, and public and private capital. We define balanced growth to be a situation 

in which public and private capital grow at a constant rate. Specifically, let the 

aggregate steady state growth rate 𝛾𝐴  be defined as: 

                                           

13 The rationale for this golden rule is given in Blanchard and Givazzi (2002) and Fatas et al. 
(2003). It is, or has been, practiced in Germany, the UK and several other advanced economies. 
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𝐺𝑡+1
𝐺𝑡

=
𝐾𝑡+1
𝐾𝑡

=
𝑌𝑡+1
𝑌𝑡

= 𝛾𝑛 ≡ 𝛾𝐴 (22) 

where 𝑛 is the constant growth rate of the population and 𝛾 is the aggregate growth 

rate per capita. This now implies that the public-to-private capital ratio is constant in 

steady state. It also implies that the tax rate, 𝜃𝑡, and the interest rate, 𝑟𝑡, are constant in 

steady state. 

Next we use equation (21), together with (7) and (20), to obtain a relationship from 

which we can derive a closed form expression for the economy's growth rate (see 

Appendix A for the full solution and definition of �̃�): 

 𝛾𝐴 =
𝐴�̃�[(1 − 𝛼)/(1 − 𝑧𝑛)]

𝑋𝜔−1(𝑋 + 1)(𝛼𝑋 + 𝐶 + 1)
 (23) 

In order to derive the public-to-private capital ratio which maximizes the aggregate 

growth rate along the balanced growth path, we take the first derivative of equation 

(23) with respect to the public-to-private capital ratio, 𝑋; set it equal to zero, and solve 

for 𝑋. The result is a general solution of the form (Appendix A): 

 𝑋1,2 =
−𝜔(𝜌𝑤

(1−𝛼)𝑧𝑛

1−𝑧𝑛
+1+𝛼) ± √𝜔2(𝜌𝑤

(1−𝛼)𝑧𝑛

1−𝑧𝑛
+1+𝛼)

2
−4𝛼(1−𝜔)(𝜔−1)(𝜌𝑤

(1−𝛼)𝑧𝑛

1−𝑧𝑛
+1)

2𝛼(1+𝜔)
 (24) 

With our parameter restrictions, it is easy to show that the positive solution to this 

equation is also positive (see Appendix B)14: 

 𝑋∗ =
−𝜔(𝜌𝑤

(1−𝛼)𝑧𝑛

1−𝑧𝑛
+1+𝛼) + √𝜔2(𝜌𝑤

(1−𝛼)𝑧𝑛

1−𝑧𝑛
+1+𝛼)

2
−4𝛼(1−𝜔)(𝜔−1)(𝜌𝑤

(1−𝛼)𝑧𝑛

1−𝑧𝑛
+1)

2𝛼(1+𝜔)
 (25) 

Given equation (5), the optimal debt to GDP ratio in this model is therefore: 

 𝑑∗ =
1

𝐴
𝑋∗𝜔 (26) 

                                           

14 We are only interested in a positive solution since capital stock ratios must be nonnegative. 
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3.2. Optimal debt policy and demographic factors 

It is now apparent that the optimal debt policy depends on the child-rearing subsidy 

rate. This subsidy rate is also an important component in the balanced-budget tax rate. 

As a result, the subsidy plays a central role in the savings-investment balance. It also 

affects fertility choices and hence population growth. The subsidy rate is thus 

inescapably part of the optimal debt policy. Furthermore, by maximizing aggregate 

growth per capita, 𝛾 =
𝛾𝐴

𝑛
  , we can reach the same results as for maximal aggregate 

growth, 𝛾𝐴: equations (24)–(26). This is expected since the optimal level of 

government debt does not affect childbearing decisions of agents. But the optimal debt 

level is influenced by childbearing through the subsidy 𝜌𝑤. Hence demographics affect 

the optimal debt ratio; but the debt ratio does not affect population growth. 

As we might expect, in the special case without subsides (𝜌𝑤  → 0) the optimal debt 

ratio becomes independent of the population parameters; it becomes solely dependent 

on the elasticities of private capital to public capital (𝜔) and labour (𝛼). It is important 

to note that the choice of 𝜌𝑤  is not treated as a policy tool in this analysis, in the sense 

that we do not attempt to derive an optimal subsidy policy. An optimal subsidy rate 

would depend on efficiency and welfare concerns in relation to endogenous population 

growth, which would turn this analysis into a normative one with respect to fertility 

choices. Instead, the choice of 𝜌𝑤  is a parameter used to explore different calibrations, 

to show the economic effects of manipulating the child-rearing subsidy. The ultimate 

focus is on providing the growth maximizing optimal debt-to-GDP ratio with balanced 

budgets for any given child-rearing subsidy. 

Moreover, the structure of the labour productivity-enhancing factors in production 

is key to the optimality of debt policy. Notice that if public capital becomes irrelevant 

relative to private capital in the productivity process ℎ𝑡  in equation (4), we will have 
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(other things equal) 𝛽 →  1 and consequently (1 − 𝜔) →  0. In this case, both the 

optimal public-private capital ratio, 𝑋∗ in equation (25), and the optimal level of debt, 

𝑑∗ in equation (26), tend to zero. This is in line with Greiner (2010) and Checherita et 

al. (2014). 

Finally, the subsidies described above may be interpreted in different ways to cover 

the different types of age-related spending or social support available. The subsidies 

may be designed to support raising children. For example, the UK provides child 

benefit payments which were taxed at standard rates until the 1980s and again from 

2012. In fact, any grant which is either taxed or means tested can be written as equation 

(9) under uniform grant or means test rates. Most tax codes, including those in the US, 

offer a tax free element per child equivalent to the net income supplement of 

𝜌𝑤(1 − 𝜃𝑡)𝑤𝑧𝑛, which is then taxed at the standard rate (where 𝜌𝑤  is set to make this 

expression equal to the tax saving). 

But the subsidies could also be in the form of support to higher education. The US, 

for example, taxes certain training grants and fee waivers. Subsidised loans or means 

tested tax reductions on fees operate like child benefits, except that 𝑧 now refers to time 

spent in education (child rearing by society, rather than by parents). Subsidies could 

also support education in general, where state spending per pupil is related to the 

average wage and taxes (levied at standard rates on steady state earnings) that fund that 

spending. In this case, 𝑧 is the proportion of the young population in state funded 

schools. 

In addition, subsidies could be directed at health care costs, where caregivers are 

paid via a state subsidy; or where those costs contain hidden subsidies. Another 

possibility is sick pay. For example, most EU countries pay a fraction of the wage for 

time off sick, but then tax it as income. Similarly, caregivers may be paid with a state 

subsidy, but taxed at standard rates. 
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4. Policies to manage demographic change 

This section examines how two major demographic trends, reduced mortality and 

reduced fertility, affect fiscal policy and optimal levels of public debt. These two trends 

lead to ageing populations. In addition, we study the effects on optimal debt of an 

increase in preferences for current consumption over future consumption, as has been 

observed for the baby-boomer generation throughout the OECD area. Finally, we also 

study optimal debt responses to changes in public child-rearing support. 

4.1. Increased longevity 

Within the framework developed above, we can evaluate how increased longevity 

impacts the debt-to-GDP ratio. Increased longevity is simulated by lowering the 

probability of death in transition between periods, 𝜆. By differentiating the optimal 

debt-to-GDP ratio in equation (26) with respect to 𝜆, we get: 

 𝑑𝜆
∗ =

1

𝐴
𝜔𝑋∗𝜔−1

⏟      
>0

 𝑋𝑛
∗⏟

>0

𝑛𝜆⏟
>0

≥ 0 (27) 

where 𝑋𝑛
∗  denotes the first derivative of 𝑋∗ with respect to 𝑛; and 𝑛𝜆  is the first 

derivative of 𝑛 with respect to 𝜆. Note that equation (14) implies 𝑛𝜆 > 0. The sign of 

the partial derivative 𝑋𝑛
∗  is determined in Appendix C. 

Expression (27) implies that rising life expectancy, in the form of a lower probability 

of death in the transition between periods, leads to a fall in the optimal debt ratio for 

the whole economy.15 As the hazard rate decreases, consumption during retirement 

becomes a more pressing source of utility. Since consumption is financed by labour 

activities, people need to spend more time at work. As a result they have fewer children. 

                                           

15 A variation on this result is that a rise in the retirement age would be reflected, all else equal, 

in a rise in λ since fewer agents would survive into the retirement period. This is the opposite 

to the previous example: higher debt is now required to finance the extra output agents would 

need to produce during their working lives. 
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Individuals thus shift from utility derived from having children, to utility derived from 

consumption. 

With lower population growth and higher longevity (lower 𝜆), it is no longer optimal 

for the government to sustain the same public debt level as it did before. The fact that 

agents choose to have fewer children has a direct impact on the government's budget 

constraint through the child-rearing subsidy. Since the government spends less on the 

subsidy, the tax rate needed to balance the current account budget becomes lower, as 

shown in equation (20). The servicing costs of public debt will also be less since the 

optimal debt level falls. This further lowers debt servicing cost through a drop in the 

interest rate payable, this can be seen by equation (6). In short, a fall in 𝜆 leads to a rise 

in savings by the working population (𝜕𝑠𝑡/𝜕𝜆 < 0) that now realizes it needs to save 

more for retirement than before, at the cost of fewer children. 

4.2. A fall in the preference for children 

We next consider the case of a fall in the preference towards children, defined as a 

drop in 𝜀 which leads to a fall in the birth rate. In this case we can write, upon 

differentiating the optimal debt-to-GDP ratio (26) with respect to 𝜀, 

 𝑑𝜀
∗ =

1

𝐴
𝜔𝑋∗𝜔−1𝑋𝑛

∗𝑛𝜀 (28) 

where 𝑑𝜀
∗ denotes the derivative of 𝑑 with respect to 𝜀; and where 

 𝑛𝜀 =
1 + (1 − 𝜆)𝜌

𝑧(1 − 𝜌𝑤)[1 + (1 − 𝜆)𝜌 + 𝜀]
2
> 0 (29) 

which confirms that a fall in the preference for children leads to a fall in the birth rate. 

We may therefore work with change in either 𝜀 or 𝑛. It follows that  

 𝑑𝜀
∗ =

1

𝐴
𝜔𝑋∗𝜔−1

⏟      
>0

 𝑋𝑛
∗⏟

>0

𝑛𝜀⏟
>0

≥ 0 (30) 
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So, for positive subsidies, a fall in the birth rate would lead to lower optimal debt 

levels. Since the sign of 𝑛𝜀  is the same as 𝑛𝜆, the story here is similar to the one of 

greater longevity. The explanation: a lower preference for children increases labour 

force participation in period 𝑡, due to less time spent rearing children. That leads to 

increased rates of consumption, now and in the future. Additionally, the drop in fertility 

eases the tax burden of the child-rearing subsidy, leading to lower tax rates and greater 

savings and consumption, yielding an optimal fiscal policy with lower public debt. 

4.3. Higher discount factors 

The third example is the effect of an increase in the discount factor, taking the form 

of a fall in 𝜌. This is often referred to as the baby boomer problem. It is exactly what 

happened with the baby-boomer generation in Europe, albeit less dramatically than in 

the US or UK, where the preference for current consumption over future consumption 

increased and savings rates fell.16 Those are exactly the changes implied by (8), which 

then implies, ceteris paribus, 𝜕𝑠𝑡/𝜕𝜌 > 0 by (13). 

To examine the debt consequences of this, we need to determine the sign of 

 𝑑𝜌
∗ =

1

𝐴
𝜔𝑋∗𝜔−1𝑋𝑛

∗𝑛𝜌 (31) 

where, by eqn. (14), 

 𝑛𝜌 =
−𝜀(1 − 𝜆)

𝑧(1 − 𝜌𝑤)[1 + (1 − 𝜆)𝜌 + 𝜀]
2
> 0 (32) 

Hence we have: 

 𝑑𝜌
∗ =

1

𝐴
𝜔𝑋∗𝜔−1

⏟      
>0

 𝑋𝑛
∗⏟

>0

𝑛𝜌⏟
>0

≥ 0 (33) 

                                           

16 This example assumes social support, 𝜌𝑤, is unchanged. If not, savings may increase – as in 

Japan or China. 
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In words, a lower concern for the future (the revealed preference of the baby 

boomers) leads to higher levels of public debt. This matches exactly what has happened 

in nearly all European and OECD countries over the past two decades, although baby-

boomers may not have been the only cause. However, higher future discounting is not 

the only effect in play. Mortality trends and fertility choices coexist in the observed 

data associated with the baby boomer generation. The end result depends on the net 

combined effects of a drop in 𝜌, 𝜆 and 𝜀. The model would then match observed data; 

lower savings combined with fewer children. 

The intuition is that baby boomers have lower preferences for saving and higher 

preferences for immediate gratification which, in this model, is present consumption 

and child rearing at the cost of future consumption. Consequently the birth rate 

increases, but so does the child-rearing subsidy bill. Thus, even though individuals save 

less now, implying lower economic growth, the optimal level of debt rises (a higher 

public-to-private capital ratio, 𝑋) for the same reason as in the hazard rate and 

preference for children examples. 

This poses a policy challenge: not only do current levels of debt need to be reduced 

to normal levels, but they need to fall further than that as the baby boomers retire. This 

might be taken as a justification for imposing a “granny tax” on retirees in cases where 

social support and excess debt are allowed to continue unchecked. However, a proper 

analysis of that case would need a model with separate tax rates for young and old, 

since those rates may affect working and saving behaviour. 

4.4. An increase in support for child-rearing 

Finally, we consider the effects of 𝜌𝑤  on growth-maximizing debt. This highlights 

how different government policies related to fertility can impact optimal fiscal policy. 

The subsidy rate reduces the cost of raising children, so higher subsidies naturally lead 
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to higher fertility n by equation (14). This would be useful if fertility falls below the 

replacement rate. 

Using the previous framework, we now need to determine the sign of 𝑑𝜌𝑤
∗ . The 

relevant derivative of 𝑑∗ with respect to 𝜌𝑤  can be written as: 

 𝑑𝜌𝑤
∗ =

1

𝐴
𝜔𝑋∗𝜔−1

⏟      
>0

(𝑋𝜌𝑤
∗
⏟
>0

+ 𝑋𝑛
∗𝑛𝜌𝑤⏟  
>0

) (34) 

where 𝑋𝜌𝑤
∗

 and 𝑛𝜌𝑤  denote first derivatives with respect to 𝜌𝑤. The signs of 𝑛𝜌𝑤  and 𝑋𝜌𝑤
∗

  

are determined in Appendix C. 

It follows from equation (34) that the optimal debt burden in equation (26), 𝑑∗; will 

increase with subsidies 𝜌𝑤. The reason: the subsidy reduces the private cost of raising 

children, so higher subsidies lead to higher fertility 𝑛: (14). It also increases the tax rate 

𝜃𝑡  and time spent on child rearing (𝑧𝑛). Anything not related to public debt 

maintenance (𝑟𝑏𝑡) that increases the tax rate and budget cover, increases the optimal 

level of public debt and public-private capital ratio, directly and indirectly, as can be 

seen from (34) where subsidy rates and the fertility rate are increased at the same time. 

5. Calibration 

To test the performance of our model as a reasonable and plausible representation 

of the type of advanced economy that we might be interested in, we calibrate it to match 

the typical OECD economy for the period 1969–2013.17 We then alter the underlying 

demographic structure to match the following 45 year periods. This allows us to assess 

fiscal sustainability under social or demographic changes of different sorts; how that 

compares to the long-run fiscal position and growth rates observed in the OECD 

                                           

17 Given the time period at hand and the focus group (the OECD countries), some of the data 

required for the calibration exercise is missing. We use mean imputation to fill those gaps. 
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economies in the past; and whether these economies would find it easy or feasible to 

transition to the corresponding steady state.18 

To gain some insight into the potential problems of OECD economies facing 

demographic change, we first perform a baseline calibration of those economies using 

the model in section 2. The calibration is based on a period of 45 years in length. This 

assumes that agents in the model start working at age 20, work for 45 years and retire 

at age 65. We choose the remaining parameters to produce a realistic demographic and 

production structure for the average OECD economy. Table 1 sets out the parameter 

values; the motivation for each value follows below. 

5.1. Production parameters 

We focus first on production. The value of the output elasticity of private capital, 𝛼, 

is 0.37. Given the production function is CobbDouglas, this value then matches the 

average private wage income share of GDP in the OECD from 1969 to 2013, as 

measured by the AMECO database: “Adjusted wage share, total economy, as 

percentage of GDP at current factor cost”. 

Parameter 𝛽 captures the private sector share in labour productivity gains: that is, 

the share of income gains that come from productivity increases due to private as 

opposed to public capital. This is not a figure that is reported in national accounts. But 

Checherita et al. (2014) estimate 𝜔 to be equal to 0.716.19 Having 𝛼 equal to 0.37, the 

                                           

18 In future work, we could go on to look at the steady states implied in particular economies, 

including: (1) the “Anglo-Saxon economies” (US, Canada, UK); (2) countries where the process 

of population ageing is particularly strong (Japan, Italy, Germany); (3) the Nordic welfare states 

with flexible markets and strong social provision (Denmark, Sweden); (4) economies with slow 

population growth and limited social support (Russia, China); or (5) those with young and fast 

growing populations (India, Mexico, the Philippines). 
19 This paper uses a slightly more general production function than we do, the difference being 

that Checherita et al. do not include per-employee productivity gains to labour inputs to 

production. We have the following production function 𝑌𝑡 = 𝐴𝐾𝑡
𝜔𝐺𝑡

1−𝜔 whereas they have 𝑌𝑡 =
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definition of 𝜔 implies that 𝛽 equals 0.55. In section 7 we analyse the sensitivity of our 

results to this assumption. 

The TFP scale effect 𝐴 is subject to interpretation. In this model, productivity 

contributes to growth in two ways: one endogenous, the other exogenous. Labour-

augmenting productivity ℎ𝑡  represents the endogenous component, and the TFP 

parameter 𝐴 is the exogenous component (Fehr et al., 2013; Hviding and Merette, 

1998). We use the expression for production in equation (5) to calibrate 𝐴. This 

expression links GDP, the private capital stock and public capital stock, all available 

figures. We obtain these figures from IMF's Investment and Capital Stock Dataset and 

MEI database (2017). We then use the value for 𝜔 specified above. Solving equation 

(5) with these values then yields 𝐴 = 34. 

5.2. Preference and demographic parameters 

Parameter 𝜌 is designed to capture the value an agent puts on future consumption 

relative to present consumption; that is, the discount to be applied at the start of the 

working period to decisions made for retirement 45 years later. Given the long time 

period relating the preference for consumption in the present vs. that in the future, we 

apply an annual discount rate of 1% hyperbolically. For a period of 45 years, this yields 

𝜌 equal to 0.69. 

Parameter 𝑧 captures time taken off work due to child-rearing activities. We use data 

from the US Census Bureau's “Annual Social and Economic Supplement to the Current 

Population Survey” for “Persons who did not work or look for work by age, gender, 

and reason for not working in 2014”. The proportion of working-age people not 

                                           

𝐴(𝐾/𝐿)𝑡
𝜑
𝐾𝑡
𝜔𝐿𝑡

1−𝜔 (in our notation, where 𝜑 is the output elasticity of the labour-capital ratio to 

GDP). For our specification to match theirs, 𝜑 must be zero. In fact, their estimate of the OECD 

average for 𝜑 is very close to zero at 0.037 (Table 2, Model 2, Checherita et al., 2014). 
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working in order to undertake home responsibilities is 28.1%. Interpreting “home 

responsibilities” as a measure of people not working for child-rearing reasons, 𝑧 simply 

becomes 0.281. 

Table 1   

Parameter values of the baseline simulation, OECD area. 

𝛼  Private capital's share in national income 0.37 

𝛽  Private capital elasticity in productivity gains 0.55 

𝛾  Private capital elasticity in production 0.716 

𝐴  TFP scale factor 34 

𝜌  Discounting 0.69 

𝑧  Rearing time per child 0.281 

𝜌𝑤  Child rearing subsidy rate 0.193 

𝜆  Hazard rate 0.7 

𝜀  Importance of children in utility 0.539 

   

 

Table 2    

OECD population growth, old-age dependency ratios and life expectancy (45 year averages). 

 1970–2015 2015–2060 2060–2100 

45-year population growth rate 36.1% 6.3% −5.2% 

Old-age dependency ratio 21.9% 44.0% 60.1% 

Life expectancy at birth 75.2 83.9 89.2 

Source: United Nations    
 

Next we calibrate the child-rearing subsidy rate. We use the OECD's Family 

Database, and the “Total public social expenditure on families as a percentage of GDP” 

data in particular. Social spending by families in the OECD from 2001 to 2013 

averaged 2.36% of GDP. This number does not include primary to tertiary schooling. 

For this, we use the OECD “Education at a glance” reports. The OECD average public 

expenditure on primary to tertiary education, for 2001–2013, is 5.15% of GDP. Total 

public expenditures on children measured as a percent-age of GDP then becomes 

7.51%. In order to match those expenditures as a proportion of GDP with the model's 

expenditures measured as a proportion of wages, we match total expenditures in the 

real world to total public expenditures in the model with children, 𝑁𝑤𝑧𝑛𝜌𝑤  (where 𝑁𝑤 
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is total spending in the economy). Knowing that the population growth factor in the 

OECD for 1970–2015 is 𝑛 = 1.361 (see Table 2), 𝛼 = 0.37 and 𝑧 = 0.281, we 

get 𝜌 = 0.193. 

Next, 𝜆 and 𝜀 are the key demographic parameters. Both influence the age structure 

and the growth of the population. Starting with 𝜆, the hazard rate, it needs to be set so 

that the model's old-age dependency ratio matches the observed data. The model's old-

age dependency ratio is equal to (1 − 𝜆)/𝑛. And for the old-age dependency ratio in 

the data, as seen in Table 2, is 21.9% for the period 1970–2015. Table 2 also reveals 

that 𝑛 = 1.361 for the same period. Solving for lambda, we obtain 𝜆 = 0.7. 

Finally, the children preference parameter, 𝜀, needs to be set so that the model's 

fertility rate per individual in the model matches OECD data. In the model, the 45-year 

population growth rate is simply equal to the fertility rate per individual, 𝑛. Again, 

Table 2 indicates that the 45-year population growth rate for the period 1970–2015 is 

36.1% or 0.69% annually. Solving (14), the expression that defines fertility choices, 

for 𝜀 yields 𝜀 = 0.539. 

Notice that 𝜀 = 0.539 ensures that a non-trivial steady state will exist; the lowest 

permissible value, by (15), being 𝜀 ≈ 0.35. We make an important distinction between 

reality and the model here. The model does not recognise that not every woman is able 

or willing to have children. The rule of thumb is that 10% of adults do not have children 

which means that, to maintain a constant population, each woman needs to have 2.2 

children. These figures therefore ensure we have a non-trivial steady state, but also a 

realistic population growth in steady state. 

6. Steady state characterisation 

6.1. A first look at the results 

Table 3 summarizes the output of the baseline simulation. We see that the 

demographic parameters, the number of children per agent and the age dependency 
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ratio, are in line with what was experienced in a typical OECD economy as represented 

in Table 2 for the period 1970–2015. Life expectancy at birth, as calculated by20 +

45 + 45(1 − 𝜆), stands at 78.5 years, which is not far from the value observed in the 

data for the OECD (75.3 years, source: United Nations Population Division). 

The optimal debt to GDP ratio, 𝑑∗, is then 49.67% which indicates a value that is 

somewhat lower than the historical value for most OECD economies. This does not 

come as a surprise, given the fact that most countries are far from respecting the golden 

rule of public finance. The optimal ratio of public-to-private capital is roughly 25.5%, 

while the optimized growth rate of output is 90% over the 45year period. This per 

period growth implies annual average growth rates of 1.44% in steady state (0.75% 

per capita). These values are a bit lower than the OECD economies actually 

experienced in the 1969–2013 period (an average of 2.8%, or 1.91% per capita20). The 

reason for this is that we only include endogenous growth components, and not 

exogenous growth effects (a growing TFP parameter 𝐴).21 

Table 3   

Results of steady state baseline simulation. 

𝑑* Optimal debt to GDP ratio in steady state (no TFP) 49.67% 

𝑋    Public private capital ratio 0.2546 

𝛾𝐴    Annual economic growth rate 1.44% 

𝛾    Annual economic growth rate per capita 0.75% 

𝜃    Tax rate 14.50% 

�̃�    Saving rate (of disposable income) 11.86% 

𝑟    Annualized interest rate 5.14% 

𝑛    Number of children per person 1.36 

    Old-age dependency ratio 22% 

 Life expectancy at birth 78.5 

                                           

20 The OECD Economic Outlook dataset for growth rates; World Bank WDI report for per 

capita growth rates. 
21 The model is not well equipped to have a growing TFP parameter A, since doing so may 

imply ever growing steady state interest rates (see equation (6)). 
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The resulting tax rate is 14.5%, which is a reasonable rate for taxes that finance 

(service) only public debt and child-related spending. Furthermore, the savings rate 

from disposable income is 11.86%, in line with OECD data in the AMECO database 

(11.3%). Also, the annualized steady-state interest rate sits at 5.14%, somewhat higher 

than the observed average OECD rate interest rate of 4.37% in the period 1969–2013. 

What are the lessons from these simulation results? First: that a steady state solution 

and a sensible and sustainable set of fiscal policies is both feasible and available. 

Second: based on reasonable parameter values for the average OECD economy, the 

steady state solution demonstrates realistic properties in view of the OECD experience 

in 1969–2013. 

They also suggest that public debt at just below 50% of GDP is a reasonable target 

level to aim at. This accords well with the Maastricht Treaty/Fiscal Compact upper 

limit of 60% to create a debt target with a 10% safe zone to accommodate shocks. 

Moreover, it accords well with the pre-crisis experience of non-Eurozone economies 

(the US or UK) where debt was held in the 35%–45% range. It also suggests a mixed 

economy with a public sector share of around 25.5%: that is lower than in Scandinavia 

or the Eurozone (Sweden, Denmark, France, Italy, Germany, the Netherlands), but 

similar to that in the US, Canada, Australia or the UK in the pre-crisis era. Finally, it 

suggests population growth very close to that projected for the OECD (Table 2).22 

A first impression of these results is that the demographic situation is perhaps not as 

bad as many commentators fear. But it will not be easy for most OECD countries to 

get themselves down to this optimal steady state level of debt (that is to remove an 

                                           

22 Our calibration also yields an old-age dependency ratio of 22%, see Table 2. This is rather 

low and suggests a new a risk: if migrants arrive but then adopt the mores of the domestic 

population, as assumed by our model, then age-dependency ratios will rise without a 

corresponding increase in long term population growth rates. 
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average of 65% points from current debt ratios for those OECD economies with 

excessive debt-GDP ratios in 201323), and to maintain the steady state rate of growth 

in productivity at the same time, currently a problem of major concern to OECD 

policymakers. 

Our results are also consistent with standard growth theory models that show GDP 

growth ultimately comes from either growth in productivity or growth in the 

workforce. Since we have little of the latter (the annual population growth rate of 

0.69%, is only a little above the constant population replacement rate), GDP growth 

has to come from productivity growth. Demographics do not affect that: the population 

growth is simply too slow to make up the difference. However, the transition to steady 

state growth could become more difficult for economies that currently find themselves 

a long way from that steady state. 

6.2. Changes in the population parameters 

To provide insight into the effect of demographic change on the steady state, we 

evaluate the partial derivatives in Section 4 around the baseline in Table 3. The results 

are in Table 4. 

A general finding is that the changes in outcomes are all rather small with respect to 

both 𝑋∗ and 𝑑∗. Table 5 goes further; it reports the effects on 𝑋∗ and 𝑑∗ when we 

calibrate the model to match variations in the demographics that might be expected in 

the future (Table 2). We see that the effect in 2015–2060 is a decrease of 0.3 percentage 

points in both 𝑋∗ and 𝑑∗. That is extremely small. For 2060–2100, the decrease is even 

smaller: 0.1 percentage points. These negligible impacts illustrate the economy's 

structural robustness to age-related transfers. But 𝜀 and 𝜆 influence optimal debt 

                                           

23 These countries are all OECD economies, except Chile, Estonia, Luxembourg, Norway, and 

Turkey. 
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through 𝑛 and the child-rearing subsidy. So other performance indicators may be more 

sensitive to variations in age-related government spending.24 

Thus, we conclude that not only is the optimal steady state under the new 

demographics relatively benign, but likely future demographic and social changes will 

make little difference to that steady state once the economy gets there. In short, there 

is not much long-term sensitivity to demographic or economic shocks. Instead, for 

most OECD economies, the difficulty will be how best to manage the transition from 

where they are now to their steady state. 

Table 4  

Sensitivities to demographic parameters, OECD economies. 

𝑋𝑛
∗   𝜕𝑋∗ 𝜕𝑛⁄  0.0067 

𝑛𝜆   𝜕𝑛 𝜕𝜆⁄  0.538 

𝑛𝜀   𝜕𝑛 𝜕𝜀⁄  1.746 

𝑛𝜌   𝜕𝑛 𝜕𝜌⁄  −0.234 

𝑑𝜆
∗    𝜕𝑑∗ 𝜕𝜆⁄  0.005 

𝑑𝜀
∗   𝜕𝑑∗ 𝜕𝜀⁄  0.016 

𝑑𝜌
∗    𝜕𝑑∗ 𝜕𝜌⁄  −0.002 

 

Table 5    

Optimal public debt/investment policies with balanced budgets.  

 1970–2015 2015–2060 2060–2100 

𝜆  0.7 0.532 0.43 

𝜀  0.539 0.42 0.382 

Life expectancy at birth 78.5 86.1 90.65 

𝑋∗  25.5% 25.3% 25.2% 

𝑑∗  49.7% 49.4% 49.3% 

    

6.3. Changes in the child-rearing subsidy 

We now analyse how changes to the child-rearing subsidy rate 𝜌𝑤  impact the steady 

state and fiscal policy. As an example, we consider a case where the government uses 

                                           

24 Some generalisations of the model might be useful here: removing the assumption of no 

capital depreciation, or equal taxes on wages and subsidies, or subsidies as a fixed ratio to 
wages. 
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the child-rearing subsidy to reverse adverse demographic shocks. Specifically, suppose 

a preference shift takes place such that agents have a lower propensity to raise children, 

directing their income towards more consumption instead. This could be problematic 

for society if fertility rates drop below the replacement rate (as is expected to happen 

sometime in the period 2060–2100, see Table 2). Faced with this problem, the 

government might wish to raise the child-rearing subsidy. From Section 4, we know 

that (a) a drop in the preference for children leads to a lower optimal debt-GDP ratio; 

and (b) a higher subsidy rate leads to increases in the optimal debt-GDP ratio. These 

two effects conflict, so the end result on the debt ratio is ambiguous. It all depends on 

which effect on 𝑑∗ is larger. 

To answer that question, we introduce a calibration exercise where we look at the 

steady state effects of a composite shock where there is first a drop in the preference 

for children, sufficient to bring the fertility rate to the population replacement rate (1.1 

per person), and then a rise in the child-rearing subsidy to bring the fertility rate back 

to its baseline value (1.36 per person). 

The results are reported in Table 6. All parameters are as in the baseline calibration 

(Table 1) except for the explicit changes made to 𝜀 and 𝜌𝑤. For clarity, the tax rate has 

been decomposed into the taxes necessary to service public debt and taxes needed to 

cover the subsidies. From this calibration, we see that, ceteris paribus, a drop in the 

preference for children decreases the total tax rate since, with fewer children, there is 

less strain on the government's budget. There is also some extra saving as agents divert 

their time allocation away from child-rearing to employment. Taxes to cover debt 

service therefore increase when the preference for children goes down because more 

public investment will be needed to generate the extra output and jobs. There are two 

opposing forces here. On one hand, optimal public debt decreases, equation (30), as do 

interest rates (though by a negligible amount, as Table 6 reveals). On the other, tax 
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revenues decrease because subsidy payments (a partial income replacement) are 

subject to tax, so fewer children enter the work force. This may create fiscal pressures 

in order to service public debt. Ultimately, if the tax revenue effect dominates the 

public debt effect, a higher tax rate will be necessary for debt servicing. However, 

growth per capita may increase even if aggregate economic output falls because fewer 

children are available for work in the future. 

When we allow increasing subsidies to recover the baseline fertility rate, a different 

picture emerges. The additional subsidy spending is covered by taxation, increasing 

the total tax rate to well above baseline. This is due to the higher subsidy rate; the tax 

rate associated with debt servicing actually decreases as a result of the extra tax 

revenues stemming from the increased subsidy rates. The saving rate from post-tax 

income remains the same. The public-private capital ratio and optimal public debt are 

now both above baseline.  

 

Table 6    

Subsidies used as a policy tool. 

 

Baseline 

Decreased 

preference for 

children 

Increased 

subsidy 

Preference for children (ε) 0.539 0.401 0.401 

Child-rearing subsidy (ρw) 0.193 0.193 0.348 

Fertility rate 1.36 1.10 1.36 

Total tax rate … 14.5% 12.9% 18.8% 

…of which debt servicing 8.1% 8.2% 7.8% 

…of which subsidy coverage 6.4% 4.7% 11.0% 

Saving rate 11.86% 12.87% 12.87% 

Interest rate (per year in steady state) 5.14% 5.14% 5.15% 

Public-private capital ratio 25.5% 25.3% 25.9% 

Government debt-GDP ratio 49.7% 49.5% 50.3% 

GDP growth (per year in steady state) 1.44% 1.41% 1.51% 

GDP growth per capita (per year) 0.75% 1.2% 0.82% 
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Interestingly, per capita GDP growth and GDP growth are also both above baseline, 

revealing that, in the face of a decreasing preference for children, an economy can still 

benefit from increased public support for child-rearing at the aggregate level. When 

the increase to the child-rearing subsidy is considered in isolation to the drop in the 

preference towards children, we see that aggregate economic growth is increased, 

whereas its per capita measure decreases. This reveals a trade-off in fertility-boosting 

policies: changes in the subsidies may have opposing effects on economic growth and 

growth per capita. 

In sum, when a government attempts to preserve the fertility rate at current levels by 

increased public support for child-rearing, the optimal level of public debt increases 

along with higher tax rates and lower economic growth per capita. These results 

illustrate the trade-off between population growth and economic growth when policies 

are used to influence population size. Our analysis does not address the issue of an 

optimal child subsidy of course; it merely reveals alternative steady state outcomes. 

7. Sensitivity analysis and political economy trade-offs 

7.1. Sensitivity analysis 

The optimal debt level depends, to a large extent, on the composition of labour 

productivity, in which 𝛽 plays a key role. Fig. 1 therefore demonstrates the sensitivity 

of our results to different choices for 𝛽. 

As 𝛽 increases, we expect to see private capital become increasingly important to 

output and labour productivity (ℎ𝑡  in equation (4)), while public capital becomes less 

important (decreasing returns to scale). The public-private capital ratio should 

therefore decrease, along with the optimal level of debt (26). That much we see, with 

rising growth rates, in Fig. 1. Conversely, 𝑋∗ and 𝑑∗ rise with falling 𝛽; but growth 

rates fall (if decreasingly so). 
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In other words, the economy becomes increasingly dependent on public capital and 

lower growth when the private sector's income share from productivity gains falls. This 

is hardly a surprise. The question is, why would that income share fall; and why are 

the impacts on 𝑋∗, 𝑑∗ so large? It is worth stressing though that the impacts on growth 

are relatively small if we restrict ourselves to plausible changes in 𝛽, say 0.4 ≤ 𝛽 ≤

0.7. The share of private capital income in GDP is not likely to change beyond those 

bounds – in which case annual growth rates would vary between roughly 1.25% and 

1.75%, a fairly narrow range. However, 𝑋∗ and 𝑑∗ then vary from 18% to 35%, and 

30%–70% respectively, a larger range but still consistent with a feasible and 

sustainable steady state solution (and less debt than many currently have). 

To some extent, the sensitivity of economic growth to changes in 𝛽 is due to the 

impact of taxation. Fig. 1 depicts a negative relationship between economic growth and 

taxation.  

 

Fig. 1. Debt and capital ratios in steady state, various beta values. 
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A lower value of 𝛽 implies an economy where public capital plays a larger role in 

determining labour productivity. However taxes have to rise to cover the cost of 

servicing the debt used to create that public capital. The negative effects of taxation 

manifests itself directly through a reduction in savings at any given generation; this 

partly explains why the economic growth curve is upward sloping. 

Having to issue more government bonds crowds out the quantity of private capital 

that can be generated from a finite amount of aggregate savings; this further increases 

the sensitivity of 𝑋∗ with respect to the issuing of public capital. Coupling this 

crowding-out with the fact that 𝜔 falls when 𝛽 falls, equation (26) reveals why the 

debt-GDP ratio is the more sensitive variable. This suggests that fiscal discipline (rules) 

should focus on the debt burden, rather than on the deficit. At the same time, real wages 

are likely to fall, and returns to investment rise, if private capital's income share were 

to fall (see (6) and (7)) when taxes and interest rates are low (as they are now). This 

gives further insight into current concern for inequality. 

7.2. Sensitivity to different subsidy and hazard rates 

Next we explore sensitivities due to different child-rearing subsidy rates 𝜌𝑤 and 

hazard rates 𝜆. Fig. 2 depicts the change in the optimal debt-to-GDP ratio, 𝑑∗, and 

optimal public-private capital ratio 𝑋∗ as a result of doubling the child-rearing subsidy 

rate; Fig. 3 depicts the effects of increased longevity (lower 𝜆 values) on the same 

variables. The main observation is that the impacts on 𝑋∗  and 𝑑∗  are rather small for 

plausible values of 𝛽, say 0.4 ≤ 𝛽 ≤ 0.7. So the effects on growth rates will be 

considerably smaller. 

Since 𝛽 is a key determinant of the positive effects public capital on growth, the 𝑑∗ 

and 𝑋∗ curves are downward sloping in Fig. 2. Thus, a government that attempts to 

incentivize higher fertility choices in an economy that is heavily dependent on public 

capital will tend to have higher optimal debt-GDP ratios (increases of more than 2 
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percentage points for 𝛽 <  0.5). In the opposite case, an economy where labour 

productivity is little dependent on public capital, doubling of the subsidy rate produces 

low to negligible effects on both 𝑑∗ and 𝑋∗. Similar effects can be seen from increased 

longevity, in Fig. 3: the effect on both 𝑑∗ and 𝑋∗is now negative and negligible across 

the board when the hazard rate is halved. In sum, economies that depend on public 

capital to boost productivity (and thus, wage rates) are more sensitive to demographic 

and public finance shocks; though these shocks never translate into meaningful 

changes to optimal public debt schedule for the whole range of 𝛽 values. 

In general, the value of 0.55 for 𝛽 in the baseline calibration seems to be a good 

middle ground for plausible 𝛽 values: 0.4 ≤ 𝛽 ≤ 0.7. Extremes on both sides are 

eliminated as we neither observe, or are likely to observe, the extremes associated with 

low 𝛽 values relative to the small variations associated with high β values. A key take 

away is that the value of 𝛽 does not change the sign of the impacts of demographic 

change, but only their size. 

7.3. Political economy considerations 

Fig. 4 provides isoquant lines for different values of growth and debt. The isoquants 

are determined by considering different mixes of 𝛼 and 𝛽 values. In this sense, who 

benefits from productivity gains can be discussed in the wider context of economic 

performance and debt sustainability. 

The political economy implications here depend on specific interpretations of 𝛼 and 

𝛽. As the value of 𝛽 increases, private capital's share of the income generated by labour 

augmenting productivity gains rises. By contrast, a fall in 𝛽 implies greater importance 

for public capital. At the same time, a rise in 𝛼 increases the share of private capital 

relative to the share of labour income in national income. 

Fig. 4 can be interpreted as follows: If we go northeast in the diagram, private capital 

becomes the main driving force of economic growth, both by having a major influence 
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on labour productivity and by being the chief input in the production function. This 

area represents economies marked by higher private capital income shares (relative to 

both public capital and labour). Here we get lower debt, but little (if any) additional 

growth, and none at all if the movement is mostly east. Conversely, movement to the 

south-west would result in an economy largely dependent on public capital, resulting 

in higher debt levels (and higher growth if the movement is sufficiently to the west). 

 

Fig. 2. Changing the subsidy rate, impacts on 𝑑∗ and 𝑋∗. 

 

 

Fig. 3. Changes in life expectancy, the effects on 𝑑∗ and 𝑋∗. 
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Fig. 4. Steady state growth-public debt possibility frontiers under  

different income shares for private and public capital. 

 

By contrast, moving northwest up the diagram, an area where there is a larger share 

of labour income at the same time that private capital is still highly relevant for the 

productivity of labour, brings higher growth more rapidly. Debt reductions will become 

increasingly elusive (and may not materialize at all if there is too much movement 

west). The income gains from higher productivity will increasingly accrue to workers. 

Conversely, movement to the south-east could lead to low shares of income going to 

workers while there might be little change in the debt level. This is because, as 𝛼 

decreases, the marginal productivity of labour decreases. 

The implication of these results is that, in steady state, public sector productivity is 

crucial to economic performance. The political economy trade-offs, in terms of 

performance and fiscal imbalances, are laid out in uncompromising reality once we 

account for changing demographics and how the gains from productivity are 

distributed. It would appear that productivity plays a key role, perhaps even more than 

we thought before. 
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Furthermore, even if demographic change has small impacts on 𝑑∗ and 𝑋∗, it is 

important to highlight that changes to tax rates due to demographic change may not be 

trivial. As Fig. 5 shows, the child-rearing subsidy is heavily correlated with the tax 

rate, so that, for countries with stronger subsidies, a balanced budget rule obviously 

requires stronger shifts in the tax rate to balance the fiscal current account. Thus, if 

there is any impact of demographic change on optimal fiscal policy, it won't be on 

public debt, but on tax rates and fiscal policy. 

The process of demographic change has economic growth effects that are quite 

small, but may cumulate into something larger over time. We also saw that economic 

growth depends on population growth as well as productivity growth. This just 

confirms the standard models of growth theory. However, once fertility choices are 

endogenised, the problem of maximizing economic growth is not the same as 

maximising growth per capita. 

 

Fig. 5. The effect of changes in the subsidy rate on the general tax rate. 

 

In fact, if the government turns fertility into a policy objective by introducing child-

rearing subsidies (and nearly all advanced economies do), the maximization of 
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economic growth may imply reductions in growth per capita. The reasoning is as 

follows: an increase in the subsidy rate at time t has three effects. One, it stimulates a 

higher incoming rate of workers (higher𝑁𝑡+1, 𝑁𝑡+2, etc.), since more children are born 

at 𝑡. Two, labour supply permanently decreases [lower (1 − 𝑧𝑛)] because more time 

has to be spent on child rearing. The effect of increased subsidies on labour supply is 

therefore ambiguous. Three, tax rates increase as a consequence of a higher subsidy 

(and the rise in 𝑧𝑛). But the increase in the number of future workers does not 

automatically lead to higher savings in the future since the extra workers face a 

decrease in disposable wages. In addition, any increases in labour supply will lead to a 

permanent decrease in real wages, as seen in equation (7). Those effects, if they prevail 

over increased post-tax earnings and employment, will decrease the flow of funds 

available for investment. That is not guaranteed however. The overall effect of 

increased subsidies on aggregate savings is therefore also ambiguous. 

Be that as it may, even if higher subsidies lead to stronger wealth accumulation and 

stronger growth, the impact on growth per capita 𝛾𝐴/𝑛, via the increase to the 

denominator of this expression, may outweigh the positive effects of any decrease in 

labour supply 1/(1 − 𝑧𝑛). Thus, increasing the subsidy rate may lead to reduced 

economic growth per capita. 

8. Concluding remarks 

1) Our model and simulations show that steady state outcomes for an advanced 

economy facing today's demographic and social trends are always feasible and 

available. They are relatively benign and resemble those of the OECD economies 

a few decades back. 

2) Plausible changes to population parameters and social conditions in the future 

make rather little difference to the steady state outcomes for the optimal public-

private capital ratio and public debt once we get there. 
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3) Instead the steady state is driven by economic fundamentals: productivity, the 

production structure, and income generation. The real problem is therefore to get 

to the chosen steady state without being derailed by undue strains or fiscal 

collapse along the way. That is the next step in our research (Hughes Hallett et 

al., 2017). 

4) Fiscal sustainability is a matter of changes in tax or spending in transition, not so 

much long term debt. 

5) Sensitivity tests show we can get a variety of outcomes for the public ownership 

mix and debt level in the economy, but without much change in the performance 

levels. In that sense our results are robust to parameter or assumption variations. 

Hence demographic change is not necessarily a problem, if properly handled, 

compared to the fiscal laxity seen over the past 20–30 years. This is contrary to a 

conventional reading of the IMF's earlier advice. But it is consistent with the IMF view 

if we reinterpret that to mean “ageing and social change are not a problem, in steady 

state, so long as reliable fiscal rules or credible fiscal restraints are set up in advance to 

manage fiscal policy and the transition”. We have shown that the golden rule of public 

finance (the least intrusive form of fiscal restraint) is sufficient to do the job. 

But to imply that ageing and changing demographics are not a problem in steady 

state does not say that all OECD economies will find it easy to get used to living in an 

era of slower growth and lower debt than they enjoyed for three or four decades past. 

In fact, the real problem is likely to be how to create and then safeguard the transition 

to that steady state. In short, the challenge is to find and maintain durable dynamic 

adjustment paths. 
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Appendix A. The solution to the optimal level of debt problem 

We start from (21), with (20) and (7), to obtain an expression from which we can 

derive a closed form expression for the economy's growth rate 𝛾𝐴: 

 
 �̃� (

1

𝛼𝑋+𝜌𝑤(1−𝛼)
𝑧𝑛

1−𝑧𝑛
+1
)𝐴(1 − 𝛼) (

𝐾𝑡

𝐺𝑡
)
𝜔 𝐺𝑡

𝐿𝑡
𝑁𝑡 = 𝐾𝑡+1 + 𝐺𝑡+1 

(A1) 

where �̃� =
(1−𝜆)𝜌

1+(1−𝜆)𝜌+𝜀
. Next we set 𝐶 = 𝜌𝑤(1 − 𝛼)

𝑧𝑛

1−𝑧𝑛
  so that (A1) becomes 

  𝐴�̃� (
1

𝛼𝑋+𝐶+1
)
1−𝛼

1−𝑧𝑛

1

𝑋𝜔
=
𝐾𝑡+1

𝐺𝑡+1

𝐺𝑡+1

𝐺𝑡
+
𝐺𝑡+1

𝐺𝑡
 (A2) 

Using (22) we can rewrite (A2) as 
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   𝐴�̃� (
1

𝛼𝑋+𝐶+1
)
1−𝛼

1−𝑧𝑛

1

𝑋𝜔
= 𝛾𝐴 (1 +

1

𝑋
)  

This allows us to solve for the economy's aggregate growth rate, 𝛾𝐴, to get 

 
 𝛾𝐴 =

𝐴𝐶
1−𝛼

1−𝑧𝑛

𝑋𝜔−1(𝑋+1)(𝛼𝑋+𝐶+1)
 

(A3) 

which is the growth rate we need to optimize with respect to the public-private capital 

ratio. 

To perform this optimisation, define 𝐶3 = 𝐴�̃�
1−𝛼

1−𝑧𝑛
. Take the first order derivative 

of 𝛾𝐴  (denoted by 𝛾) with respect to 𝑋: 

  𝛾(𝑥) = −𝐶3
(𝜔−1)𝑋𝜔−2[𝛼𝑋2+(𝛼+𝐶+1)𝑋+𝐶+1]+𝑋𝜔−1(2𝛼𝑋+𝛼+𝐶+1) 

[𝑋𝜔−1(𝑋+1)(𝛼𝑋+𝐶+1)]2
  

Setting this expression equal to zero, we can write 

𝛼(𝜔 − 1)𝑋𝜔 + (𝜔 − 1)(𝛼 + 𝐶 + 1)𝑋𝜔−1 + (𝜔 − 1)(𝐶 + 1)𝑋𝜔−2 + 2𝛼𝑋𝜔 + (𝛼 + 𝐶 + 1)𝑋𝜔−1 = 0 

which results in a quadratic equation in the optimal public-private capital ratio 𝑋: 

  𝛼(𝜔 + 1)𝑋2 + 𝜔(𝛼 + 𝐶 + 1)𝑋 + (𝜔 − 1)(𝐶 + 1) = 0  

The optimal solution for 𝑋 is therefore: 

 𝑋1,2 =
−𝜔(𝜌𝑤

(1−𝛼)𝑧𝑛

1−𝑧𝑛
+1+𝛼) ± √𝜔2(𝜌𝑤

(1−𝛼)𝑧𝑛

1−𝑧𝑛
+1+𝛼)

2
−4𝛼(1+𝜔)(𝜔−1)(𝜌𝑤

(1−𝛼)𝑧𝑛

1−𝑧𝑛
+1)

2𝛼(1+𝜔)
 

 

which is (24) in the main text. 

 

Appendix B. The positive root 

We  now  demonstrate that our solution  for 𝑋∗ is  postive. We start  from 

(25) in the text. Since 𝜔 > 0, 0 < 𝑧 < 1, 𝑛 ≥ 1, and 0 < 𝛼 < 1, it follows that 

𝜔 (𝜌𝑤
(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1 + 𝛼) > 0 and 2𝛼(1 − 𝜔) > 0. Therefore to get a positive solution, 

𝑋∗  >  0, we need the numerator of (25) to be positive. It will be positive if and only if 

 −𝜔 (𝜌𝑤
(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1 + 𝛼) + √𝜔2 (𝜌𝑤

(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1 + 𝛼)

2

− 4𝛼(1 + 𝜔)(𝜔 − 1) (𝜌𝑤
(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1)  
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is positive. We therefore need to check if this condition is in fact satisfied for the 

parameter constraints that we have imposed. We require 

√𝜔2 (𝜌𝑤
(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1 + 𝛼)

2

− 4𝛼(1 + 𝜔)(𝜔 − 1) (𝜌𝑤
(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1) > 𝜔 (𝜌𝑤

(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1 + 𝛼), 

or  

𝜔2 (𝜌𝑤
(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1 + 𝛼)

2

− 4𝛼(1 + 𝜔)(𝜔 − 1) (𝜌𝑤
(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1) > 𝜔2 (𝜌𝑤

(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1 + 𝛼)

2

;  

that is, −4𝛼(1 + 𝜔)(𝜔 − 1) (𝜌𝑤
(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1) > 0 

which is true since −4𝛼(1 + 𝜔)(𝜔 − 1) = −4𝛼(𝜔2 − 1) > 0 and 𝜌𝑤
(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1 >

0 both necessarily hold. Hence 𝑋∗ in (25) is positive. 

Appendix C. Signs of partial derivatives of 𝑿∗ and 𝒅∗ 

In order to determine the sign of the partial derivative 𝑋𝑛
∗ , we introduce a shorthand 

notation to write the solution for 𝑋∗. Let 𝑓(𝑛) = 𝜌𝑤
(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1 + 𝛼, so 𝑓(𝑛) − 𝛼 =

𝜌𝑤
(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1. We define 𝑐 = −

𝜔

2𝛼(1+𝜔)
. We now rewrite 𝑋∗  in equation (25) as 

  𝑋∗ = 𝑐𝑓(𝑛) −
𝑐

𝜔
√𝜔2𝑓2(𝑛) − 4𝛼(𝜔2 − 1)[𝑓(𝑛) − 𝛼]  

Now let 𝛼𝐹(𝑛) = 𝑓(𝑛), so that 

 
 𝑋∗ = 𝑐𝛼𝐹(𝑛) −

𝑐

𝜔
2𝛼𝜔√

1

4
𝐹2(𝑛) − [𝐹(𝑛) − 1] +

1

𝜔2
[𝐹(𝑛) − 1] 

 

After taking the first order derivative with respect to 𝑛, we get: 

𝑋∗ = 𝑐𝛼𝐹(𝑛) − 𝛼𝑐
1

√1
4𝐹

2(𝑛) − [𝐹(𝑛) − 1] +
1
𝜔2
[𝐹(𝑛) − 1]

[
1

2
𝐹(𝑛)𝐹𝑛(𝑛) + (

1

𝜔2
− 1)𝐹𝑛(𝑛)] 

Now let 𝐺(𝑛) =
1

2
𝐹(𝑛) + (

1

𝜔2
− 1). Rewrite the denominator above as, 

√
1

4
𝐹2(𝑛) − [𝐹(𝑛) − 1] (

1

𝜔2
− 1) = √[

1

2
𝐹(𝑛) + (

1

𝜔2
− 1)]

2

− (
1

𝜔2
− 1)

2

− (
1

𝜔2
− 1) 

so that 
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 𝑋𝑛
∗ = 𝑐𝛼𝐹𝑛(𝑛) [1 −

𝐺(𝑛)

√𝐺2(𝑛)−(
1

𝜔2
−1)

2
−(

1

𝜔2
−1)

] 

 

To see the sign of 𝑋𝑛
∗ , we need to determine the signs of 𝑐, 𝐹𝑛  and the expression in 

brackets. Since 𝑐 = −
𝜔

2𝛼(1−𝜔)
< 0, and 𝐹𝑛(𝑛) = 𝜌𝑤

(1−𝛼)𝑧

𝛼(1−𝑧𝑛)2
> 0, the expression in 

square brackets is negative because the numerator is larger than denominator. 

We now determine the sign of 𝑑𝜌𝑤
∗ . Note that, through the chain rule, the 

differentiation of 𝑑∗  with respect to 𝜌𝑤 can be written as:  

  𝑑𝜌𝑤
∗ =

1

𝐴
𝜔𝑋∗𝜔−1(𝑋𝜌𝑤

∗ + 𝑋𝑛
∗𝑛𝜌𝑤) 

 

where 𝑋𝜌𝑤
∗  and 𝑛𝜌𝑤  denote first derivatives with respect to 𝜌𝑤. We already know the 

sign of 𝑋𝑛
∗ . We are left to determine the sign of  𝑛𝜌𝑤  and 𝑋𝜌𝑤

∗
 . For the first of the two, 

we have that: 

  𝑛𝜌𝑤 =
𝜀

𝑧(1+(1−𝜆)𝜌+𝜀)(1−𝜌𝑤)
2
> 0  

For the second, in order to determine the sign of 𝑋𝜌𝑤
∗  we can perform an identical 

analysis to that done for 𝑋𝑛
∗  in sub-section 4.1, except that now we define instead 

𝑓(𝜌𝑤) = 𝜌𝑤
(1−𝛼)𝑧𝑛

1−𝑧𝑛
+ 1 + 𝛼, 𝛼𝐹(𝜌𝑤) = 𝑓(𝜌𝑤), and 𝐺(𝜌𝑤) =

1

2
𝐹(𝜌𝑤) + (

1

𝜔2
− 1). 

With these definitions, we write: 

 

 𝑋𝜌𝑤
∗ = 𝑐𝛼𝐹𝜌𝑤(𝜌𝑤) [1 −

𝐺(𝜌𝑤)

√𝐺2(𝜌𝑤)−(
1

𝜔2
−1)

2
−(

1

𝜔2
−1)

] 

 

As before, to see the sign of 𝑋𝜌𝑤
∗ we need to determine the signs of 𝑐, 𝐹𝜌𝑤  and the 

expression in brackets. We still have that 𝑐 = −
𝜔

2𝛼(1−𝜔)
< 0 and that the expression in 

square brackets is negative because the numerator is larger than denominator. But now 

we have a different expression to evaluate: 𝐹𝜌𝑤(𝜌𝑤) =
(1−𝛼)𝑧𝑛

𝛼(1−𝑧𝑛)
. The numerator of this 
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expression is always positive. As for the denominator, since we have assumed that not 

all of the individual's time endowment goes towards child rearing, i.e. (1 − 𝑧𝑛𝑡) > 0, 

we have that𝐹𝜌𝑤(𝜌𝑤) > 0. 

Thus 𝑋𝜌𝑤
∗  is positive, and 𝑑𝜌𝑤

∗  is positive. 
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Chapter 2 

Reform and Backlash to Reform: Longevity Adjustment of 

the Retirement Age 
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1. Introduction 

The phenomenon of demographic ageing driven by increased longevity and lower 

fertility has led to a serious policy and academic debate about the sustainability of 

pension systems. Many industrialized countries rely on pay-as-you-go (PAYG) 

pension schemes, where payments to retirees are covered by current contributions by 

the working population. The demographic structure is a key determinant of the 

sustainability of such schemes and how generous they can be. In general, there are 

three ways of adjusting PAYG schemes faced by ageing populations: The contribution 

rate can be increased; the benefit rate can be decreased; or the retirement age can be 

increased.   

Preserving the living standards of both the retired and the working-age population 

in an era of demographic ageing presents a very complex challenge. For example, while 

lower pension benefits would improve the sustainability of the PAYG pension system, 

they would also redistribute income from retirees to workers. The opposite 

distributional effect holds for an increase in contributions to the pension system. The 

point is that any distinct shift in either the benefit or the contribution rate will 

necessarily imply some degree of redistribution of intergenerational welfare.25 

An alternative solution to keeping the pension system on a sustainable path in an era 

of ageing populations is to raise the retirement age. This would broaden the labour 

supply by having individuals work for a longer period in their lives (the extensive 

margin), while simultaneously decreasing the number of retirees by the same amount. 

Such a policy would counter the adverse effects of population ageing on PAYG 

                                           

25 The issue of intergenerational equity/fairness is indeed complicated and contentious, depending, 

among other things, on dynamic efficiency concerns and the definition of fairness. See, for example, 

Howse (2007) for a discussion. 



 

65 

pension systems, by exogenously decreasing the old-age dependency ratio and thus 

increasing the number of contributors relative to beneficiaries.26  

Retirement decisions of individuals are complex, and affected by financial and social 

factors. While financial incentives undoubtedly matter, the empirical evidence on 

retirement behaviour shows a large spike in actual retirement at the statutory (or 

official) retirement age. Furthermore, there is evidence that indicates large and sharp 

hikes in the actual retirement age in response to changes in the statutory retirement age.  

The statutory retirement age can serve as a reference point to which agents anchor 

their retirement plans. For example, Lumsdaine et al. (1996) finds that 48% of men 

working at age 64 retire at age 65 in Fortune 500 companies. Rather than being 

explained by financial or demographic factors, the study suggests that the spike is 

simply caused by an “age-65, rule of thumb” based on customs or accepted practice. 

This observation is consistent with the findings by Cribb et al. (2016) who find that 

changes in actual retirement age, when early retirement provisions are changed, are not 

driven by financial incentives but rather a signal about the appropriate time to retire.  

A number of studies related to retirement reform further demonstrate the role of the 

statutory retirement age as a reference point. Based on Austrian data on reforms of the 

public pension system between 2000 and 2004, Staubli and Zweimuller (2013) analyse 

the effects of an increase in official early retirement age on labour market participation. 

They find that an increase in the early retirement age has significant effects on delaying 

pension claims. The labour market effects of the Austrian reforms are also evaluated 

by Manoli and Weber (2016). They find that the reforms both increased pension-

claiming ages and job market exits. They further state that the official early retirement 

                                           

26 For a deeper discussion see for example, Queisser and Whitehouse (2006) who elaborate on 

pension design in the context of actuarial fairness and neutrality. We do not pursue this discussion in 

this paper. 
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age is potentially an important reference point for retirement decisions27. These results 

hold even when accounting for the financial incentives agents are subject to when 

leaving the labour market. This is investigated by Manoli and Weber (2014), who find 

that financial incentives alone cannot explain retirement decisions; implying that non-

financial factors also play an instrumental role in retirement planning. 

 Brown and Laschever (2012) observe a peer effect on retirement timing, implying 

that individuals tend to retire at the same time as their peers. The peer effect on 

retirement decisions is also identified by Chalmers et al. (2008) who found that 

individuals are more likely to retire when one or more of their co-workers retire: This 

further highlights that retirement decisions are not solely driven by financial incentives. 

These anchoring effects, coupled with specific schemes to incentivize older workers to 

retire, tie the official retirement age tightly to the actual retirement age. 

The focus of this paper is on how such exogenous changes in the statutory retirement 

age interact with the endogenous labour supply decisions of households. Changes in 

the intensive margin of labour supply have already attracted some attention, with a 

focus on the tax-like disincentives of pension contributions; see, for example, Fisher 

and Keuschnigg (2007) and Keuschnigg and Fisher (2011). Weil (2006) has also 

argued that the distortionary effect of PAYG systems is the most important channel 

through which ageing will affect output. 

Backlash effects, where labour supply decreases on the intensive margin as a 

response to increases on the extensive margin, have been found in previous theoretical 

studies: Jensen and Jorgensen (2010) find the numerical existence of these backlash 

effects under a public DB scheme when the retirement age increases in response to 

                                           

27 Similar effects of reforms on actual retirement ages are found by Lalive and Staubli (2015) and 

Mastrobouni (2009). 
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decreased fertility rates. They find that a more-than-proportional increase to the 

retirement age is necessary when fertility rates decrease. Börsch-Supan and Ludwig 

(2010, 2013) numerically find similar backlash effects for public DB and private FF 

schemes. In line with our results, they also find that backlash effects are stronger in DB 

schemes as opposed to only private savings. We add to this line of research by, first, 

showing the analytical existence of these backlash effects regardless of calibration, and 

second, numerically show the size of these backlash effects under three different 

pension schemes.   

To our best knowledge, the empirical literature on backlash effect is very scarce. 

This could be (partly) due to the rigidity of the labour market on the intensive margin. 

Typically, workers face a choice between working full time or not at all. There is, 

however, significant literature on the effects of taxation on the labour supply, which 

relates indirectly to the themes addressed in this paper. For example, Meghir and 

Phillips (2008), review the empirical literature and perform their own empirical 

analysis to demonstrate the effects of taxation on labour supply on the intensive and 

extensive margin. Their main conclusion is that incentives matter and that different 

groups in society react to taxation differently. Women, and especially women with 

young children, respond substantially to tax and benefits incentives on the intensive 

margin. However, hours worked for males (intensive margin) is irresponsive to 

incentives, while participation (extensive margin) is highly responsive. 

When designing retirement reforms, our basic insight is that a higher statutory 

retirement age can discourage workers from working, leading to a drop in hours worked 

as an endogenous mechanism. Thus, retirement reform, implemented through increases 

in labour supply on the extensive margin, might come hand-in-hand with a backlash 

effect on the intensive margin. Identifying the existence of these backlash effects, and 

their potential magnitude, is the key objective of this paper.  
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Our analytical framework for demonstrating these effects is a simple lifecycle model 

over consumption-leisure choices at the steady state level.28 In addition, we check to 

what extent the sensitivity of these backlash effects depends on the design of the 

pension system. Specifically, we distinguish three alternative schemes: a public PAYG 

scheme, either of the defined-benefit (DB) or the defined-contributions (DC) version, 

and a private, fully funded (FF) scheme. It turns out that the backlash effect critically 

depends on the pension system in operation. The intended positive effect on the labour 

supply is most successfully obtained with a public DC scheme in place, followed by a 

private FF scheme, whereas the public DB scheme displays the strongest backlash 

effects.  

The roadmap of the paper is as follows: In section 2 we explain the basic 

assumptions and build the model; Section 3 elaborates on the implications of 

demographic change and shows the existence of the backlash effects following pension 

reform; Section 4 features a calibration exercise to quantify the implications of 

longevity shocks and retirement reform under different pension regimes; Section 5 

provides an additional robustness analysis, providing further perspective on the 

numerical results for different calibrations; Section 6 concludes. 

2. The model  

2.1. Basic assumptions 

In order to analyse the effects of an increase in the retirement age on individual 

labour supply, we base the analysis on the overlapping generations model in line with 

Yaari (1965) and Blanchard (1985). We consider a small open economy and 

incorporate endogenous labour supply decisions. Since the analysis is performed only 

                                           

28 Our focus on steady state impacts should be regarded as a starting point. In later work we plan 

to include transitional dynamics which, admittedly, may be even more important.  



 

69 

at steady state, the small open economy is assumed to start at some point in the past to 

the point where it is at steady state at time 𝑡 = 0. Hence, the analysis is carried out via 

the age of a generation which enters the labour market at 𝑡 = 0. 

 The economy is populated by agents who face a stochastic risk of death. This hazard 

rate, or the instantaneous probability of death, is age-independent. We assume a fixed 

population size, resulting in the number of agents “born” into the labour market being 

equal to how many die at each moment in time. The hazard rate can be manipulated to 

simulate longevity, since a lower hazard rate implies that agents live longer.29 Agents 

save through actuarial notes, which include a component of life insurance that pays a 

constant amount until the agent’s death, thus mitigating the loss of utility sustained 

from the uncertainty of death. 

Working agents can choose to spend a fraction of their time endowment working, 

earning a wage at rate 𝑤. An individuals’ productivity is uniform and the wage is 

therefore assumed to be constant both between individuals and throughout the 

lifecycle30. However, the labour supply decision of working agents varies with age. A 

mandatory retirement age is also implemented, labelled 𝑔, where agents are forced to 

leave the labour market. 

We abstract from welfare impacts that this mandatory retirement age may have, 

since our analysis is not dependent on social welfare considerations. We simply focus 

on the labour supply effects of shifting that retirement age under different pension 

                                           

29 Having a fixed population size is compatible with our research objective, since what matters is 

that we simulate a worker/retiree composition shift. A change in the hazard rate with fixed population 

size provides us exactly that, a decrease in fertility and an equal decrease in mortality. We 

acknowledge that it would be interesting to see individual results for both reductions in fertility and 

mortality, but we leave that choice for future work and use the simpler setting here. 
30 See discussion in section 5.7 about age dependent wage profiles and 5.10 about decreasing 

returns to labour 
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regimes. The aim of the analysis is to shed light on the labour market response on the 

intensive margin from changes on the extensive margin. The analysis therefore 

considers policy reform in a narrower perspective, evaluating the actual performance 

of the reform in question versus its original intent, a key consideration. Introduction of 

a welfare analysis of different pension schemes and their effect on the intensive (and 

extensive) margin labour supply is interesting, but in order to demonstrate clearly the 

labour supply effects of changes to the statutory retirement age, these considerations 

are left to future work.   

2.2. Pension system 

The introduction of a pension system in the style of Nielsen (1994) allows us to 

extend the analysis to include judgements about the extent to which different types of 

pension systems mitigate or amplify the adverse effects on individual labour supply 

caused by pension reforms.  

Since the mortality rate, 𝛽, is age-independent, the fraction of the population that is 

retired can be expressed as:  

 ∫ 𝛽𝑒−𝛽𝜏𝑑𝜏 = 𝑒−𝛽𝑔
∞

𝑔

 (1) 

Hence, the fraction of working agents is (1 − 𝑒−𝛽𝑔). The pension system 

introduced consists of contributions denoted by 𝑘 and paid by workers. The collected 

contributions are transferred as pension benefits, denoted by 𝑏, to the retired 

population. These contributions act as lump-sum “taxes” on those who have not 

reached the retirement age. The pension system is a balanced budget period-by-period, 

meaning that it must always hold that: 

 (1 − 𝑒−𝛽𝑔)𝑘 = 𝑒−𝛽𝑔𝑏 (2) 

This allows us to analyse three different pension schemes: First, a DC scheme where 

𝑏 is a function of 𝑘. Second, a DB scheme, where 𝑘 is a function of 𝑏. Third, an FF 
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scheme, where 𝑏 = 𝑘 = 0. Most pension schemes are either DC or FF, here we also 

analyse DB. In this setting (DB and DC) the agents are forced to contribute the same 

amount to the pension scheme regardless of how much they work.   

For an agent born into the labour market at t=0 with age 𝑎, the discounted stream of 

future transfers from the pension system is denoted by 𝑝(𝑎) and for a working agent is 

defined as:  

 𝑝(𝑎) = ∫ −𝑘𝑒(𝑟+𝛽)(𝑎−𝜏)𝑑𝜏
𝑔

𝑎

+∫ 𝑏𝑒(𝑟+𝛽)(𝑎−𝜏)𝑑𝜏
∞

𝑔

  

 =

{
 
 

 
 
(−1 + 𝑒𝛽𝑔+(𝑟+𝛽)(𝑎−𝑔))

𝑟 + 𝛽
𝑘 𝑓𝑜𝑟 𝐷𝐶

(−1 + 𝑒𝛽𝑔+(𝑟+𝛽)(𝑎−𝑔))

(−1 + 𝑒𝛽𝑔)(𝑟 + 𝛽)
𝑏 𝑓𝑜𝑟 𝐷𝐵

0 𝑓𝑜𝑟 𝐹𝐹

 

(3) 

The first integral represents the pension system transfer for working agents until 

retirement. The latter integral represents pension benefits that agents receive after 

retirement. In the case of a retired agent, the first integral equals zero and the pension 

system transfers are found using only the second integral.  

For both the DC and DB cases, note that the value of the pension system at labour 

market entry (age 0 in the model) is always negative. This is due to the static 

productivity and population size, which makes the implicit return on unfunded pension 

systems zero. Combined with positive returns on investment for the private savings 

market, the pension contributions are worth less than an equal amount of savings.31  

                                           

31 Our results are thus within the context of a dynamically efficient economy, where long-run 

growth, as dictated by population growth, is smaller than the interest rate. Abel et al. (1989) and, 

more recently, Luo et al. (2018) find dynamic efficiency to be the case for the US and most other 

developed nations. 
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We aggregate values for pension transfers at steady state, denoted by 𝑃. That is, the 

present value of all future pension transfers of all agents currently alive in the economy, 

note that this is a steady state analysis and therefore the individual valuations of the 

pension system, 𝑝(𝑎), remains stable over time. This yields: 

 𝑃 = 𝛽∫ 𝑒−𝛽𝑎𝑝(𝑎)𝑑𝑎
∞

0

=

{
 
 

 
 𝛽(1 − 𝑒−𝑟𝑔)

𝑟(𝑟 + 𝛽)
𝑘 𝑓𝑜𝑟 𝐷𝐶

𝛽(𝑒−𝑟𝑔 − 1)

𝑟(1 − 𝑒𝛽𝑔)(𝑟 + 𝛽)
𝑏 𝑓𝑜𝑟 𝐷𝐵

 (4) 

We see that the present value of the aggregated stream of future pension transfers of 

those agents currently alive is dependent on the pension system type, the size of the 

contributions (benefits) for a DC (DB) scheme, the demographic structure (through the 

hazard rate, 𝛽) and the interest rate, 𝑟. Note that this function is not negative, even 

though the pension stream for agents at labour-market entry is negative. This is a result 

of the fact that the present value of pension transfers is never negative during 

retirement, meaning that 𝑃 > 0 when 𝛽 > 0 and 𝑃 = 0 when 𝛽 → 0.  

2.3. Production and wages 

The aggregate production function is given by 𝑌 = 𝜔𝐿 where 𝜔 is exogenous and 

potentially time varying and represents the economy's technological level. 𝐿 represents 

aggregate labour supply. Perfect markets are assumed, which implies that wages are 

also exogenous and given by 𝑤 = 𝜔. This is due to the marginal productivity of labour 

being equal to the producer's cost of employing labour. The labour supply and 

technology level determine the economy's output. 

With wages set exogenously, we can determine the potential income over the life 

cycle of the agent. The present value of earnings potential, or the potential future wages 

of an individual aged 𝑎 working in all his/her available time, where the time allowance 

is normalized to one, is defined as: 
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 ℎ(𝑎) = ∫ 𝑤𝑒(𝑟+𝛽)(𝑎−𝜏)𝑑𝜏
𝑔

𝑎

=
(1 − 𝑒(𝑟+𝛽)(𝑎−𝑔))

(𝑟 + 𝛽)
𝑤 (5) 

If the agent has already retired, the earnings potential is equal to zero. The actual 

income of the agent is dependent on the labour-leisure choice of the agent, while the 

potential income is not. Therefore, the potential earnings separate the exogenous part 

of the agent’s income from the endogenous part. Aggregate earnings potential at steady 

state is then: 

 𝐻 = 𝛽∫ 𝑒−𝛽𝑎ℎ(𝑎)𝑑𝑎 = 𝑤
𝛽

𝑟 + 𝛽
(
1 − 𝑒−𝛽𝑔

𝛽
−
𝑒−𝛽𝑔(1 − 𝑒−𝑟𝑔)

𝑟
)

𝑔

0

 (6) 

Aggregate earning potential depends positively on the retirement age. In terms of 

longevity, its effect on aggregate earnings potential is ambiguous. There are two forces 

in effect: on one hand, higher longevity increases the chances that workers live for 

longer, thus increasing total labour supply; on the other hand, higher longevity 

decreases the proportion of workers in the population due to the fixed population size, 

which has a negative effect on total labour supply. There is no closed-form solution to 

the total effect, and the result is reverted to the numerical exercise section. 

2.4. Consumption and labour choices 

The agent derives utility from instantaneous consumption, denoted by 𝑐, and 

instantaneous leisure, denoted by 1 − 𝑙. The instantaneous utility function and 

discounted stream of lifetime utility at age 𝑎 are respectively denoted as:  

 𝑢 = ln (𝑐𝜀[1 − 𝑙]1−𝜀) (7) 

 
𝑢(𝑎) = ∫ 𝜀 ln 𝑐(𝜏) 𝑒(𝜌+𝛽)(𝑎−𝜏)

∞

𝑎

+ (1 − 𝜀) ln(1 − 𝑙(𝜏)) 𝑒(𝜌+𝛽)(𝑎−𝜏)𝑑𝜏 

(8) 

Here, 𝜌 > 0 is the discount rate and 0 ≤ 𝜀 ≤ 1 dictates the relative weight the agent 

puts on consumption and leisure respectively. Agents can work until they reach the age 
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𝑔, after which they are forced to retire. Note that as the agent reaches retirement age, 

𝑙(𝜏) is set to zero and the second term reduces to zero. 

When faced with a positive risk of death, an agent would be less inclined to save for 

the future. We thus introduce actuarial notes issued at a fair rate (Yaari, 1965) that 

include a component of life insurance. The purchaser of an actuarial note gets a 

constant stream of payments until his/her death, and the assets of those who die are 

redistributed to those currently living. These assets therefore act as savings for 

individuals with an extra component of life insurance to the purchaser, indicated by 

𝑖(𝑎). The rate of return on the actuarial note is then 𝑟𝐴 = 𝑟 + 𝛽. We have adopted the 

small open economy case, so the rate 𝑟 is exogenous and equals the world interest rate.  

Agents in the economy can freely lend and borrow at the international interest rate. 

Parameter values distinguish whether a nation is a debtor nation, with relatively 

impatient inhabitants, a creditor nation, with relatively patient inhabitants, or the razor 

edge case of a perfectly balanced economy. In our setting, there is no intrinsic 

characteristic that distinguishes foreign and domestic assets, so that, in the context of 

a small open economy, it can be assumed that all an agent's wealth is held in an 

unspecified mix of national and foreign assets. Note that the only traded assets for 

saving purposes are the actuarial notes described above. 

The working agent is faced with the budget constraint:  

 ∫ 𝑐(𝜏)𝑒(𝑟+𝛽)(𝑎−𝜏)
∞

𝑎

𝑑𝜏 = 𝑖(𝑎) + ∫ 𝑤𝑙(𝜏)𝑒(𝑟+𝛽)(𝑎−𝜏)𝑑𝜏
𝑔

𝑎

+ 𝑝(𝑎) (9) 

𝑖(𝑎) denotes total assets, or stock of actuarial notes, the agent holds at age 𝑎. For a 

retired agent, the integral on the right-hand side reduces to zero. Solving the utility 

maximization yields a relationship between labour supply and consumption for a 

working agent:  
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 𝑤𝑙(𝑎) = 𝑤 −
1 − 𝜀

𝜀
𝑐(𝑎) (10) 

Differentiating the first-order conditions, and acknowledging that an agent is forced 

to retire at age 𝑔, yields the Euler equations: 

 
�̇�(𝑎)

𝑐(𝑎)
= 𝑟 − 𝜌 (11) 

 {

−𝑙(̇𝑎)

[1 − 𝑙(𝑎)]
= 𝑟 − 𝜌 𝑓𝑜𝑟 𝑎 < 𝑔

0 𝑓𝑜𝑟 𝑎 ≥ 𝑔

 (12) 

This implies that consumption throughout the lifecycle follows the path 𝑐(𝑎 + 𝜏) =

𝑐(𝑎)𝑒(𝑟−𝜌)𝜏. A similar relationship can be found for the time path of leisure (valid only 

for when the agent is a worker). 

Applying the first-order condition for consumption with the consumption/labour 

supply relationship, equation (10), and the Euler equation, equation (11), on the budget 

constraint and integrating, we arrive at a relation for the consumption at each age for 

the agent:  

 𝑐(𝑎) = 𝜇[𝑖(𝑎) + 𝑝(𝑎) + ℎ(𝑎)] (13) 

Here, we define 𝜇 ≡ (𝜌 + 𝛽) {
𝜀

1−(1−𝜀)𝑒(𝜌+𝛽)(𝑎−𝑔)
} for the working agent, which is a 

corrective term for consumption and leisure choices that account for the forced 

retirement age. For a retired agent, the term reduces to 𝜇 ≡ (𝜌 + 𝛽) {
𝜀

1+𝜀
}. For the 

working agent, between the ages 0 < 𝑎 < 𝑔, we arrive at the following relation for 

leisure: 

 1 − 𝑙(𝑎) =
(1 − 𝜀)

𝜀𝑤
𝜇[𝑖(𝑎) + 𝑝(𝑎) + ℎ(𝑎)] (14) 

Consumption is thus directly related to the time until retirement (also captured in 𝜇), 

the risk of death and the discount rate. For a working agent, the 𝜇 expression always 
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starts at a value lower than 1. Up towards retirement, this expression converges to 

(𝜌 + 𝛽) and stays there throughout retirement, leading to the standard Blanchard-Yaari 

style relation for consumption. 

We can aggregate consumption over all households by applying the consumption 

path based on the Euler equation. At steady state, aggregate consumption, 𝐶, and 

aggregate labour supply, 𝐿, become:  

 𝐶 = 𝛽∫ 𝑐(𝑎)𝑒−𝛽𝑎𝑑𝑎 = 𝛽𝑐(0)∫ 𝑒(𝑟−𝜌−𝛽)𝑎𝑑𝑎 =
𝛽𝑐(0)

𝜌 + 𝛽 − 𝑟

∞

0

∞

0

 
(15) 

 

𝐿 = 𝛽∫ 𝑙(𝑎)𝑒−𝛽𝑎𝑑𝑎
𝑔

0

=
𝛽(1 − 𝑙(0))(1 − 𝑒(𝑟−𝛽−𝜌)𝑔)

𝑟 − 𝛽 − 𝜌
+ (1 − 𝑒−𝛽𝑔) 

 

(16) 

 

2.5.  Assets 

From the budget constraint and realization about the aggregate pension transfers and 

earning potential we establish the steady state aggregate stock of actuarial notes, 𝐼:  

𝐼 = 𝛽∫ 𝑒−𝛽𝑎
∞

0

∫ 𝑐(𝜏)𝑒(𝑟+𝛽)(𝑎−𝜏)𝑑𝜏
∞

𝑎

𝑑𝑎 − 𝛽∫ 𝑒−𝛽𝑎
∞

0

𝑝(𝑎)𝑑𝑎

− 𝛽∫ 𝑒−𝛽𝑎
𝑔

0

∫ 𝑤𝑙(𝜏)𝑒(𝑟+𝛽)(𝑎−𝜏)𝑑𝜏
𝑔

𝑎

𝑑𝑎 

By applying the relationship between labour supply and consumption and by 

plugging in aggregate earnings potential and aggregate future stream of pension 

income we arrive at:  

𝐼 = 𝛽∫ 𝑒−𝛽𝑎
∞

0

𝑐(𝑎)

𝜌 + 𝛽
𝑑𝑎 − 𝑃 − 𝐻 +

1 − 𝜀

𝜀
𝛽∫ 𝑒−𝛽𝑎

𝑔

0

𝑐(𝑎)

𝜌 + 𝛽
(𝑒(𝑟+𝛽)(𝑎−𝑔) − 1)𝑑𝑎 

⟺ 𝐼 =
𝐶

𝜌 + 𝛽
− 𝑃 − 𝐻 +

1 − 𝜀

𝜀
𝛽∫ 𝑒−𝛽𝑎

𝑔

0

𝑐(𝑎)

𝜌 + 𝛽
(𝑒(𝑟+𝛽)(𝑎−𝑔) − 1)𝑑𝑎 

Solving the integral, the steady state aggregate stock of assets can be expressed as:  
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 𝐼 =
𝛾

𝜌 + 𝛽
𝐶 − 𝑃 − 𝐻 (17) 

Here, for convenience, we define:  

𝛾 = 1 +
1 − 𝜀

𝜀
(1 −

𝜌 + 𝛽

𝑟
𝑒−𝑔(𝜌+𝛽−𝑟) +

𝜌 + 𝛽 − 𝑟

𝑟
𝑒−𝑔(𝜌+𝛽)) > 1 

Note, that when we abolish the retirement age by making 𝑔 approach infinity, the 𝛾 

expression reduces to 1/𝜀. Adding to this, by abolishing the pension scheme, we arrive 

at the same expression as in the standard Blanchard-Yaari model, i.e., 𝐶 =

𝜀(𝜌 + 𝛽)(𝐼 + 𝐻).  

3. Impact of population ageing and pension reform 

3.1. Effects of demographic ageing 

The effects of ageing in the form of a decrease in mortality and fertility rates are 

now analysed for an agent just entering the labour market at the beginning of their 

economic life (𝑎 = 0)32. This analysis is performed in a steady state perspective only 

and for the razor-edge case, when 𝑟 = 𝜌, though this assumption is relaxed in the 

numerical analysis (below). Under this assumption, agents have perfectly flat 

consumption (and labour supply) smoothing over their life cycle. If we relax this 

assumption and allow 𝑟 > 𝜌, agents plan their life cycle consumption and labour 

supply paths with constant exponential growth when they enter the labour market; The 

existence of backlash effects is not dependent on this assumption. 

An agent entering the labour market chooses his consumption and leisure according 

to:  

 𝑐(0) = 𝜇[𝑝(0) + ℎ(0)] (18) 

                                           

32 Given homogenous agents and zero population growth, the case in point in this section can be 

generalized to any other generation or point in time (if at steady state). 
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 1 − 𝑙(0) =
(1 − 𝜀)

𝜀𝑤
𝜇[𝑝(0) + ℎ(0)] (19) 

We see that any effects on the mandatory retirement age adjustment factor, 𝜇, the 

pension value, 𝑝(0), and earnings potential, ℎ(0), stemming from longevity shifts in 

𝛽 will yield a level impact to consumption and leisure choices. Hence, these types of 

shocks work only through income channels, and not through substitution channels 

between consumption and leisure (see Euler equations 11 and 12 and the absence of 

longevity factors there).  

Starting with the longevity shock related to labour supply on the intensive margin 

for new incoming generations with higher longevity. A decreased hazard rate makes it 

more likely that an individual survives into a (now longer) retirement period. With 

longer life expectancy and a fixed official retirement age, an agent now works for a 

smaller portion of their lifetime. We therefore observe a downwards adjustment to 

consumption-leisure during the working period, compared to a generation of 

individuals with lower longevity.  

Turning to the second effect of the longevity shock, in terms of labour supply effects 

on the intensive margin, the effect of a change in the hazard rate on the present value 

of earnings potential, ℎ(𝑎), is independent of the pension system type, and it reacts 

positively to decreases to the hazard rate, 𝛽. This makes intuitive sense, since a lower 

𝛽 implies that an agent is more likely to survive throughout their working life. This 

makes the agent feel wealthier, resulting in a desire for higher consumption and leisure. 

The third component of the longevity shock is related to labour supply intensity and 

the existence of unfunded pension schemes: The individual values of these pension 

schemes are described by 𝑝(𝑎), and they react negatively to a decreasing 𝛽 for both 

DC and DB pension systems. This is easily seen by noting that the value of an unfunded 

pension system always starts negatively for an agent just entering the labour market, 
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turning positive when the agent reaches the age 𝑎 = 𝑟𝑔 (𝛽 + 𝑟)⁄ . When longevity 

increases, the hazard rate, 𝛽, decreases. That implies that the age at which the value of 

the unfunded pension scheme turns positive for the agent is now higher, which makes 

the value of the pension system even more negative at labour market entry. This has a 

negative impact on consumption and leisure choices. 

Given the different directions of the effect on 𝜇, ℎ and 𝑝 from a decrease in 𝛽, the 

effect of a mortality/fertility reduction on leisure choices (or conversely, labour supply 

choices) can only be asserted with a numerical exercise for all pension types 

(performed below). 

3.2. Increase in the retirement age 

Since a decrease in the hazard rate exerts negative pressure on the pension system, 

a natural pension reform would be to simply increase the retirement age so that the 

portion of working life gets rebalanced. Such a retirement reform is now analysed in a 

steady state context.  

Increasing the official retirement age is analogous to increasing labour supply at the 

extensive margin. This effectively increases the present value of potential future 

earnings, as that will increase the amount of time an agent can work. On the intensive 

margin, however it can have the effect of individuals choosing to alter their work 

intensity. Where unfunded pension systems are concerned, the impact of retirement 

age increase now depends on the type of unfunded pension system in place. 

Basically, when the pension system is of the DC type, an exogenous increase to the 

retirement age will decrease the present value at birth of the pension system, 𝑝(0), 

since the contributions to the pension system are fixed. Additionally, a longer working 

life implies a longer schedule of contributions relative to the expected benefits upon 

retirement. In the DB case, an increase in 𝑔 has a positive effect on 𝑝(0), since the 

amount of contributions necessary to finance the pension system is now lower.  
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The overall effect on the intensity of labour supply is determined by the joint effects 

on both ℎ(𝑎) and 𝑝(𝑎). In the DC case, the overall effect is ambiguous since the effect 

on the value of the pension system is opposite to the effect on earnings potential. In the 

DB case, the increased value of the pension system, when the retirement age is 

increased, goes in tandem with the effects on earnings potential, and always dominates 

the negative extensive margin effects. In the FF scheme, we have 𝑝(0) = 0 and the 

sole effect of the retirement reform is captured by ℎ(0) and 𝜇.  

The conclusion is that, in the DB and the FF case, consumption and leisure (labour 

supply) choices will increase (reduce) when the retirement age is raised for new 

incoming generations. Therefore, in economies operating under DB and FF pension 

systems, we get: 

 
𝜕𝑐(𝑎)

𝜕𝑔
> 0 (20) 

 
𝜕𝑙(𝑎)

𝜕𝑔
< 0 (21) 

A retirement reform aimed at increasing the labour supply on the extensive margin 

will have the unintended effect of lowering the labour supply on the intensive margin 

at steady state. Thus, with DB and FF pension systems, there will always be backlash 

effect to reform, where retirement age increases need to be more-than-proportional 

relative to increases in longevity, in order for intensive margin labour supply to return 

to its previous level. In these cases, agents who are faced with working for more years, 

choose to work less each year. In the DC case, the effect is ambiguous, and the result 

is reverted to the numerical exercise.  

Finally, note that the retirement age does not enter the aggregation of consumption 

at steady state, 𝑐, in any other way than through 𝑐(0). We can therefore conclude, that 

under a DB or an FF pension system, aggregate consumption will necessarily increase 
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as the retirement age increases. But the retirement age makes an extra appearance on 

aggregate labour supply outside of 𝑙(0), as seen in the two exponentials in the equation 

(16). These extra factors react positively to retirement age increases and ensure that 

aggregate labour supply will always increase with the raising of the retirement age, the 

backlash effect does therefore not dominate on the aggregate level. The effects of 

ageing, or a pension reform of increasing the retirement age under DC has ambiguous 

effects on both aggregate consumption and leisure. Again, we come back to this in the 

numerical exercise. 

4. Calibration 

4.1. Baseline 

So far, we have laid out the theoretical building blocks of our model. We now turn 

to a numerical exercise that will allow us to explore the differences and dimensions of 

ageing and reform of the pension system at steady state in the form of a retirement age 

increase. The razor-edge assumption of 𝑟 = 𝜌 will now be relaxed. This numerical 

exercise will be performed for different pension schemes, whether it is FF, unfunded 

with DC or unfunded with DB plans. This analysis quantifies the backlash effects of 

increasing the extensive margin of labour supply. It will also tell us, first, the direction 

of impact from a change in the instantaneous death probability, or hazard rate, on 

leisure choices for all pension types, and second, the direction of the impact on leisure 

of changing the retirement age in the DC case. 

We begin by establishing a baseline calibration: Since 47% of 15-24 year-olds 

participated in the labour market in 2015 (OECD, 2019), we assume agents will enter 

the labour market at the age of 20. The average effective retirement age in the OECD 

was 64 years in 2015 (OECD, 2017), making 𝑔 = 64 − 20 = 44. In terms of the 

hazard rate, 𝛽, we calibrate it to obtain a realistic old-age dependency ratio. The 
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observed dependency ratios in OECD countries in 2015 is 29% (United Nations, 2017), 

which implies 𝛽 = 0.034.33 

The interest rate, 𝑟, is assumed to be 1.8%. This is in line with recent calibration of 

the Blanchard-Yaari model in Benhabib, Bisin and Zhu (2014). The subjective discount 

rate, 𝜌, is set at 1.5% which implies that the condition, 𝑟 > 𝜌 holds. It is thus a case 

where the inhabitants of the economy are relatively patient compared to the outside 

world, implying growing consumption and leisure choices over time. Following 

Heijdra (2003), the relative weight of consumption in leisure is set to 𝜀 = 0.25. 

Furthermore, we normalize the wage rate to one. The average net replacement rate of 

unfunded PAYG pension schemes in the OECD in 201334 was 53.3% of life-time 

labour income (DICE Database, 2015). This results in the steady state lump-sum 

benefit rate of 0.15 and a lump-sum contribution rate of 0.044. 

The baseline calibration is summarized in the table below: 

𝛽 hazard rate 0.034 

𝜌 discount rate 0.015 

𝑟 interest rate 0.018 

𝑔 retirement age 44 

𝑤 wage rate 1 

𝑏 pension benefit rate 0.15 

𝑘 pension contribution rate 0.044 

𝜀 weight of consumption in utility 0.25 

 

                                           

33 Since life expectancy is at every time 1/𝛽 for all members of society (aged 20+), an alternative 

approach would be to calibrate 𝛽 to match average years left of life of all currently living. This turns 

out to be roughly 33 years for the European members of the OECD in 2015 (Eurostat, 2018a, 2018b). 

The baseline calibration is based on a realistic dependency ratio, and it implies an average life 

expectancy of 29.5 years, which resonates with the observed data. 

34 We use year 2013 here since data for year 2015 is missing. 
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Given these parameter values we can calculate the relevant aggregate values for the 

baseline case. We can compare the two cases: with a mandatory PAYG pension 

scheme, and without a mandatory PAYG pension scheme. At this stage we do not make 

a distinction between the DB and DC case as the results are identical. These results are 

summarized in the table below for each pension system: 

  FF pension 

scheme 

PAYG 

pension 

scheme 

𝐶 Aggregate consumption 0.254 0.247 

𝐿 Aggregate labour supply 0.208 0.223 

𝑃 Aggregate pension transfers 0 0.869 

𝐻 Aggregate earnings potential 10.47 10.47 

𝐼 Aggregate assets 2.564 1.347 

 

The introduction of the pension system implies that aggregate consumption and the 

aggregate stock of actuarial notes, or assets, drop significantly. This is due to the 

foregone interest income the agents would have earned if their pension transfers were 

invested instead. Consumption in the FF case is also higher, since the existence of the 

unfunded pension system makes agents poorer. The same reasoning justifies a higher 

labour supply in the DB and DC cases. 

4.2. Fully-funded (FF) pension scheme 

We now look at the effect of increased longevity on the lifecycle path of leisure. We 

simulate the demographic shock by decreasing the value of 𝛽 to 0.025, which 

represents an increase in the average lifespan of 10 years.35 The effects of the longevity 

shock over the lifecycle of an agent is shown in Figure 1 below.  

                                           

35 The implicit assumption here is that the economy will have converged to the new steady state 

after longevity shock and reform in one lifetime. 
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The baseline labour supply is the dashed blue line and the path of labour supply after 

the shock is the yellow line. Agents who are faced with higher longevity substitute 

current consumption and leisure for future consumption. This is a combined result of 

a higher chance of surviving and an expectation of being able to work for longer 

because they’re more likely to survive until retirement, and individuals discounting the 

future less heavily because they are more likely to be alive to enjoy their savings.  

From Figure 1 we can see that the effect of increased longevity on leisure. Leisure 

is subject to a negative shock from increased longevity, such that the negative effects 

in the retirement age adjustment, factor 𝜇 outweigh the increased expectation of 

earnings potential ℎ(0). But as the expected agent lifespan has increased dramatically 

for all age groups, aggregate consumption has risen (see table below). We see an 

increase in aggregate consumption of 1.3%. In this case, there is a hike in the labour 

supply each time of around 4.7% while the agent is working and aggregate labour 

supply drops by 9.3%. This drop is caused by the higher proportion of individuals in 

retirement, where labour supply is 0. 

We now analyse the effects of countering the life expectancy increase with an 

increase in the retirement age.36 We assume that the government attempts to preserve 

the initial demographic structure as it was before the longevity shock took place, in 

that the old-age dependency ratio goes back to its original value. In this case, we choose 

a retirement age increase of 15 years, making 𝑔 equal to 59. The implication with this 

experiment is that, because the new retirement age makes the new old-age dependency 

ratio equal to the original one before the longevity increase, the proportion of life spent 

                                           

36 Again, the results displayed here are for when the retirement age increase has fully matured, 

meaning that the economy is at steady state under the new longevity level and under the new 

retirement age, where everybody in the economy is also under the new retirement age for the entirety 

of their lives. 
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as part of the labour force relative to time spent in retirement remains the same. In this 

case, changes in aggregates stem solely from individual consumption and labour 

supply choices, and not aggregate demographic composition effects. 

When faced with a increase in the retirement age, the new higher longevity agents 

anticipate being able to work longer during their lives, making them less likely to 

survive into retirement compared to the case where the retirement age was unchanged. 

This has the effect of lowering labour supply on the intensive margin and increasing 

consumption at each time, as there is less of a need to save for retirement. The effects 

are summarized in figure 2.  

Figure 1. Life Cycle Path of Labour Supply in a Fully-

Funded System: Baseline and Longevity Shock 

 

Even though aggregate labour supply increases by 6.5%, it does not return to the 

original value before the longevity shock. This is a result of decreased labour supply at 

the intensive margin due to the existence of the backlash effect, which is reflected in a 

reduction on individual labour supply at each point in time of around 3.4%, a result 
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seen in Figure 2 where the yellow line shifts to the dashed green line when the reform 

is implemented. The following table summarizes the aggregates.  

Figure 2. Life Cycle Path of Labour Supply in a Fully-

Funded system: Longevity Shock and Retirement Reform 

 

Again, we see that the effect of a 15-year increase in the retirement age on aggregate 

labour supply has a smaller effect than the longevity shock. Showing this result on a 

smaller scale, in order to arrive at the same labour supply level on the intensive margin, 

an increase in longevity of 1 year should be followed by an approximately 1.6-year 

increase in the retirement age, under the FF pension regime. 

Variable Initial scenario Longevity shock 
Retirement age 

increase 

𝐶 0.254 0.257 0.2262 

𝐿 0.208 0.189 0.201 

𝑃 0 0 0 

𝐻 10.47 9.678 13.12 

𝐼 2.564 3.822 3.376 

Backlash - 𝟒. 𝟕% −𝟑. 𝟒% 
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4.3. Defined-benefits (DB) pension scheme  

We now perform the same experiments for an economy with a DB pension scheme: 

This case has an important consideration: When the size of the retired population 

changes relative to the working population, the lump-sum contributions of the currently 

working automatically change. An agent just entering the labour market will certainly 

experience this change in contributions, but will not necessarily experience the pension 

benefits, since they are not guaranteed to survive until retirement. 

As before, we start by looking at the case of a longevity increase of 10 years. This 

has the effect of increasing the survival probability of all agents. Those entering the 

labour market are now more likely to reach retirement, and those retired are more likely 

to survive longer after retirement. These two factors weigh in the same direction 

causing the lump-sum pension contributions to increase.  

As seen in the FF case, agents are expecting to enjoy a longer retirement, 

incentivising them to increase their labour supply and decrease their current 

consumption in order to finance consumption during retirement. The existence of the 

DB pension scheme introduces a new channel of effects, where the increase in the 

mandatory lump-sum pension contribution due to demographic ageing has the effect 

of making the agents poorer, which further drives them to decrease consumption and 

leisure.  

We see that the negative pension effect dominates the positive earnings potential 

effect when the hazard rate goes down. Hence, if a longevity shock is allowed to fully 

mature in the economy, the intensive margin of labour supply would see an increase of 

8.7% with consumption dropping by 4.1% at each point in time. Aggregate 

consumption would drop by 0.9%, which is a change in the opposite direction relative 

to the effects seen with the FF pension scheme. This is due to the reduced present value 

of the unfunded public pension system at birth, which is not present in the FF case. The 
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lifecycle paths of consumption and leisure for the baseline case and after the longevity 

shock are displayed in Figure 3.  

We now perform the same pension reform of increasing the retirement age by 15 

years, such that the old-age dependency ratio remains the same as before the longevity 

shock took place. The effects of an increase in labour supply on the extensive margin 

has the effect of increasing the relative size of the working population and decreasing 

the retired population by the same amount. In addition to the effects associated with a 

shorter retirement, as traced above in the context of Figure 2, the retirement reform has 

the effect of decreasing pension contributions, since the number of retirees receiving 

pension benefits has shrunk and the number of workers has increased. These two 

effects work in the same direction of lowering lump-sum contributions.  

As a result, the working agents have more disposable income, leading to an increase 

in both consumption and leisure. The backlash effect here, measured again as a 

lowering in labour supply at each point in time, is 6.2%. These effects can be seen in 

Figure 4, below. This effect works in the same direction as the effect of a longer 

working life, but as seen when comparing Figures 2 and 4, the observed backlash 

effects under an unfunded pension scheme are much more pronounced compared to 

the case without them.  

The implication is that the setup of the DB pension system affects the size of the 

backlash effect. When the retirement age is increased, it rebalances the pension scheme 

such that its value for individuals is improved. This in turn further stimulates the 

backlash effect, reducing labour supply on the intensive margin. The following table 

summarizes the aggregates. 
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Figure 3. Life Cycle Path of Labour Supply in a Defined-

Benefits Scheme: Baseline and Longevity Shock 

 

 

Figure 4. Life Cycle Path of Labour Supply in a Defined-

Benefits Scheme: Longevity shock and Retirement Reform 
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Variable Initial scenario Longevity shock 
Retirement age 

increase 

𝐶 0.247 0.245 0.254 

𝐿 0.223 0.212 0.219 

𝑃 0.869 1.310 0.930 

𝐻 10.47 9.678 13.12 

𝐼 1.347 1.873 1.935 

Backlash − 𝟖. 𝟕% −𝟔. 𝟐% 

 

4.4. Defined-contributions (DC) pension scheme  

Finally, we perform our experiment in the setting of a DC pension scheme. The 

effects on the labour supply and consumption decisions of agents when faced with 

demographic ageing or pension reform have a different scale than in the DB scheme. 

As longevity increases the proportional size of the retired population increases, pension 

benefits drop as a result. This has the impact of decreasing the present value of future 

pension transfers at labour market entry. The agent is more likely to reach retirement, 

but when they do, pension benefits are drastically reduced. This causes agents to 

increase their labour supply by approximately the same amount as in the FF case, as 

well as saving more through private saving schemes. This results in the ability to have 

a higher lifetime consumption. This is demonstrated in the table and Figure 5 below. 

When faced with an increase in the retirement age of 15 years, we see a backlash 

effect of reduced labour supply at each point in time of 2.6%. This effect is far smaller 

than in the DB case, and even smaller than in the FF case. The reason is that the increase 

to the retirement age now reduces the value of the pension system to the individual, 

which softens the backlash effect.37 

                                           

37 This effect is dependent on the size of the contributions, but here we begin with the same baseline 

for the DC as in the DB case.   
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Figure 5. Life Cycle Path of Labour Supply in a Defined-

Contributions Scheme: Baseline and Longevity Shock 

 

 

Figure 6. Life Cycle Path of Labour Supply in a Defined-

Contributions Scheme: Longevity Shock and Retirement Reform 
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Once again, this demonstrates how important the existence and type of unfunded 

pension schemes are for the behaviour of the intensive margin of labour supply. 

Whether retirement age increases have negative or positive effects on the value of the 

pension system to an individual just entering the labour market matters in explaining 

the sizes of backlash effects. This explains why the aggregates of longevity shock and 

retirement age reform are the same in the DB and DC cases, but the observed backlash 

effects are nonetheless different. The following table summarizes the aggregates for 

the DC case: 

 

Variable Initial scenario Longevity shock 
Retirement age 

increase 

𝐶 0.247 0.250 0.254 

𝐿 0.223 0.202 0.219 

𝑃 0.869 0.778 0.930 

𝐻 10.47 9.678 13.12 

𝐼 1.347 2.665 1.935 

Backlash − 𝟒. 𝟔% −𝟐. 𝟔% 

 

5. Robustness analysis and further discussion 

We now perform a robustness check on the sensitivity of the observed baseline 

backlash effects to certain key parameters. We continue with a discussion on how the 

lack of certain modelling devices can influence our results. These modelling devices 

are endogenous retirement decisions, realistic mortality and productivity profiles, and 

generalising the CRRA utility function to assume an intertemporal elasticity of 

substitution different than 1. The numerical experiments we perform in the following 

robustness analysis, and the associated parameter changes, are summarized in the 

following table: 
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Experiment Old 

parameter(s) 

New 

parameter(s) 

Increased importance of consumption in 

utility 
𝜀 = 0.25 𝜀 = 0.5 

Debtor nation 

scenario 

Stronger discounting 𝜌 = 0.015 𝜌 = 0.02 

Lower interest rates 𝑟 = 0.018 𝑟 = 0.012 

Higher interest rate 𝑟 = 0.018 𝑟 = 0.024 

Higher pension replacement ratio 53.3% 100% 

 

5.1.  Decreased importance of leisure in utility 

We simulate an economy with a much lower preference towards leisure as opposed 

to consumption. This makes individuals less sensitive to leisure choices, serving as a 

check into how important this sensitivity is to the size of the baseline backlash results. 

We do so by doubling the baseline consumption preference parameter 𝜀 to 0.5. The 

backlash effects, measured by the decrease in labour supply at the intensive margin as 

a response to an increased retirement age, are now summarized for each pension system 

type and put in context of the baseline results: 

Backlash effect:  

Baseline and lower preference for leisure 

Pension 

system 
Baseline case 

Robustness 

case 

FF −3.4% −3.0% 

DB −6.2% −4.8% 

DC −2.6% −2.4% 

 

The robustness checks confirm that the baseline results are not heavily dependent on 

the consumption preference parameter 𝜀 for any of the pension types, especially 

considering the extreme experiment performed here of doubling the parameter. When 

the preference towards consumption is increased, the backlash effects are diminished, 
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since the individual now values consumption more compared to the baseline case, 

making the individual want to work relatively more when the retirement age is 

increased to finance a higher desire for consumption. The differences between pension 

systems are still preserved as in the baseline case for the same reasons. The case with 

the strongest reduction is still the DB case, where the backlash weakened by 1.4 pp. 

Both the FF and DC pension types saw decreases of less than half a percentage point, 

with the DC system seeing the smallest backlash effect of them all. 

5.2. Debtor nation scenario 

We now consider a debtor nation scenario under two different experiments. For the 

first debtor nation scenario, we perform an increase to the subjective discount rate of 

one third, making 𝜌 = 0.02. This makes the discount rate relatively bigger than the 

interest rate, making individuals choose decreasing paths for consumption and leisure 

(see equations 11 and 12). The economy, in turn, becomes one composed of impatient 

individuals, making it a debtor nation. The results are now summarized: 

Backlash effect:  

Baseline and higher time preference 

Pension 

system 
Baseline case 

Robustness 

case 

FF −3.4% −7.5% 

DB −6.2% −10.6% 

DC −2.6% −5.9% 

 

The backlash effects increase dramatically the rise in 𝜌, making the backlash effects 

higher in the order of 3-4 pp. By increasing how much individuals discount the future, 

consumption-leisure choices become stronger during the working period since 𝜇 

increases with 𝜌. Note that the present value of earnings potential and pensions are 

unaffected by changes in 𝜌. The result is an increase in the sensitivity of labour-leisure 

choices to changes in the retirement age. 
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The second debtor nation scenario is performed by reducing the interest rate, 𝑟 by 

one third, making it equal to 0.012. Again, the nation becomes an external debtor, with 

relatively fewer patient individuals. The backlash results are summarized in the 

following table: 

Backlash effect:  

Baseline and lower interest rate 

Pension 

system 
Baseline case 

Robustness 

case 

FF −3.4% −10.2% 

DB −6.2% −12.4% 

DC −2.6% −8.5% 

 

We see that backlash effects are more sensitive to interest rate decreases than to 

increased subjective discount rates. Decreasing the interest rate by one third, doubles 

or even triples the observed backlash effects. The mechanism of action is different 

compared to changes to the subjective discount rate. In this case, when the interest rate 

is reduced, the value of 𝜇 remains the same, but the present value of earnings potential 

and pensions increase. Now, when the retirement age is raised, it produces stronger 

value changes for earnings potential and pension wealth compared to when the interest 

rate was higher. Individuals feel even more wealthy when the retirement age is 

increased, exacerbating the backlash effect when compared to the baseline case. 

 

5.3. Higher interest rate 

We next simulate an economy that has an interest rate one third higher than in the 

baseline case, making the economy a stronger creditor nation, with individuals saving 

more aggressively in the beginning of their lives, choosing steeper consumption-leisure 

paths when compared to the baseline case. The backlash results are: 
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Backlash effect:  

Baseline and higher interest rate 

Pension 

system 
Baseline case 

Robustness 

case 

FF −3.4% −0.2% 

DB −6.2% −2.8% 

DC −2.6% 0.2% 

 

Overall, the more relatively patient individuals are, the weaker backlash effects 

become. The reason is opposite to the case studied just above, where the value of future 

earnings and pension wealth drops with a higher interest rate, which attenuate the 

backlash effects associated with a higher retirement age.  

Interestingly, the backlash effect vanishes in the DC case, where the retirement age 

increase raises individual labour supply on the intensive margin by 0.2%. Backlash 

effects are nonetheless still present in the FF and DB cases. The takeaway is that, if the 

difference between interest rates and subjective discount rates are large enough, 

backlash effects tend to be mitigated or disappear altogether. Though it is important to 

underline that large positive gap between interest rates and subjective discount rates 

are unlikely to be observed in reality, so that our results remain robust for the average 

OECD economy. 

5.4. Stronger unfunded pensions 

We also consider a case where the economy has a 100% unfunded pension 

replacement ratio, as opposed to the baseline scenario of 53.3%. Since the FF situation 

represents the case of 0% replacement rate, it is interesting to reveal the backlash 

effects in the opposite situation as well: 
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Backlash effect:  

Baseline and stronger unfunded pensions 

Pension 

system 
Baseline case 

Robustness 

case 

DB −6.2% −8.5% 

DC −2.6% −1.8% 

Here, the increased volume of inter-generational transfers introduces stronger 

impacts of the individual value of unfunded pensions 𝑝(𝑎) in how wealthy an 

individual feels. As asserted in section 2, when a DB system is in place, a later 

retirement age increases the value of the pension system to the individual. When the 

replacement ratio is 100%, this effect is amplified, so the backlash effects are now 

stronger compared to the baseline case. 

If a DC pension system is in place, a later retirement age reduces the value the 

pension transfers at birth to the agent. That means that, with a higher pension 

replacement ratio, the agent feels even poorer when compared to the baseline scenario 

when the retirement age is increased. This results in diminished backlash effects, as 

seen in the table above. Note that changes to the pension replacement ratio result in 

opposite impacts to the backlash effects. Countries with full public pension 

replacement of the DB type are more vulnerable to backlash effects than countries with 

DC systems. 

5.5. Generalized CRRA utility function 

When considering changing the intertemporal elasticity of substitution from 1 (the 

log case) to a more inelastic setting, it is important to consider that the model as it is, 

has no substitution effect where longevity and the retirement age are concerned, 

meaning that the relative “price” of consumption and leisure remains static when an 

individual now lives for longer or has a longer period to work in. As such, changing 

the intertemporal elasticity should have no relevant impact on the income effects we 

measure. 
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We take the position that the lack of substitution effects, with respect to longevity 

and the retirement age is not a completely unrealistic setting. After all, when thinking 

about one’s lifetime, longevity and retirement issues are more closely related to 

financially planning a longer retirement than to one’s wish to enjoy more or less leisure 

due to a different length of lifecycle. The implication then, is that it is on the level of 

consumption-leisure that the main focus should be placed - and not its intertemporal 

allocation rate - when considering shifts in longevity and retirement age. 

5.6. Realistic mortality profile 

The mortality profile featured in the model is a classic Blanchard-Yaari style 

perpetual youth model where agents face the same mortality risk at all ages. We apply 

a mandatory retirement age, making agents’ proximity to retirement age an important 

aspect when making consumption-savings decisions. In order to portray a fair picture 

of the size of the backlash effect, we calibrated the baseline to fit a dependency ratio 

that is close to those observed in reality, see more details in section 4.  

This does however imply that the age structure of society, both before and after the 

retirement age is not realistic. Agents face a higher probability of dying before 

retirement, and once retired they live longer than observed. The existence of actuarial 

notes mitigates the mortality risk for savings, but pension transfers are not subject to 

any such mitigation. These factors affect the absolute size of the backlash effect, but 

should not change our main results: Namely, the existence of the backlash effect and 

the fact that the set-up of the pension scheme matters.  

5.7. Age-dependent wage profiles 

The model features a flat wage-profile, implying that agents’ productivity is constant 

over their life cycle. The fact is that young and old workers are not perfect substitutes 

in reality. Younger workers might adapt better to new production technologies while 

older workers have more experience.  By applying age dependent wages, the labour 
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supply over the lifecycle would feature a hump shape where agents work more during 

the ages where they are relatively more productive, see equation (10). This in turn 

would have an interesting impact on the backlash effect. As labour supply is increased 

on the extensive margin, those extra years available to the agent are now less 

productive compared to the case with constant wages. 

This implies two things; first, that the size of the backlash effect would be smaller, 

since their lifetime earnings potential is increased to a lesser extent; Second, the 

backlash effect would, in absolute terms, be more pronounced at specific ages due to 

the hump shape of the labour supply. This extension would then invite analysis on how 

different age groups respond to retirement reform.  

5.8.  Endogenous retirement decisions 

Agents in this model are forced out of the labour force at a specific age, at which 

they might want to work for more years. As noted in the introduction, the connection 

between the official and actual retirement age is complex and explained by both social 

and financial factors. An interesting extension to this model would be to allow for 

endogenous retirement. Analysing both the intensive and extensive margin of 

retirement decisions requires a utility function featuring a distinctive mechanism for 

intensive and extensive labour supply decisions. This could, for example, be done by 

applying disutility of work similar to the one currently featured in the model, coupled 

with extra utility from being retired (see for example: Kalemli-Ozcan and Weil (2010)). 

The lifetime utility function could be re-written as: 

𝑢(𝑎) = ∫ 𝜀 ln(𝑐(𝑎)) 𝑒−𝑎(𝜌+𝛽)𝑑𝑎
∞

0

+∫ (ln(1 − 𝑙(𝑎)) (1 − 𝜀) − 𝛾)
𝑔

0

𝑒−𝑎(𝜌+𝛽)𝑑𝑎 

where 𝛾 is disutility from being a part of the labour force. The agent would then 

maximize his lifetime utility based on his consumption profile 𝑐(𝑎), intensive labour 

supply 𝑙(𝑎) and time of retirement 𝑔. This would surely allow for endogenous 
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retirement on both intensive and extensive margins, but also invite a host of questions 

about the set-up of the pension scheme - and how the pension age would be tied to the 

retirement age. In order to provide a realistic response to the actual retirement age when 

the official retirement age increases, as traced in the introduction, some explicit link 

between the two has to be established. We leave this to future work.  

5.9. Proportional pension contributions 

Applying pension contributions proportional to the labour income of the agents is 

another interesting extension. This would establish a link between intensive margin 

labour supply decisions of the agents and the pension scheme. These effects would 

fundamentally change the dynamics of the model: First, equation (10) would change 

to include proportional contributions which would act like taxation; Second, the 

pension system balance would include aggregate labour supply in addition to the 

demographic parameters.  

The representative agent would therefore make labour supply decisions, which 

would in turn affect the balance of the pension scheme, implying either a change in the 

contribution or benefits rates, which would then impact the agent’s labour supply 

choice. This dynamic would lead to changes in the Euler equation of labour supply, 

affecting the shape of the intensive margin of labour supply.  

Having an impact on the intensive margin of labour supply, proportional pension 

contributions would deepen the sophistication of the analysis of the backlash effect. 

The ability to separate the backlash effect into income and substitution effects is one 

possible avenue this extension could provide the analysis with.  We leave this to future 

work.  

5.10. Decreasing returns to labour 

In the analysis, constant returns to scale of labour supply was assumed. Production, 

𝑌, is assumed to be a function of labour supply, 𝐿, and the economy’s technology level, 
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𝜔, which was assumed to be exogenous and potentially time varying. Perfect markets 

imply that wages are set equal to the technology level, 𝑤 = 𝜔. This set-up of the labour 

market implies that wages do not impact an agent’s decisions on labour market 

participation.  

By introducing decreasing (or increasing) returns to scale, the agent’s wages would 

react to changes in the aggregate labour supply, both on the intensive and extensive 

margins. This implies that in a DRS setting, the backlash effect would become greater, 

since as labour supply drops on the intensive margin, the wages per hour worked would 

increase, causing agents less financial loss from reducing their working hours. The 

opposite would hold true in the increasing returns to scale case. 

6. Concluding remarks 

We specify a model of leisure-consumption choices that confirms our insights about 

retirement reform. A reform that aims at increasing the labour supply on the extensive 

margin, will have the unintended effect of decreasing labour supply on the intensive 

margin. This was done in a steady state setting of dynamic efficiency with an unfunded 

pension system, where backlash effects were shown to exist in an analytical setting for 

DB and FF pension schemes. 

We have shown that the type of mandatory pension scheme matters a great deal in 

the context of either increased longevity or an increase in the retirement age. The 

calibration exercises demonstrated how important the design of the pension system is 

when implementing retirement age increases. A feature as simple as DC and DB can 

make a difference to the decision-making process of agents when choosing the 

intensity of labour supply throughout their lives. Basically, whoever pays the 

“longevity bill” matters for how agents react to retirement age increases. In this case, 

the existence and type of pension scheme can either reduce or increase the unintended 
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effects of increased extensive margin labour supply on intensive magin labour supply 

- or as we call it, the backlash effect. 

Through our calibration exercise, we found that the effects under a FF pension 

regime were in line with our insights about labour intensity. In the FF case, changes in 

labour intensity were driven by anticipated length of the working life and retirement.  

By adding a pension system, where pension benefits were contemporaneously covered 

by contributions by the working population, another layer of complexity arose. The 

effects of retirement reform on labour supply increased substantially in the DB case 

compared to the FF case, leading to a relatively large drop in labour supply on the 

intensive margin as a result of an increase on the extensive margin. But in the case of 

DC, the opposite situation occurred, where the backlash effects of pension reform were 

smaller than in the FF case. These differences indeed stem from the existence of an 

unfunded pension scheme, its value to individuals, and how that value changes when 

the retirement age is raised. 

We confirmed the existence of backlash effects under different calibration exercises. 

Our results are generally robust to changes in leisure preferences. In terms of the 

interplay between interest rates and subjective discount rates, a key relationship for our 

results, we conclude that debtor nations, where individuals have stronger subjective 

discount rates compared to the world interest rate, have more pronounced backlash 

effects. A one third increase (decrease) to the subjective discount rate (interest rate) 

yields two to three times stronger backlash effects. In the case of an even more relative 

patient economy, making it more of a creditor nation compared to the baseline, the 

backlash effects tend to be mitigated. 

The lesson to take from this study is that pension rebalancing reforms aimed at either 

indexing retirement age increases in a one-to-one manner with respect to increases in 

life expectancy or increasing the retirement age to preserve the same old-age 
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dependency ratio, may fall short from accomplishing their goals at steady state. 

Increases to the retirement age must be more-than-proportional with respect to 

increases in longevity and need to account for the type of pension system in place.  

For countries running DB unfunded schemes, increases to the retirement age should 

most likely be much stronger relative to expected longevity increases, when compared 

to other pension system types. Complimentary pension reforms should therefore be 

explored. The situation looks much more benign for DC pension systems, where 

retirement age increases seem to create relatively weak backlash effects. This pension 

system type is much more robust to retirement age increases where intensive margin 

labour supply responses are concerned. 

Given the results presented here, a further look into these backlash results is 

warranted, where other features should be considered. Future work should consider 

features such as endogenous retirement decisions, realistic mortality, wage profiles and 

proportional taxation. We acknowledge that the addition of these features would 

provide a more accurate measurement of the backlash effects. The question of 

economic transition to the new steady state is also a relevant one, which this paper does 

not answer.  
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1. Introduction 

Everything points towards an increase in life expectancy for the elderly, i.e., 

individuals aged 65 and above. A typical estimate today is that the remaining life 

expectancy for a 65-year old will increase by a year every ten years (OECD, 2017). 

This raises a number of economic issues: One concerns public finances, which will 

come under pressure as pension and elderly care expenses increase. Therefore, the 

practice of linking pension age to life expectancy has become quite common (Jensen 

et al., 2019).  

While simple and logical, such longevity indexation rules pose a number of 

challenges. One of them, and the theme addressed in this paper, is that they are 

designed in terms of average measures. In Denmark, for example, the official pension 

age increases in line with changes in average longevity (Andersen, 2015). However, 

differences in life expectancy between high- and low-education workers, or high-

income and low-income workers, as well as between men and women, are well known. 

Therefore, changes in the pension age based on an increase in average life expectancy 

may affect different socioeconomic groups differently. Such intra-generational 

differences may have important implications for lifetime utility for different groups in 

society.  

Therefore, if average figures are calculated over a highly heterogeneous population, 

longevity indexation may widen inequality among the elderly. Such unintended effects 

may seriously jeopardize the egalitarian objectives pursued by, say, Nordic welfare 

states. For example, if longevity indexation would reduce lifetime utility of blue-collar 

workers with health issues, due to wearing-out following a long working-life with 

physically demanding routine work, unlike that of white-collar workers with a long 

education and a shorter working-life, the broad political support behind longevity 

adjustment might well gradually disappear.    
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In this paper, we study these issues in further detail. Our key theme is the 

implications of a longevity-indexed pension age in an economy where some segments 

of the population live longer than others, in order to explore whether a longevity-

indexed pension age implicitly leads to intra-generational disparities. We believe this 

fills an important gap in the academic literature. While a few papers have addressed 

aspects related to intergenerational redistribution following the introduction of 

longevity adjustment (see, e.g., Andersen, 2010; Jensen and Jørgensen, 2008), the 

intra-generational dimension has, to our best knowledge, not been studied as 

extensively so far.  

In a recent paper, Laun et al. (2019) study possible retirement reforms in Norway 

intended to achieve solvency of social security in the face of population ageing taking 

into account both efficiency and equity across education groups. They find that 

proportionally lowering old-age retirement benefits as well as disability benefits 

maximizes average welfare of all education groups although it generates inequality in 

that recipients of disability benefits are more adversely affected. Auerbach et al. (2017) 

study the effects of Social Security and Medicare on intra-generational equity in the 

U.S. They compare changes in average lifetime benefits received by men in the highest 

and lowest income quintiles between the 1930 and the 1960 birth cohorts and find that 

the difference widens considerably over this period.38 In an earlier paper, Fuster et al. 

(2003) used an overlapping-generations model to study the heterogeneity in the value 

households assign to the insurance role of unfunded social security due to differences 

in mortality risk.39  

                                           

38 The present value of lifetime benefits at age 50 is equal for those in the highest and lowest 

quintile of lifetime income for the 1930 cohort while for the 1960 there is a $130,000 gap in benefits. 
39 Households where the children pay high taxes and the father has the shortest lifetime tend to 

dislike social security. They like it most when the father is transferring income to his children and 

facing borrowing constraints.  
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We contribute to this literature by deriving a continuous-time model to show the 

intra-generational effects of an unfunded pension scheme; how linking the pension age 

to average life expectancy magnifies these intra-generational effects by increasing the 

negative effect on the lifetime utility of those who have short life expectancy; and to 

show the effect of changes in the income distribution between those with long and short 

life expectancy on the intra-generational effect of such unfunded pension schemes.  

From here, the paper proceeds as follows: We start by providing some additional 

evidence of differences in life expectancy in Denmark of observably different groups 

of individuals. We then derive an overlapping-generations model for groups that differ 

in life expectancy but face a common pension age. Next, we use the model to explore 

the externalities between the groups associated with their differing life expectancies 

and provide policy recommendations. Thereafter, we calibrate our model based on the 

different life expectancy of, respectively, blue-collar and white-collar workers in order 

to get an estimate of the effect of the common pension age on the utility of different 

socio-economic groups. Finally, we summarize our findings, point out some 

implications for social and pension policy, and make suggestions for future research.  

2. Heterogeneous life expectancy 

In order to set the scene for this paper, we provide some additional evidence of 

differences in life expectancy of observably different groups of individuals who share 

the same system of a (flow) state pension or belong to the same pension fund. The 

example that may first come to mind is that of men and women.  Differences in the life 

expectancy of men and women are well known and widely documented. The United 

Nations published data on developed and developing countries in 2015 where 

significant differences can be seen, with women having longer life expectancy than 

men. Thus, the life expectancy for men is 80.9 in Japan, 79.4 in Spain, 81.9 in Sweden 

and 80.0 in Denmark while the corresponding numbers for women are 86.6 in Japan, 
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85.1 in Spain, 83.7 in Sweden and 81.9 in Denmark (United Nations, 2015). But these 

numbers also reflect infant mortality, which is not a part of the issues addressed in this 

paper. According to the OECD, the life expectancy at age 65 for men in these countries 

is 19.6 in Japan, 19.4 in Spain, 19.1 in Sweden and 18.2 in Denmark while the 

corresponding numbers for women are 24.4 in Japan, 23.6 in Spain, 21.5 in Sweden 

and 20.8 in Denmark  (OECD, 2019). Thus, a woman at age 65 can expect to live 4.8 

more years than a man in Japan, 4.2 in Spain, 2.4 in Sweden and 2.6 in Denmark.  

 There are also differences in life expectancy across income groups. Table 1 shows 

life expectancy in Denmark at age 60 by income quantiles. The difference between the 

life expectancy of men in the top and bottom income group at age 60 was 5.9 years in 

1996 and grew to 6.0 years in 2016.  Similar numbers for women are 5.2 years in 1996 

and 3.8 years in 2016. Thus, the gap between low-income and high-income women 

was becoming smaller while the gap for men increased slightly. 

Table 1. Life expectancy at 60 by income quantiles, 

Denmark 

  Q1 Q2 Q3 Q4 

 Men 

1996 14.9 17.6 18.9 20.8 

2016 18.9 21.3 23.1 24.9 

 Women 

1996 18.8 21.7 22.4 24.0 

2016 23.5 23.9 24.9 27.3 

Source: Danish Ministry of Finance. 

In addition, there are differences between skill groups. Table 2 illustrates life 

expectancy at 60 by skill groups in Denmark. 

 

 

 

 



 

116 

Table 2. Life expectancy at 60 by education, Denmark 

  Unskilled Skilled 

Shorter 

higher 

education 

Longer 

higher 

education 

Men 

2002 18.5 19.1 20.5 21.4 

2016 20.6 22.0 23.3 24.0 

Women 

2002 21.8 22.8 23.6 23.8 

2016 23.8 25.2 26.0 26.3 

Source: Danish Ministry of Finance. 

 

Comparing with income groups, the differences are smaller. For men, the difference 

in life expectancy between those having longer higher education and those who are 

unskilled was 3.4 years in 2016 and 2.9 years in 2002. For women, the difference was 

2.5 years in 2016 and 2.0 years in 2002. In this case, the gap between the two groups – 

those unskilled and those with long higher education – is becoming larger. This trend 

is not necessarily a recent trend, based on Danish registry data Brønnum-Hansen and 

Baadsgaard (2012) find that the social life expectancy gap in Denmark has widened 

since 1987. 

Not surprisingly, the differences between the life expectancy of high-income and 

low-income workers are larger in the US. In an early study, Kitagawa and Hauser 

(1973) found significant difference in 1969 mortality by education. Waldron (2007) 

found differences in life expectancy of the rich and the poor in the US and that this is 

a gradient across the socioeconomic scale. More recently, Chetty et al. (2016) showed 

that the life expectancy of the richest 1 percent in the U.S. is 14 years longer than that 

of the poorest 1 percent and the top income quartile can expect to live about a decade 

longer than the bottom quartile.  These are much bigger differences than those found 

for Denmark (see Table 1).  
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Furthermore, both studies have found that the spread in life expectancy between 

income groups is increasing.  Case and Deaton (2017) find an increase in mortality and 

morbidity among white non-Hispanic Americans in midlife (35-59) since the 

beginning of this century, continuing until at least 2015 due to increases in drug 

overdoses, suicides and alcohol-related liver mortality. Case and Deaton attribute this 

development to progressively worsening labour market opportunities of whites with 

low levels of education at the time of entry into the labour market, which is magnified 

by the over prescription of opioids and other drugs. Educational differences in 

mortality among whites are increasing to such an extent that mortality has risen for 

those without a college degree while decreasing for those with a college degree.  

The gap between income groups is evidently not as wide in Europe. The OECD 

(2017) reported that the average gap in life expectancy in Europe between those with 

tertiary education and those below upper secondary education is 2.7 years. For 

example, the gap is only 1.5 years for Denmark. Moreover, Case and Deaton show how 

mortality rates have continued to drop in Europe, especially for those with lower levels 

of education. Thus, European countries had an average rate of decline of age-adjusted 

mortality of 2.0 percent per year between 1990 and 2015, while non-Hispanic whites 

without a college degree in the US saw that same decline only until the late 1990s, 

when mortality started to increase for those without a college degree. 

Differences in longevity also exist between a wide array of other social groups, such 

as those defined on the basis of race, country of origin in the case of immigrants, 

professions, and so forth. However, in this paper we will calibrate our model for socio-

economic groups since they are an obvious example of groups that pay the same 

amount into pension schemes but have different life expectancies.  
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3. A model with overlapping generations and a heterogeneous population 

In this section, we explore the implications of differences in longevity across groups 

and lifetime utility when there is a common pension age for the whole population. We 

set up an overlapping generations (OLG), stated in continuous time, and with a 

heterogeneous population based on Andersen and Gestsson (2016) and Gestsson and 

Zoega (2018). We, as well as these two papers, depart from Blanchard (1985) by 

assuming that the probability of dying increases with age. Thus, the old differ from the 

young in facing a higher probability of death and there is a maximum possible age for 

every cohort. 

We depart from the basic model in Andersen and Gestsson (2016) by introducing a 

more realistic mortality profile and splitting the population into two heterogeneous 

groups. In that paper, no one dies before reaching pension age and thereafter, the size 

of a cohort gradually reduces until no one is left. In contrast, we start with data on 

actual mortality profiles and calibrate our theoretical model to fit this profile. In 

addition, and this is the key contribution of our paper, one half of the population, 

denoted by 𝐻, enjoys high life expectancy, while the other half, denoted by 𝐿, suffers 

low life expectancy. Agents can choose when to retire, making consumption and saving 

decisions while paying into a pay-as-you-go (PAYG) pension scheme. When they 

reach the pension age, they becomes eligible for pension benefits. After retirement, 

they consume based on their savings and pension transfers. Agents can die at any time, 

but their instantaneous death probability, or hazard rate, is dependent on their age and 

societal group. The maximum age possible is 𝐴. We can then use the model to explore 

the effect of increased longevity of one group on the lifetime utility of the other, the 

effect of changes in the pension age on the utility of both groups, and, finally, the effect 

of changes in the income of both groups on their lifetime utility. 
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3.1.  Age-dependent death probability 

The cumulative distribution function (CDF) captures the chance of being dead at age 

𝑎, where 𝑖 ∈ {𝐻, 𝐿}. The superscript denotes which group each agent belongs to. We 

adopt the realistic mortality structure introduced by Boucekkine et al (2002). The CDF 

of time of death (D) takes the following form: 

 
𝛷𝑖(𝑎) = Pr(𝐷 ≤ 𝑎) = ∫ 𝜑𝑖(𝐷)𝑑𝐷 =

𝑒𝜇1
𝑖 𝑎 − 1

𝜇0
𝑖 − 1

𝑎

𝐷

, 𝑖 = 𝐻, 𝐿 (1) 

The parameters 𝜇0
𝑖 > 1 and 𝜇1

𝑖 > 0 determine the shape of the CDF. An increase in 

𝜇0
𝑖  makes the denominator of the CDF greater, proportionally increasing the probability 

of being dead at each age. Importantly, any change in 𝜇1
𝑖  has an age-dependent positive 

effect on the numerator. Therefore, a manipulation of both parameters allows us to 

change the slope and reach of the CDF, effectively creating a mortality profile that 

closely resembles reality, see Figure 1. Equation (1) can be used to approximate the 

empirical survival curves shown in Figure 3. In general, we have to assume that the 

group that suffers from a shorter expected lifespan has either a lower value of 𝜇0
𝑖  or a 

higher value of 𝜇1
𝑖  (or both) than the high longevity group.  

From the CDF we can find that the chance of being alive at a given age, 𝑎, denoted 

by 𝑚𝑖(𝑎), is:  

 
𝑚𝑖(𝑎) = 1 − 𝛷𝑖(𝑎) =

𝜇0
𝑖 − 𝑒𝜇1

𝑖𝑎

𝜇0
𝑖 − 1

 (2) 

The maximum age for each group, 𝐴𝑖 = ln(𝜇0
𝑖 ) /𝜇1

𝑖 , can be found through the CDF. 

We see that the chance of being alive is strictly decreasing and strictly concave at an 

increased age.  

𝜕𝑚𝑖(𝑎)

𝜕𝑎
< 0    𝑎𝑛𝑑  

𝜕2𝑚𝑖(𝑎)

𝜕𝑎2
< 0 
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Figure 1. Cumulative distribution function of time of 

death 

 

The probability density function (PDF) of death, is found by differentiation:  

 
 𝜑𝑖(𝑎) =

𝜇1
𝑖 𝑒𝜇1

𝑖 𝑎

𝜇0
𝑖 − 1

 (3) 

These functions are depicted in Figure 2 along with a hypothetical pension age, P, 

and the maximum possible age A.  

Figure 2.  Mortality over the lifespan 
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3.2.  Private insurance/pension system 

In line with (Yaari, 1965), we introduce an actuarially fair insurance company that 

provides agents with actuarial notes. The purchaser of an actuarial note gets a constant 

stream of payment until his death. The notes are in a sense an annuity, which, at the 

time of the purchaser's death, leave the insurance company free of any obligations. This 

mitigates the loss of utility caused by the uncertainty of death, as all of the agent’s 

private assets are held in these notes.  These notes pay the rate 𝑟𝑖(𝑎) =

∫ 𝑟 + 𝛽𝑖(𝑧)𝑑𝑧
𝑎

0
, where 𝛽𝑖(𝑧) is the instantaneous death probability of agent aged 𝑎:  

 
𝛽𝑖(𝑎) =

 𝜑𝑖(𝑎)

1 − 𝛷𝑖(𝑎)
=

𝜇1
𝑖 𝑒𝜇1

𝑖 𝑎

𝜇0
𝑖 − 𝑒𝜇1

𝑖 𝑎
 (4) 

Here, the small open economy setting, where 𝑟 is exogenous, has been adopted. 

Equation (4) implies the insurance company can observe which group each agent 

belongs to, paying group 𝐿 a higher rate of return, because their instantaneous death 

probability is higher than those of group 𝐻. Therefore, assets held in these notes can 

be interpreted as a private pension fund or a life insurance policy. From this we get the 

rate of return: 

 
𝑟𝑖(𝑎) = ∫ 𝑟 + 𝛽𝑖(𝑧)𝑑𝑧

𝑎

0

= 𝑎𝑟 − ln (𝜇0
𝑖 − 𝑒𝜇1

𝑖𝑎) + ln(𝜇0
𝑖 − 1) (5) 

which implies: 𝑒−𝑟
𝑖(𝑎) = 𝑒−𝑎𝑟

𝜇0
𝑖−𝑒𝜇1

𝑖 𝑎

𝜇0
𝑖−1

= 𝑒−𝑎𝑟𝑚𝑖(𝑎). 

It can directly be observed that the mortality profile influences the rate of return and 

therefore plays a key role in the consumption-saving decisions of agents.  

3.3.  Beveridgean-type public PAYG pension system 

Agents are forced to pay into a government-run PAYG pension scheme. Contrary to 

the private insurance company, the government, and therefore this pension scheme, 

cannot “see” which group each agent belongs to. So, all agents pay the same amount 
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into the PAYG system while contributing and receive identical pension benefits after 

reaching the pension age, providing that the agent is alive. This system represents the 

social security system of the economy.  

The pension system is run on a balanced budget basis:  

 
Π =

Τ𝑁𝑐
𝑁𝑏

 (6) 

Here we operate in the defined contributions (DC) case, where we treat pension 

benefits, 𝛱, as endogenous, implying a defined contribution scheme, and the pension 

contributions, 𝛵, as exogenous. Conversely, in the defined benefits (DB) case, we treat 

pension contributions as endogenous and the benefits as exogenous. Here both groups 

pay the same amount into the pension scheme. In section 5 we will wage-index the 

pension transfers and allow for an asymmetric income distribution. For simplicity, we 

start with a uniform income across the groups causing any wage-indexation to yield 

identical results as in the case where the groups pay the same dollar-amount.    

The subscript denotes which group an agent belongs to; 𝑁𝑏 and 𝑁𝑐 represent the 

number of pension benefits recipients and contributors, respectively. 𝑃 represents the 

pension age. We can find the number of contributing agents and agents receiving 

benefits from the pension scheme:  

  𝑁𝑐 = 𝑁𝑐
𝐿 +𝑁𝑐

𝐻 = 𝜎∫ 𝑚𝐿(𝑎)𝑑𝑎
𝑃

0
+ (1 − 𝜎)∫ 𝑚𝐻(𝑎)𝑑𝑎

𝑃

0
 

  = 𝜎
𝑒𝜇1

𝐿𝑃−𝑃𝜇1
𝐿𝜇0

𝐿−1

𝜇1
𝐿−𝜇1

𝐿𝜇0
𝐿 + (1 − 𝜎)

𝑒𝜇1
𝐻𝑃−𝑃𝜇1

𝐻𝜇0
𝐻−1

𝜇1
𝐻−𝜇1

𝐻𝜇0
𝐻   

(7) 

  𝑁𝑏 = 𝑁𝑏
𝐿 +𝑁𝑏

𝐻 = 𝜎∫ 𝑚𝐿(𝑎)𝑑𝑎
𝐴𝐿

𝑃
+ (1 − 𝜎) ∫ 𝑚𝐻(𝑎)𝑑𝑎

𝐴𝐻

𝑃
 

 = 𝜎
𝜇0
𝐿−ln(𝜇0

𝐿)𝜇0
𝐿−𝑒𝜇1

𝐿𝑃+𝑃𝜇1
𝐿𝜇0

𝐿

𝜇1
𝐿−𝜇1

𝐿𝜇0
𝐿 + (1 − 𝜎)

𝜇0
𝐻−ln(𝜇0

𝐻)𝜇0
𝐻−𝑒𝜇1

𝐻𝑃+𝑃𝜇1
𝐻𝜇0

𝐻

𝜇1
𝐻−𝜇1

𝐻𝜇0
𝐻  

(8) 
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We impose 0 < 𝜎 < 1, where 𝜎 and 1 − 𝜎 are the proportional size of the new-born 

cohorts of group 𝐿 and 𝐻, respectively. Agents in this economy are continuously dying 

and new agents are continuously being born. The whole population is of size: 

 𝑁 = 𝑁𝐿 +𝑁𝐻

= 𝜎
𝜇0
𝐿 − ln(𝜇0

𝐿) 𝜇0
𝐿 − 1

𝜇1
𝐿 − 𝜇1

𝐿𝜇0
𝐿 + (1 − 𝜎)

𝜇0
𝐻 − ln(𝜇0

𝐻) 𝜇0
𝐻 − 1

𝜇1
𝐻 − 𝜇1

𝐻𝜇0
𝐻  

(9) 

Population size is therefore dependent on the life expectancy of each group. 

Naturally, the population size is not a function of the pension age and is not affected 

by the pension system. However, the structure of the pension scheme depends on the 

demographic structure.  

3.4.  Utility maximization 

Agents maximize expected lifetime utility: 

 
𝐸(𝑈) = ∫ 𝑒−𝛿𝑎𝑚𝑖(𝑎)𝑢(𝑐(𝑎))

𝐴𝑖

0

𝑑𝑎 +∫ 𝜔𝑒−𝛿𝑎𝑚𝑖(𝑎)𝑑𝑎
𝐴𝑖

𝑅𝑖
 (10) 

Where 𝑢(𝑐(𝑎)) is utility derived from consumption at age 𝑎, utility derived from 

leisure during retirement is denoted by 𝜔 and 𝛿 is the discount rate. We assume that 

the agent can choose between two alternatives, either he works full time or is retired 

and doesn’t work at all. The agent decides when to retire from the labour force but once 

retired, the agent cannot transition back into the workforce. This setup of utility during 

retirement is in the style of Kalemli-Ozcan and Weil (2010).  

The lifetime budget constraint becomes: 

 ∫ 𝑦𝑖
𝑅𝑖

0
𝑒−𝑟

𝑖(𝑎)𝑑𝑎 + ∫ Π𝑒−𝑟
𝑖(𝑎)𝑑𝑎

𝐴𝑖

𝑃
= ∫ 𝑐(𝑎)

𝐴𝑖

0
𝑒−𝑟

𝑖(𝑎)𝑑𝑎 + ∫ Τ
𝑃

0
𝑒−𝑟

𝑖(𝑎)𝑑𝑎 (11) 

Notice that while the retirement age, 𝑅𝑖, is endogenous the pension age, 𝑃, is 

exogenous. The agent cannot decide the rules of the pension scheme, but he can decide 
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when to retire. Here 𝑦𝑖 is the income of agents. The first order condition of the utility 

maximization problem w.r.t. 𝑐(𝑎) yields: 

  𝑒−𝛿𝑎𝑚𝑖(𝑎) 𝑢′(𝑐(𝑎)) = 𝛾𝑒−𝑎𝑟𝑚𝑖(𝑎) (12) 

where 𝛾 is the Lagrange multiplier. By assuming the real interest rate, 𝑟, equals the 

subjective rate of time preference, 𝛿, we get:40 

 𝑢′(𝑐(𝑎)) = 𝛾     ∀𝑎 ∈ [0, 𝐴𝑖] (13) 

which implies: 𝑐(𝑎) = 𝑐𝑖     ∀𝑎 ∈ [0, 𝐴𝑖]. 

Finally, from this realization, the budget constraint, and applying the identity of the 

PAYG-pension system (Π =
Τ𝑁𝑤

𝑁𝑜
), we get that each agent consumes according to: 

𝑐𝑖∫ 𝑒−𝑎𝑟
𝐴𝑖

0

𝑚𝑖(𝑎)𝑑𝑎

= 𝑦𝑖∫ 𝑒−𝑎𝑟𝑚𝑖(𝑎)𝑑𝑎
𝑅𝑖

0

− Τ∫ 𝑒−𝑎𝑟
𝑃

0

𝑚𝑖(𝑎)𝑑𝑎

+
Τ𝑁𝑤
𝑁𝑜

∫ 𝑒−𝑎𝑟𝑚𝑖(𝑎)𝑑𝑎
𝐴𝑖

𝑃

 

(14) 

By rearranging we arrive at: 

 

𝑐𝑖 = yi
∫ 𝑒−𝑎𝑟𝑚𝑖(𝑎)𝑑𝑎
𝑅𝑖

0

∫ 𝑒−𝑎𝑟
𝐴𝑖

0
𝑚𝑖(𝑎)𝑑𝑎

− Τ
∫ 𝑒−𝑎𝑟
𝑃

0
𝑚𝑖(𝑎)𝑑𝑎

∫ 𝑒−𝑎𝑟
𝐴𝑖

0
𝑚𝑖(𝑎)𝑑𝑎

+
Τ𝑁𝑤
𝑁𝑜

∫ 𝑒−𝑎𝑟
𝐴𝑖

𝑃
𝑚𝑖(𝑎)𝑑𝑎

∫ 𝑒−𝑎𝑟
𝐴𝑖

0
𝑚𝑖(𝑎)𝑑𝑎

 

(15) 

                                           

40 We can do this, as we are not interested in the lifetime consumption path of each group, but 

rather the total lifetime consumption of each group. 
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The consumption of the agent is dependent on the relative portions of his expected 

lifetime spent working, captured by the first fraction in equation (15), time spent 

contributing to the pension scheme, captured by the second fraction, and time spent 

receiving pension benefits, captured by the last fraction. When planning his 

consumption, the agent accounts for his contributions to the pension scheme and 

expected pension benefits later in life, both of which are influenced by the demographic 

structure of society. Therefore, the agent has to account for his own life expectancy 

and the life expectancy of the whole population when making consumption decisions.  

The old-age dependency ratio dictates the contributions/benefits structure of the 

pension scheme. This is an obvious way in which the demographic structure of society 

influences the consumption plan of the agent. These effects are analyzed in sections 

4.1 and 4.2. More subtly, as the pension age is uniform across the population, any 

changes in the life expectancy of one group will raise the average life expectancy of 

the whole population, which might lead to a rise in the pension age. In sections 4.3 and 

4.4 we elaborate further on the implications of pension age increases.   

4. Experiments 

Having presented our analytical framework, we next study some of the results that 

can be derived from it. We concentrate on longevity shocks and changes in the pension 

age.  

4.1.  Asymmetric longevity shock 

We now turn our attention towards the implications of increased longevity by 

deriving the effect of a widening of the gap between the life expectancies of the two 

groups. The widening of the gap between the life expectancies of the two groups can 

either manifest itself in a lowering of 𝜇1
𝐻 or increases in 𝜇0

𝐻 causing the high longevity 

group (𝐻) to live even longer. 
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We begin by lowering 𝜇1
𝐻 and keep 𝜇0

𝐻, 𝜇1
𝐿, 𝜇0

𝐿 and 𝑃 constant. This rise will 

therefore not affect the mortality profile of the 𝐿 group but will change the consumption 

pattern of the 𝐿 group through the pension system. 

 𝜕𝑁𝑐

𝜕𝜇1
𝐻 = (1 − 𝜎)

𝑒𝜇1
𝐻𝑃(1 − 𝑃𝜇1

𝐻) − 1

(𝜇1
𝐻)2(𝜇0

𝐻 − 1)
< 0 (16) 

 𝜕𝑁𝑏

𝜕𝜇1
𝐻 = (1 − 𝜎)

𝜇0
𝐻 − ln(𝜇0

𝐻) 𝜇0
𝐻 − 𝑒𝜇1

𝐻𝑃(1 − 𝑃𝜇1
𝐻)

(𝜇1
𝐻)2(𝜇0

𝐻 − 1)
< 0 (17) 

We are not only interested in the effect on each population, but also the effect on the 

ratio of pensioner to contributors. We find that the contributing population grows more 

than the pensioner population when we raise longevity via 𝜇1
𝐻. This implies that 

pension benefits will decrease for both groups. Therefore, group 𝐿 will receive a lower 

return for their contributions, because the drop in pension benefits is not caused by an 

increase in their own lifespan. The expected lifetime consumption of members of the 

𝐻 group will rise, since their expected pension benefits will increase because of their 

increased life expectancy. Therefore, a positive longevity shock on one group has a 

negative financial effect on the other. 

We can also simulate the asymmetric shock by increasing 𝜇0
𝐻 while keeping all other 

parameters in the mortality profile, 𝜇1
𝐻, 𝜇0

𝐿 and 𝜇1
𝐿, and the pension age, 𝑃, constant.  

 𝜕𝑁𝑐

𝜕𝜇0
𝐻 = (1 − 𝜎)

𝑒𝜇1
𝐻𝑃 − 𝑃𝜇1

𝐻 − 1

𝜇1
𝐻(𝜇0

𝐻 − 1)2
> 0 (18) 

 𝜕𝑁𝑏

𝜕𝜇0
𝐻 = (1 − 𝜎)

𝜇0
𝐻 + 𝑃𝜇1

𝐻 − ln(𝜇0
𝐻) − 𝑒𝜇1

𝐻𝑃

𝜇1
𝐻(𝜇0

𝐻 − 1)2
> 0 (19) 

We observe the same effects in this case; the expected lifetime consumption of the 

𝐻 group increases at the cost of the 𝐿 group.  
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4.2. Population shock 

We have seen that the longevity of one group has an effect on the welfare of the 

other through the PAYG scheme. This welfare effect depends on the relative sizes of 

the 𝐻 and 𝐿 groups. Let’s define the PAYG equality, from equation (6), as 41  

 
Π = Τ

𝑁𝑐
𝑁𝑏
= Τ

𝜎�̃�𝑐
𝐿 + (1 − 𝜎)�̃�𝑐

𝐻

𝜎�̃�𝑏
𝐿 + (1 − 𝜎)�̃�𝑏

𝐻
 

(20

) 

 where: �̃�𝑐
𝐿 ≡ ∫ 𝑚

𝐿(𝑎)𝑑𝑎
𝑃

0
, �̃�𝑏

𝐿 ≡ ∫ 𝑚
𝐿(𝑎)𝑑𝑎

𝐴
𝐿

𝑃
, �̃�𝑐

𝐻 ≡ ∫ 𝑚
𝐻(𝑎)𝑑𝑎

𝑃

0
 and �̃�𝑏

𝐻 ≡ ∫ 𝑚
𝐻(𝑎)𝑑𝑎

𝐴
𝐻

𝑃
.   

Now we can see what happens to the PAYG benefits (or contributions in the DB 

case) when the relative sizes of the group changes: 

 
∂Π

𝜕𝜎
= Τ

(�̃�𝑐
𝐿−�̃�𝑐

𝐻)(𝜎�̃�𝑏
𝐿+(1−𝜎)�̃�𝑏

𝐻)−(�̃�𝑏
𝐿−�̃�𝑏

𝐻)(𝜎�̃�𝑐
𝐿+(1−𝜎)�̃�𝑐

𝐻)

(𝜎�̃�𝑏
𝐿+(1−𝜎)�̃�𝑏

𝐻)
2 > 0 (21) 

The sign of equation (21) can be determined by solving the numerator:  

(1 − 𝜎)�̃�𝑐
𝐿�̃�𝑏

𝐻 + 𝜎�̃�𝑐
𝐿�̃�𝑏

𝐻 − (1 − 𝜎)�̃�𝑐
𝐻�̃�𝑏

𝐿 − 𝜎�̃�𝑐
𝐻�̃�𝑏

𝐿 =
�̃�𝑏
𝐻

�̃�𝑐
𝐻
−
�̃�𝑏
𝐿

�̃�𝑐
𝐿
> 0 (22) 

This implies that when the size of the 𝐿 group increases, the pension benefits for 

both groups increase. This is due to the fact that the 𝐿 group pays proportionally more 

into the PAYG scheme than it receives as benefits. So, as the number of 𝐿 agents 

increases, there are proportionally fewer long-lived agents who collect benefits in old 

age. Because the PAYG scheme is balanced at each time, this translates into either a 

drop in the contributions, 𝛵, in the DB case or a rise in the benefits, 𝛱, in the DC case 

as described in equation (21).  

                                           

41 To analyze the effect on the size of one group on the pension transfers we have separated 𝜎 from 

the definition of the relative size of each population group, see equations (7) and (8).  
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This implies that when the 𝐻 group gets smaller the remaining members get even 

richer through the PAYG scheme. Conversely, as the 𝐿 group gets smaller its members 

are even worse off.  

4.3.  Rise in the pension age  

Having derived the effects of a longevity shock we now turn to changes in the 

pension age. At first glance, we see that the probability of surviving until the pension 

age is always lower for members of the 𝐿 group than the 𝐻 group. Furthermore, by 

differentiation of the survival chance, we get:  

 𝜕𝑚𝑖(𝑃)

𝜕𝑃
= −

𝜇1
𝑖 𝑒𝜇1

𝑖𝑃

𝜇0
𝑖 − 1

< 0 (23) 

From this expression, we see that any change in the pension age will have a greater 

impact on the probability of reaching the pension age on members of the 𝐿 group. The 

𝐿 group already suffers from a lower chance of survival to the pension age, but any 

raising of the pension age will widen this gap in survival probabilities.  

The effects of the pension system are not only captured in the probability of reaching 

the pension age, but also with the relative population size of pensioners. The rise in the 

pension age entails:  

 𝜕𝑁𝑐
𝜕𝑃

= 𝜎
𝑒𝜇1

𝐿𝑃−𝜇0
𝐿

1 − 𝜇0
𝐿 + (1 − 𝜎)

𝑒𝜇1
𝐻𝑃 − 𝜇0

𝐻

1 − 𝜇0
𝐻 > 0 (24) 

 𝜕𝑁𝑏
𝜕𝑃

= −
𝜕𝑁𝑐
𝜕𝑃

= 𝜎
𝜇0
𝐿 − 𝑒𝜇1

𝐿𝑃

1 − 𝜇0
𝐿 + (1 − 𝜎)

𝜇0
𝐻 − 𝑒𝜇1

𝐻𝑃

1 − 𝜇0
𝐻 < 0 (25) 

Since we treat the pension contributions, 𝛵, as exogenous in the DC case, the pension 

benefits increase with the pension age. Regardless of whether the difference in 

longevity is caused by 𝜇1
𝐿 > 𝜇1

𝐻 or 𝜇0
𝐿 < 𝜇0

𝐻 we can see that the following holds 

(assuming that 𝜎 = 0.5): 
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 𝜕𝑁𝑐
𝐿

𝜕𝑃
= 𝜎

𝑒𝜇1
𝐿𝑃−𝜇0

𝐿

1 − 𝜇0
𝐿 < (1 − 𝜎)

𝑒𝜇1
𝐻𝑃 − 𝜇0

𝐻

1 − 𝜇0
𝐻 =

𝜕𝑁𝑐
𝐻

𝜕𝑃
 (26) 

 𝜕𝑁𝑏
𝐿

𝜕𝑃
= 𝜎

𝜇0
𝐿 − 𝑒𝜇1

𝐿𝑃

1 − 𝜇0
𝐿 > (1 − 𝜎)

𝜇0
𝐻 − 𝑒𝜇1

𝐻𝑃

1 − 𝜇0
𝐻 =

𝜕𝑁𝑐
𝐻

𝜕𝑃
 (27) 

This implies that the change in the size of the contributing (or pensioner) population, 

when the pension age increases, is greater for the 𝐻 group. But this is solely due to the 

fact that the population of the 𝐻 group is higher when reaching the pension age, 

because members of the 𝐿 group are more likely to die before then.  

The ratio between population contributing to the pension scheme and population 

receiving benefits for each group will shed further light on this. Let’s define the 

dependency ratio, 𝛤𝑖  for 𝑖 ∈ {𝐻, 𝐿} as: 

 
𝛤𝑖 ≡

𝑁𝑏
𝑖

𝑁𝑐
𝑖
=
𝜇0
𝑖 − ln(𝜇0

𝑖 ) 𝜇0
𝑖 − 𝑒𝜇1

𝑖𝑃 + 𝑃𝜇1
𝑖𝜇0
𝑖

𝑒𝜇1
𝑖𝑅 − 𝑃𝜇1

𝑖𝜇0
𝑖 − 1

=
𝜇0
𝑖 − ln(𝜇0

𝑖 ) 𝜇0
𝑖 − 1

𝑒𝜇1
𝑖𝑃 − 𝑃𝜇1

𝑖𝜇0
𝑖 − 1

− 1 

(28) 

We see from the denominator of the fraction on the right-hand side that the size of 

the impact of a pension age hike is greater when 𝜇1 is bigger. This implies that the 

impact on the dependency ratio of the population of the 𝐿 group is higher than the 𝐻 

group.  Next, we find the effect of an increase in the pension age: 

 𝜕𝛤𝑖

𝜕𝑃
=
𝜇1
𝑖 (1 + ln(𝜇0

𝑖 ) 𝜇0
𝑖 − 𝜇0

𝑖 )(𝑒𝜇1
𝑖𝑃 − 𝜇0

𝑖 )

(𝑃𝜇1
𝑖𝜇0
𝑖 − 𝑒𝜇1

𝑖𝑃 + 1)
2 < 0 (29) 

We conclude that when the pension age, 𝑃, increases, the dependency ratio 

decreases. From the expression above we also see that this impact is greater for the 𝐿 

group, which suffers from high values of 𝜇1. An increase in the pension age will 

therefore affect the dependency ratio of both groups, but it will affect the 𝐿 group 
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disproportionately. Agents in the 𝐿 group will be forced to contribute longer, and the 

gap between the 𝐻 and 𝐿 group in the probability of reaching the pension age will 

widen. This leads to the negative financial effect associated with the longevity shock 

becoming even greater. A rise in the pension age will exacerbate the negative financial 

effect caused by the disparities in longevity between the groups. The 𝐿 group will end 

up contributing more than before to the PAYG scheme while getting lower benefits, 

since they are less likely to reach the pension age.42 We arrive at the same results when 

simulating the asymmetric longevity through 𝜇0.43 

4.4.  Longevity indexed pension age 

In the previous section, we explored an exogenous rise in the pension age increase. 

Now we treat the pension age as endogenous by linking it to the average life expectancy 

of the whole population. The life expectancy of each agent when entering the labour 

market, Λ, is:  

 
Λi =

ln(𝜇0
𝑖 ) 𝜇0

𝑖 + 1 − 𝜇0
𝑖

𝜇1
𝑖 (𝜇0

𝑖 − 1)
 (30) 

The pension age follows; 

 
𝑃(Λ) = λ (𝜎

ln(𝜇0
𝐿) 𝜇0

𝐿 + 1 − 𝜇0
𝐿

𝜇1
𝐿(𝜇0

𝐿 − 1)
+ (1 − 𝜎)

ln(𝜇0
𝐻) 𝜇0

𝐻 + 1 − 𝜇0
𝐻

𝜇1
𝐻(𝜇0

𝐻 − 1)
) (31) 

where the average life expectancy of the whole population when entering the labour-

market is Λ = σΛL + (1 − 𝜎)Λ𝐻and λ is the proportional indexation parameter. We 

generally expect λ to be greater than zero and less than one. For example, a population 

that has the life expectancy of 80 years, that enters the labour market at age 21 and 

                                           

42 The members of the L group that reach the pension age also have shorter life expectancies when 

they reach the pension age.  
43 A numerical exercise was used to explore the effects when the asymmetric longevity structure 

is driven by 𝜇0. 
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reaches the pension age at 65 would have an indexation parameter of: λ =
65−21

80−21
=

0.75. As we treat λ as exogenous, any rise in life expectancy would affect the pension 

age through equation (31).  

Whether longevity increases of the 𝐻 group are driven by decreases in 𝜇1
𝑖  or increase 

in 𝜇0
𝑖  they will lead to higher life expectancy. This will in turn affect the pension age: 

 
𝜕P

𝜕𝜇1
𝐻 = 𝜆(1 − 𝜎)

𝜕ΛH

𝜕𝜇1
𝐻 < 0 and 

𝜕P

𝜕𝜇0
𝐻 = 𝜆(1 − 𝜎)

𝜕ΛH

𝜕𝜇0
𝐻 > 0  

In the case of a longevity-indexed pension age we therefore observe that as the 𝐻 

group enjoys greater longevity, they will both affect the 𝐿 group through the pension 

scheme, as seen in section 4.1, and through a rise in the pension age, as seen in section 

4.3. This is further explored in section 7.2. 

We can summarize the findings so far as follows: A positive longevity shock to one 

group has a negative financial effect on the other. Moreover, any longevity adjustment 

of the pension age based on the average life expectancy of the whole population will 

exacerbate the effect on the group that didn’t enjoy the increased longevity. Both of 

these effects are then magnified by the relative sizes of the 𝐻 and 𝐿 groups. As the 𝐿 

group gets smaller, the members are even worse off. Conversely, as the 𝐻 group gets 

smaller, its remaining members benefit.   

5. Income inequality and pension transfers 

So far, the re-distributional effects of pension schemes that operate based on average 

life expectancy and old-age dependency ratios of a heterogeneous population have 

been analyzed. For simplicity, we assumed that all agents, regardless of longevity, paid 

the same contributions and received the same benefits from the pension scheme, 

provided they were alive. By introducing contribution and benefits proportional to 

wages, we can further deepen the analysis of intra-generational transfers due to pension 
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systems. This allows us to demonstrate intra-generational transfers imposed by the 

pension system that are driven by, and exacerbate, income inequality, hence adding to 

the results of section 4.  

5.1.  Wage indexed pension contributions 

We replace the contribution in the Beveridge case with proportional taxation as 

introduced by Bismarck in late 19th century Germany. Each agent pays into the PAYG 

scheme while young, according to 𝜏𝑦𝑖 and receives 𝜋𝑦𝑖 after reaching the pension age. 

Here 0 < 𝜋 < 1 is the replacement rate of the pension benefits and 0 < 𝜏 < 1 is the 

proportional wage tax used to finance the benefits to the pensioners. We assume that 

the 𝐿 group has the same wage replacement rate as the 𝐻 group (𝜋 and 𝜏 are uniform 

between groups). However, we allow for distinct income levels across groups. The 

PAYG scheme is balanced each time (aggregate inflows equal aggregate outflows). 

 𝜋(𝑦𝐻𝑁𝑏
𝐻 + 𝑦𝐿𝑁𝑏

𝐿) = 𝜏(𝑦𝐻𝑁𝑐
𝐻 + 𝑦𝐿𝑁𝑐

𝐿) (32) 

On the left hand, we have the outflows from the PAYG scheme. This is composed 

of members the 𝐻 group, 𝑁𝑏
𝐻, receiving the pension of 𝜋𝑦𝐻 and members of the L 

group, 𝑁𝑏
𝐿, receiving the pension of 𝜋𝑦𝐿. On the right-hand side, we have flows into 

the PAYG scheme; both groups pay the same proportion of their wages to the scheme. 

Total inflows from the H and L groups are 𝜏𝑦𝐻𝑁𝑐
𝐻 and 𝜏𝑦𝐿𝑁𝑐

𝐿, respectively. 

We arrive at a new equation for the relationship between pension benefits and 

pension contributions: 

 
𝜋 = 𝜏

𝑦𝐻𝑁𝑐
𝐻 + 𝑦𝐿𝑁𝑐

𝐿

𝑦𝐻𝑁𝑏
𝐻 + 𝑦𝐿𝑁𝑏

𝐿 (33) 

In the case of perfect income equality, 𝑦𝐻 = 𝑦𝐿, equation (30) reduces to the same 

PAYG equality as in equation (6). In the case of income inequality, 𝑦𝐻 ≠ 𝑦𝐿, the utility 

maximization follows near-identical steps as in section 3.4, yielding: 
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𝑐𝑖 = 𝑦𝑖 (
∫ 𝑒−𝑎𝑟
𝑅𝑖

0
𝑚𝑖(𝑎)𝑑𝑎

∫ 𝑒−𝑎𝑟
𝐴𝑖

0
𝑚𝑖(𝑎)𝑑𝑎

− 𝜏
∫ 𝑒−𝑎𝑟
𝑃

0
𝑚𝑖(𝑎)𝑑𝑎

∫ 𝑒−𝑎𝑟
𝐴𝑖

0
𝑚𝑖(𝑎)𝑑𝑎

+ 𝜏
𝑦𝐻𝑁𝑐

𝐻 + 𝑦𝐿𝑁𝑐
𝐿

𝑦𝐻𝑁𝑏
𝐻 + 𝑦𝐿𝑁𝑏

𝐿

∫ 𝑒−𝑎𝑟
𝐴𝑖

𝑃
𝑚𝑖(𝑎)𝑑𝑎

∫ 𝑒−𝑎𝑟
𝐴𝑖

0
𝑚𝑖(𝑎)𝑑𝑎

) 

(34) 

In addition to the effects observed in sections 4.1-4.4, we now see from equation 

(33) and (34) that the income of one group has an effect on the pension contributions 

paid out to the other, which ultimately affects consumption.  

5.2. Wealth shock to high longevity group 

To study this in further detail, let us look first at the PAYG scheme under defined 

contributions (DC). In this case 𝜏 is exogenous and 𝜋 endogenous. The effect of 

changes in the demographic or income distribution on the PAYG scheme is therefore 

captured through changes in 𝜋. When the income of the group that enjoys greater 

longevity increases, we see that: 

 𝜕𝜋

𝜕𝑦𝐻
= 𝜏

𝑦𝐿(𝑁𝑐
𝐻𝑁𝑏

𝐿 −𝑁𝑐
𝐿𝑁𝑏

𝐻)

(𝑦𝐻𝑁𝑏
𝐻 + 𝑦𝐿𝑁𝑏

𝐿)2
< 0 (35) 

Notice that if there was no difference in the mortality profiles of the two groups 

(𝑁𝑐
𝐻𝑁𝑏

𝐿 −𝑁𝑐
𝐿𝑁𝑏

𝐻 = 0) an increase in the income of one group would not affect the 

pension benefits/contributions of the other. However, since we impose different 

mortality profiles, any change in the income of one group imposes externalities on the 

other through the PAYG scheme.  

The old age dependency ratio is higher for the 𝐻 group because they enjoy higher 

longevity, implying that the sign of equation (35) is negative. We see that when the 

income of the 𝐻 group increases, the pension replacement rate 𝜋 decreases, causing 

the pension benefits paid to the 𝐿 group to decrease – even though they did not enjoy 

a rise in their income. The 𝐻 group pays more into the PAYG scheme while young but 
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also receives more benefits during the pension period. This would not have any effect 

on the replacement rate if the dependency ratio was identical for both groups – the 

increased benefits would be exactly financed by the increase in contributions. But 

because the 𝐻 group enjoys higher longevity than the 𝐿 group, they collect benefits 

disproportional to their contributions. When their income goes up they are entitled to 

more benefits, 𝜋𝑦𝐻, during the pension period than can be financed by their current 

levels of the contributions, 𝜏𝑦𝐻. In order for the PAYG scheme to remain balanced, 

the income replacement rate, 𝜋, drops for both the 𝐻 and 𝐿 group, thereby causing 

members of the 𝐿 group to get lower pension benefits than before the 𝐻 group’s income 

rose. This effect adds to the effect tied to the demographic structure as described in 

section 4.  

5.3. Wealth shock to low longevity group 

Now let’s look at the effects of an increase in the income of the 𝐿 group. The 

derivative is similar to the one we saw above:  

 𝜕𝜋

𝜕𝑦𝐿
= 𝜏

𝑦𝐻(𝑁𝑐
𝐿𝑁𝑏

𝐻 −𝑁𝑐
𝐻𝑁𝑏

𝐿)

(𝑦𝐻𝑁𝑏
𝐻 + 𝑦𝐿𝑁𝑏

𝐿)2
> 0 (36) 

Just as above, we see that the sign of the derivative is driven by the relative sizes of 

the pensioned and contributing cohorts of each group. However, in this case we see 

that an increase in the wages of the 𝐿 group actually increases 𝜋. 

When the 𝐿 group’s income rises, they pay more into the PAYG scheme, just as in 

the case where the H group’s income rose. But the 𝐿 group pays proportionally more 

than they receive out of the PAYG scheme. These new funds entering the PAYG 

scheme allow for an increase in the benefits paid out to the pensioners, causing 𝜋 to 

increase. Therefore, the 𝐻 group pays the same into the PAYG scheme, but receives 

more as a result of an increase in the income of the 𝐿 group. The 𝐻 group is better off 

when the 𝐿 group’s income rises.  
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In the defined benefits (DB) case the replacement rate, 𝜋, is treated as exogenous 

and 𝜏 as endogenous and is defined as:  

 
𝜏 = 𝜋

𝑦𝐻𝑁𝑏
𝐻 + 𝑦𝐿𝑁𝑏

𝐿

𝑦𝐻𝑁𝑐
𝐻 + 𝑦𝐿𝑁𝑐

𝐿
 (37) 

And the derivatives become:  

 𝜕𝜏

𝜕𝑦𝐻
= 𝜋

𝑦𝐿(𝑁𝑏
𝐻𝑁𝑐

𝐿 − 𝑁𝑏
𝐿𝑁𝑐

𝐻)

(𝑦𝐻𝑁𝑐
𝐻 + 𝑦𝐿𝑁𝑐

𝐿)2
> 0 (38) 

 𝜕𝜏

𝜕𝑦𝐿
= 𝜋

𝑦𝐻(𝑁𝑏
𝐿𝑁𝑐

𝐻 − 𝑁𝑏
𝐻𝑁𝑐

𝐿)

(𝑦𝐻𝑁𝑐
𝐻 + 𝑦𝐿𝑁𝑐

𝐿)2
< 0 

(39) 

We see similar effects here as in the DC case, as the income of the 𝐻 group (𝐿 group) 

goes up, the 𝐿 group (𝐻 group) is worse off (better off) through negative (positive) 

externalities of the PAYG system.  

To summarize, both in the DC or the DB case, when the income of those that have 

greater longevity goes up, those that have shorter life expectancy are made even worse 

off. Conversely, when the income of those who have shorter life expectancy goes up 

they end up paying more into the PAYG scheme, which benefits those that live longer.  

6. Public-private pension partnership 

We have found that pooling together groups that differ in life expectancy causes a 

public pension system to redistribute income from the short lived to the long lived. In 

some cases, such a system is inevitable as policymakers do not have perfect 

information about the life expectancy of various socio-economic groups. In this 

section, we propose a policy that would go far in mitigating the distributional effects 

associated with the PAYG scheme presented in previous sections.  

Now let the government collect pension contributions from the working-age 

population as before but instead of financing the pension benefits with current 

contributions, the government pays a lump sum to the cohort that reaches retirement at 
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each time while not paying anything to those already retired. This new system is 

balanced at each time, implying 

 𝜋𝑅(𝑦𝐻𝑚𝐻(𝑃) + 𝑦𝐿𝑚𝐿(𝑃)) = 𝜏(𝑦𝐻𝑁𝑐
𝐻 + 𝑦𝐿𝑁𝑐

𝐿) (40) 

where each lump sum recipient receives 𝑦𝑖𝜋𝑅 at retirement. As before 𝜏 is exogenous 

and in this case, 𝜋𝑅  , which maps the wage into a lump sum, is endogenous in the 

equation. This sum is transferred to a private pension scheme where the average 

longevity of members is known.44 The private pension scheme is balanced at each time, 

covering benefits by lump-sum transfers of agents of the same type:  

 𝜋𝑃𝑃𝑃
𝑖 𝑦𝑖𝑁𝑏

𝑖 = 𝜋𝑅𝑦𝑖𝑚𝑖(𝑃),     𝑖 = 𝐻, 𝐿 (41) 

When maximizing his utility the agent therefore faces the pension rule implied by 

equations (40) and (41):  

 
𝜋𝑃𝑃𝑃
𝑖 = 𝜏

𝑦𝐻𝑁𝑐
𝐻 + 𝑦𝐿𝑁𝑐

𝐿

𝑦𝐻𝑚𝐻(𝑃) + 𝑦𝐿𝑚𝐿(𝑃)

𝑚𝑖(𝑃)

𝑁𝑏
𝑖

 
(42) 

Just as before, the agent maximizes his utility taking into account his mortality and 

the mortality of the other agents paying into the pension scheme.  

This public-private partnership eliminates all the intra-generational transfers caused 

by the different life expectancies after retirement. However, as the members of the L 

group are also less likely to reach retirement, the policy would not eliminate intra-

generational transfers associated with members of the L dying before reaching 

retirement. The ability of public-private partnership in mitigating the effects of intra-

generational transfers is analyzed further in the following section.  

                                           

44 The scheme is not affected by the so-called „annuitization puzzle“ that makes people prefer a 

cash treatment to an annuity because no cash transfers to individuals are involved. Instead, the system 

involves pension funds paying out benefits instead of the government, only difference being that the 

former can better assess life expectancy. See Benartzi et al. (2011) and Robinson and Comerford 

(2019), amongst others, on the annuitization puzzle. 
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7. Calibration of the mortality profile 

We now turn to comparing the level of pension benefits between two groups that 

differ in terms of life expectancy and wages and then calculate the effect of increased 

longevity on their benefits. As demonstrated above, individuals of higher socio-

economic statues live on average longer than those of lower and we exploit this 

difference to estimate the effects of these different groups paying into the same pension 

scheme.  

7.1. Comparing pension benefits of socio-economic groups 

The chief parameters are essentially two, 𝜇0
𝑖  and 𝜇1

𝑖 , which determine the probability 

of death at each time. We apply parameter values to 𝜇0
𝑖  and 𝜇1

𝑖 , which can be done by 

matching empirical survival functions. Two calibrations of the mortality profile are 

needed when comparing the effects on each group since they differ in the value of 𝜇1
𝑖  

and 𝜇0
𝑖 . The calibration minimizes the error in total survival probability for all ages 

across the population while still maintaining each group’s observed life expectancy.  

We assume agents of both groups enter the labour market at the age of 20 years. The 

baseline calibration is based on the life expectancy in Denmark by income in 2016 as 

presented in Table 1 in the introduction. There is approximately a 3.9 year gap in life 

expectancy between those two groups. The 𝐻 and 𝐿 groups are calibrated to match the 

top and bottom half of the income distribution for men. We refer to them as white-

collar and blue-collar groups, respectively.  

Table 3.  Calibrated parameters 

 White-collar  

(H) 

Blue-collar  

(L) 

𝜇1 0.075 0.075 

𝜇0 299 222 

Simulated life expectancy (years) 83.0  79.1  

Observed life expectancy (years) 83.0  79.1  
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Figure 3 depicts the calibrated survival functions of each class and the empirical 

total survival function. 

Figure 3. Survival functions 

 

Note: Estimated White/Blue collar Survival Probability.  

Source: Human Mortality Database, 2018 

 

Now we can calculate to which extent paying into a joint pension scheme will have 

a negative (positive) effect on the blue-collars (white-collars) compared to the case 

where they each pay into their own pension scheme. We assume that the pension age 

is 66.5 years and both classes earn the same level of wages. Now we can determine the 

pension benefits received by each group when paying into the different pension 

schemes, captured in equations (6), (33) and (42). We compare this to the benefits 

received if the agent paid into a pension scheme where all the agents are of the same 

type (𝜋𝑡𝑦𝑝𝑒
𝑖 ≡ 𝜏𝑁𝑐

𝑖\𝑁𝑏
𝑖  ). This difference in benefits received when retired is captured 

by: 
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PAYG government scheme: 
𝜋𝑖

𝜋𝑡𝑦𝑝𝑒
𝑖

=
𝑦𝐻𝑁𝑐

𝐻 + 𝑦𝐿𝑁𝑐
𝐿

𝑦𝐻𝑁𝑏
𝐻 + 𝑦𝐿𝑁𝑏

𝐿

𝑁𝑐
𝑖

𝑁𝑏
𝑖

⁄  (43) 

Public-private partnership: 
𝜋𝑃𝑃𝑃
𝑖

𝜋𝑡𝑦𝑝𝑒
𝑖

=
𝑦𝐻𝑁𝑐

𝐻 + 𝑦𝐿𝑁𝑐
𝐿

𝑦𝐻𝑚𝐻(𝑃) + 𝑦𝐿𝑚𝐿(𝑃)

𝑚𝑖(𝑃)

𝑁𝑏
𝑖

𝑁𝑐
𝑖

𝑁𝑏
𝑖

⁄  (44) 

We find that blue-collar workers suffer from a 10.4% drop in pension benefits from 

paying into the same scheme as white-collar workers, while white-collar workers enjoy 

an increase in the pension benefits by approximately the same amount (equation 43). 

In line with our model findings, these effects are increasing in the pension age. In the 

public-private pension scheme, described in section 6, this difference in pension 

benefits received by the blue-collars (equation 44) would drop to 1.6%, implying that 

even without perfect information governments can substantially mitigate the intra-

generational disparities by giving the money to pension funds that have more 

information on life expectancy and where within-group differences are smaller.  

According to Statistics Denmark’s Income Statistics, the top half of the Danish 

population receives 69.3% of equalized disposable income in 2016 while the bottom 

part received 30.7%. By allowing for effects of income, as traced in section 5, the 

effects of being forced to pay into the same pension become asymmetric. In this case, 

the blue-collar group suffers a 13.8% drop in their pension benefits while the white-

collar group’s benefits rise by 6.1% per month. This is in line with the findings of 

section 5. When those that live longer become better off those that suffer low longevity 

are made even worse off. Conversely, when those that suffer low longevity become 

poorer those who enjoy high life expectancy do not gain as much from contributing to 

the same PAYG scheme. In contrast, in the public-private pension scheme described 

in section 6, the intra-generational effects diminish substantially. The blue-collar group 

would now only suffer a 2.2% drop in pension benefits while the white-collar group’s 

benefits would rise by 1.0%. We therefore find that the public-private scheme 
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eliminates around 80-90% of the intra-generational transfers associated with the 

communal pension scheme. The remaining intra-generational transfers are caused by 

the fact that members of the L group are more likely to die before reaching retirement.   

7.2. Longevity increase with pension age indexed to longevity 

Now we increase the longevity of both classes proportionally. This allows us to 

determine the effects of increased longevity on the benefits received by both classes 

when the pension age is indexed to longevity. The life expectancy of white- and blue-

collar workers from equation (30) can be rewritten as: 

 
Λi =

1

𝜇1
𝑖
(
ln(𝜇0

𝑖 ) 𝜇0
𝑖 + 1 − 𝜇0

𝑖

(𝜇0
𝑖 − 1)

) (45) 

In the baseline above, we assigned identical 𝜇1 values for both groups, making the 

fraction 1 𝜇1
𝑖⁄  in equation (45) identical for the groups. Any difference in the lifespan 

of the groups is then captured by differences in 𝜇0. We can then simulate a proportional 

increase in life expectancy through a decrease in 𝜇1.  

We consider two cases. In the first case, the pension age is increased so that 

individuals spend the same proportion of their lifetime as before, on average, 

contributing to the pension system.  In the second case, which is what is practiced in 

Denmark, the system is designed to keep the years spent as a pension recipient constant 

and the pension age therefore increases on a one-to-one basis with life expectancy.  

In the proportional indexation setting we arrive at this formula for the pension age: 

 
𝑃(Λ) =

𝜆

𝜇1
(𝜎
ln(𝜇0

𝐿) 𝜇0
𝐿 + 1 − 𝜇0

𝐿

(𝜇0
𝐿 − 1)

+ (1 − 𝜎)
ln(𝜇0

𝐻) 𝜇0
𝐻 + 1 − 𝜇0

𝐻

(𝜇0
𝐻 − 1)

) (46) 

while in the Danish system we find: 

 𝑃𝐷𝐾(Λ) =
1

𝜇1
(𝜎

ln(𝜇0
𝐿)𝜇0

𝐿+1−𝜇0
𝐿

(𝜇0
𝐿−1)

+ (1 − 𝜎)
ln(𝜇0

𝐻)𝜇0
𝐻+1−𝜇0

𝐻

(𝜇0
𝐻−1)

) − 14.5 (47) 
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Figure 4. Symmetric increases in life expectancy 

 

Now we can impose a symmetric longevity shock by increasing the life expectancy 

of both groups and the pension age simultaneously. The baseline is the case presented 

in Table 3 and Figure 3. Assume an increase in life expectancy of ten years for white-

collar and an increase in the life expectancy of the blue-collar group of 9.4 years.45 The 

shift of the mortality curves and the pension age are presented in Figure 4 where the 

dotted green vertical line corresponds to equation (46) and the dashed green one to the 

Danish system in equation (47). The results of the calibration exercise are presented in 

Table 4.  

In the case where the retirement age increases proportionally to life expectancy 

(equation (46)) we see that the loss experienced by blue-collar workers from paying 

into the same pension fund as white-collar workers has not changed at all. This holds 

true both if we allow for income disparities between the groups and when we do not. 

                                           

45 Notice that even though the longevity increase for the white-collar groups is greater in years 

compared to the blue-collar group, their life expectancy rose by the same percentage. 
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Table 4.  Symmetric longevity increase 

 White-

collar (H) 

(baseline) 

Blue-

collar (L) 

(baseline) 

White-

collar (H) 

(shock) 

Blue-

collar (L) 

(shock) 

𝜇1 0.075 0.075 0.065 0.065 

𝜇0 299 222 299 222 

Life expectancy (years) 83.0  79.1  93.0  88.4  

Pension age (λ = 0,76) (years) 66.5 66.5  73.9  73.9  

Pension age (DK style) (years) 66.5  66.5  76.2  76.2  

     

 

The Danish pension age indexation rule does however affect the intra-generational 

transfers. In the case where both groups pay the same dollar-amount into the pension 

scheme the loss from paying into the same fund as white-collars increases by an 

additional 1.0%, from 10.4% to 11.4%, compared to paying into their own pension 

fund. By allowing for income disparities between the groups, the blue-collar’s loss 

from the join pension scheme becomes 15.1% (compared to 13.8% in the baseline) and 

the gain of the white-collar class becomes 6.6% (6.1% before). The Danish style 

indexation rule therefore exasperates the intra-generational consequences of the 

pension scheme.  

To demonstrate the sensitivity of a longevity-indexed rule based on life expectancy 

to the shape of the mortality function we perform the same experiment, but with a new 

baseline in terms of 𝜇0 and 𝜇1, for white-collar workers. Now both classes share 

identical 𝜇0 values and any differences between the classes are captured by 𝜇1. We can 

then simulate longevity increases for both classes by changing the value of 𝜇0. The 

results are presented in Table 5.  
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Table 5.  Asymmetric longevity increase 

 White-

collar (H) 

(baseline)  

Blue-

collar (L) 

(baseline) 

White-

collar (H) 

(shock)  

Blue-

collar (L) 

(shock) 

𝜇1 0.075 0.080 0.075 0.080 

𝜇0 299 299 640 640 

Life expectancy (years) 83.0  79.1  93.0  88.4  

Pension age (λ = 0,76) (years) 66.5  66.5  73.9  73.9  

Pension age (DK style) (years) 66.5  66.5  76.2  76.2  

     

 

In this new baseline, we have the same life expectancies and pension ages as in the 

previous baseline. As before, the longevity increases are ten years for white-collar 

workers and 9.4 years for blue-collar workers. The pension age responses to the 

longevity increase are identical to the experiment presented in Table 4. These two 

experiments therefore appear identical, but the subtle difference in how the mortality 

curve shifted have implications for the intra-generational transfers.  

 Now we see that in the case where the pension age increases proportionally to life 

expectancy the loss experienced by blue-collar workers from paying the identical 

dollar-amount into the same pension fund as white-collar workers has increased by an 

additional 0.4% (compared to no change in the symmetric longevity shock). This 

demonstrates that the shape of the mortality curve over the lifecycle matters, not just 

life expectancy. When the pension age follows the Danish rule the loss from paying 

into the same fund as white-collar workers increases by 2.4% instead of 1% before.  

We conclude that even though the life expectancy increases are enjoyed across 

society, the longevity indexation of the pension age will increase the intra-generational 

disparities. Furthermore, the type of longevity indexation of the pension age has a 

substantial effect on the magnitude of the intra-generational transfers due to longevity 
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developments. The Danish system of maintaining a constant length of time receiving 

benefits penalizes the short-lived group more. 

8. Concluding remarks 

We have found that groups who have lower life expectancy suffer a drop in lifetime 

income when forced to share a pension scheme with others who have longer life 

expectancies. In effect, the lower life-expectancy group pays as much into the PAYG 

scheme, provided they reach the pension age, but receives less during the pension 

period due to lower life expectancy.  

When the pension age is increased to reflect the increased longevity of the higher 

life-expectancy group the lower life-expectancy group suffers because even fewer of 

them will reach the pension age. Also, when contributions are made proportional to 

wage income, as is typically the case for PAYG schemes, it follows that an increase in 

the income of the group that enjoys greater longevity will reduce the pension benefits 

and lifetime utility of the group with less longevity. 

These findings may have important implications for pension policy in economies 

where PAYG is the dominant scheme. Indeed, the spread between life expectancies 

between, say, academics and blue-collar workers could reach such high levels that it 

would hardly be controversial to allow for differentiated pension ages. In practice, 

schemes designed to link the pension age to changes in longevity and which operate 

on average figures should be extended to allow for variability in physical and mental 

disabilities across different groups in society.   

Our proposed solution to the problem of intra-generational inequities is to give each 

retiree a lump sum at a certain age that may coincide with formal retirement from the 

labour force, which the worker gives to her occupational pension fund. The pension 

fund then decides on the monthly benefits for its members depending on their average 

life expectancy. Alternatively, if there is too much heterogeneity in life expectancy 
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within the pension fund or occupation, the retiree could go to an annuity company that 

would assess his expected longevity.  

In effect, the government is giving the money used to fund retirement to an entity 

that has more information about life expectancy and discontinuing the pooling of a 

heterogeneous group of workers. In practice, the government would issue a bond and 

give it to a pension fund, amount depending on the number of members reaching a 

certain age, providing the pension fund with a fixed income that it can then use to 

finance the retirement benefit of members.  

There is also the possibility that the disutility of work may differ between groups, 

so that the group with lower life expectancy also has a greater disutility of work, and 

that this disutility may increase with age.46 The shorter life expectancy and the rising 

disutility of work may both stem from the depreciation in health and human capital that 

workers experience due to more difficult tasks and working conditions. In this case, 

the short-lived group is adversely affected by a common pension age, due both to the 

redistribution of pension income shown in this paper to those who, on average, live 

longer and because their lifetime utility is adversely affected by raising the pension age 

due to the higher disutility of work. This latter effect remains a topic of future research. 

To sum up, introducing a longevity-indexed pension age is critical for keeping fiscal 

policy on a sustainable track in economies that are subject to population ageing. That 

is why it is important to maintain a broad support of such schemes, both in the 

population and across a broad political majority. If the legitimacy and credibility of 

introducing such key welfare reforms critically depends on easier access to earlier 

pension age for citizens with lower life expectancy and diminished (physical and 

                                           

46 See Böckerman, Petri and Pekka Ilmakunnas (2019). 
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mental) ability to work, then such adjustments to the reforms might well be worth 

advocating.  
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Abstract: Demographic change in the form of increased longevity has prompted policy debate 

centring on pension system reform. Here it is argued that healthy aging is an essential factor in 

individuals’ retirement behaviour and should therefore be considered in the design of retirement 

reforms. A model is constructed where agents make consumption, saving, and retirement decisions 

based on their expectations of future health and their uncertainty about their time of death. Changes 

in health shift the agent’s utility curve and increase the disutility of work, providing a connection 

between healthy aging and the agent’s life-cycle decisions. The author finds, among other things, that 

healthy aging is associated with later retirement and that as the risk of adverse health shocks increases, 

the agent saves less. Life-cycle health developments are found to explain to an extent the hump-shape 

of the individual’s consumption plan. These effects are established with various formulations of 

health functions and simulated with data on life-cycle health and longevity to obtain estimates of the 

impact of healthy aging on retirement decisions. 
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1. Introduction 

National economies are affected by many variables, one of which – demographics – 

is garnering increasing attention. Increased longevity is a well-established trend in 

advanced economies, and when coupled with an observed decrease in fertility, it 

significantly increases the old-age-dependency ratio, with serious implications for the 

sustainability of fiscal policy, pension schemes, healthcare, labour supply and 

intergenerational transfers. These demographic changes have triggered responses, one 

of which is to increase the pension age.  

In Denmark, for example, the pension age has been linked explicitly to life 

expectancy. In short, the Danish system aims to keep the retirement period at a fixed 

average duration of 14.5 years  (OECD 2019). This implies that longevity increases 

will be followed on a one-to-one basis by increases in the pension age. People can 

therefore expect all future increases in life expectancy to be spent in the labour market. 

A similar system has emerged in Sweden and Finland, where the aim is to keep the 

ratio of working life to retired life constant. In essence, 2/3 of a person’s adult life 

should be spent working and 1/3 in retirement. Pension reforms such as these focus on 

length of retirement and are based on a one-size-fits-all solution. Furthermore, they 

assume that healthy aging is experienced equally by all. The fact is, however, that 

across society, some groups do not enjoy the longevity and healthy aging that others 

do. 

The gap in life expectancy among socioeconomic groups has been widely 

documented. In fact, Chetty et al. (2016) found that the life expectancy gap between 

the lowest and highest income quartiles in the United State stood around 6 years in 

2014. Furthermore, they found that this gap is widening, as the life expectancy of the 

top 5% of the income distribution rose by 2.6 years between 2001 and 2014 while the 

life expectancy of the bottom 5% rose by only 0.2 years in the same period. Similarly, 
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Waldon (2007) finds that mortality is a gradient across the socioeconomic scale rather 

than low longevity only being associated with extreme poverty. The intragenerational 

effects of retirement reform in populations with a non-uniform longevity structure are 

analysed in recent papers such as Auerbach et al. (2017). 

As is the case with longevity, healthy aging is not shared uniformly across the 

population. The heterogeneous nature of healthy aging is analysed by van Ooijen and 

Knoef (2015), who find a strong socioeconomic factor and conclude that low-income 

individuals tend to have poorer health. Moreover, these authors find that males begin 

suffering from declining health at an earlier age than females do, and that people with 

less education begin suffering from poorer health earlier than their more educated 

counterparts. The link between socioeconomic status and healthy aging is also 

addressed by Case and Deaton (2005), who conclude that the link is not eliminated by 

controlling for occupation. This implies that the strenuousness of some traditionally 

low-wage occupations does not fully explain differences in healthy aging.47 

There is a substantial literature on the connection between health and retirement. In 

a meta-analysis, Currie and Madrian (1999) find that poor health reduces work capacity 

and affects wages, labour force participation, and job choice. Recently, Laun et al. 

(2019) developed a model matching health and mortality risk to Norwegian data to 

analyse the effects of different social security reforms, taking into account differences 

in health and longevity and illustrating the connection between old-age retirement and 

claims for disability benefits. French (2005) finds a link between health and hours 

worked near retirement but also states that the most striking deterioration in health 

                                           

47 The socioeconomic gradient of health and longevity is also captured in Pijoan-Mas and Ríos-

Rull (2014) and in Braveman et al. (2010) 
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takes place after retirement, implying that health at retirement alone cannot fully 

explain retirement decisions.48 

A novel perspective on how health interacts with life-cycle choices is provided by 

Finkelstein et al. (2013), who estimate the extent to which the marginal utility of 

consumption is affected by health.  Using data on health, income, and utility proxies 

across a range of specifications, they find that the marginal utility of consumption 

drops as health deteriorates. They find that the magnitude of the health effect on the 

marginal utility of consumption lies within the bound of a 10-25% drop for each 

standard deviation increase in the number of diseases from which the individual 

suffers. This implies that the marginal utility of consumption is one of the channels 

through which health affects individuals’ consumption-saving decisions. By extension, 

expectations of future health could affect the timing of individuals’ retirement. 

There is a growing literature that links utility derived from consumption to health. 

Scholz and Seshadri (2013) find that health and consumption are complements. This 

link is further strengthened by the application of a survey-based method by Brown, 

Goda, and McGarry (2016), who find that individuals in poor health value consumption 

less than those in good health do. Hammitt, Haninger, and Treich (2009) apply health-

dependent utility to analyse the interaction between health and longevity, on the one 

hand, and financial risk tolerance, on the other, and find that healthy agents are more 

risk-tolerant. Kools and Knoef (2017) build on the Finkelstein et al. (2013) approach 

to establish a positive health state dependence of utility from consumption.   

                                           

48 Using Danish data, Datta Gupta and Larsen (2007) show that health shocks dramatically increase 

the probability of retirement among elderly workers. Gustman and Steinmeier (2018) provide a 

detailed account of the ways in which different measures of health affect retirement. Kemptner (2019) 

analyses the impact on saving and early retirement of health-related risks that affect job opportunities 

and wages. 
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The observation that healthy aging is not shared uniformly across society, coupled 

with the effects of health on agents’ life-cycle consumption, saving, and retirement 

decisions, raises questions about the appropriateness of retirement reforms based on 

the average. This paper contributes to the established literature by providing a link 

between post-retirement quality of life and the timing of retirement, effectively 

showing that not only does length of retirement matter, but quality of life during 

retirement matters as well.  

In the model presented below, agents make decisions about consumption, saving, 

and retirement timing, based on expectations about their future health. Even though the 

model does not explicitly feature a pension scheme, it provides valuable insight into 

important factors in the context of pension reform. The paper looks at optimal 

behaviour of agents in life-cycle planning. For example, how agents’ planned 

retirement age responds to demographic change in the form of longevity and healthy 

aging. The model shows how health during working life and post-retirement health 

expectations play distinct roles in the choice to retire. The analysis therefore provides 

guidance for policymakers considering reforms related to retirement. This paper should 

be viewed as the first of many about the impact of health on retirement decisions. A 

logical next step could be to introduce a pension scheme. 

The paper is structured as follows. Section 2 briefly outlines stylised facts about 

healthy aging, retirement, and longevity increases in advanced economies. Section 3 

provides a generalised model to demonstrate the basic insights from an analytical 

standpoint. Section 4 applies realistic mortality and health assumptions to the model. 

Section 5 analyses the effects of stochastic health shocks on agents’ saving behaviour. 

Section 6 concludes with a summary of the results and a discussion of possible 

improvements and future research.  
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2. Stylized facts 

In this section, empirical observations about longevity trends, healthy aging, and 

retirement are briefly outlined and supplemented by theoretical perspectives.  

2.1. Longevity 

One of the most prominent demographic trends of the past century has been the 

increase in life expectancy (Wilmoth 2000), which has roughly doubled since the 

beginning of the 20th century. It is generally assumed that this trend will continue. 

According to Eurostat data, life expectancy at birth in Europe is assumed to increase 

by around one year per decade in the 21st century. In the Nordic countries, life 

expectancy at birth is projected to reach 91 years by 2100, an increase of about 9 years 

over the 2018 value. Even though longevity projections tend to assume that life 

expectancy will increase (see, for example, Kontis et al., 2017), a slowdown has been 

observed. Notably, longevity in the US has declined in recent years (Raleigh 2019). 

Figure 1 depicts developments in longevity in Western Europe between 1990 and 2015.  

2.2. Healthy aging 

While life expectancy can be assessed in a purely quantitative manner, the same does 

not hold true for healthy aging, which is a more subjective concept. A report published 

by the World Health Organization (2015) analyses the prevalence of healthy aging 

across countries. One of the findings is that even though longevity increases have been 

widely documented, the quality of life during those extra years is quite unclear. This is 

due not to lack of research but to contradictory study findings. Figure 1 depicts the 

composition of life expectancy: although both total life expectancy and the expected 

number healthy years (healthy life expectancy) have increased, we see that the share 

of “disability” years has increased as well. 
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Figure 1: Composition of life expectancy in Western 

Europe 1990-2016 

 

Composition of life expectancy in Western Europe. Disability 

years is the difference between healthy life expectancy and 

total life expectancy. The share of disability in total life 

expectancy (right axis) is found by dividing disability years 

by total life expectancy. 

Source: Our World in Data 

 

One of the methods used to assess healthy aging is the Sullivan health expectancy 

method described in Sullivan (1971) and Imai and Soneji (2007), which estimates the 

number of disability-free years an individual of a particular age can expect to live. It 

applies a cross-sectional survey of health indicators on life-table data to provide the 

health of a population, adjusted for mortality levels. This method is used in the Eurostat 

“healthy life years” indicator. Eurostat reports that in the European Union, a person’s 

expected healthy life years at birth averaged around 64 years in 2016, while total life 

expectancy was 81 years.  

The OECD publishes health data and indicators, including perceived health status 

by age and how self-reported health status changes over the life cycle, as is shown in 
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Figure 2. Figure 3 captures the relationship between income and health status, 

illustrating the existence of a gradient across the health spectrum where wealthier 

individuals tend to remain healthier for a longer period of time. 

Figure 2: Health by age: Share of total 

population, European Union, 2017 

Figure 3: Share of population in 

“good” or “very good” health by age 

and income quintiles: European 

Union, 2017 

  

Self-reported health data on how a person 

perceives their own general health, using 

categories: very good / good / fair / bad / very bad. 

Source: Eurostat 

Self-reported health data (same as in Figure 

2). Income quintile is based on total 

equivalised disposable income.  

Source: Eurostat 

Several studies demonstrate the prevalence of healthy aging. Using data on self-

reported health, Lowsky et al. (2017) analysed the extent to which individuals enjoy 

healthy aging. They find that 89% of persons aged 51-54 and 56% of those aged 85+ 

have no health-based limitations on work or household activities. However, they find 

that the quality of life experienced within each age group differs substantially. Laun et 

al. (2019) use data from the Norwegian labour force survey to map the share in good 

health by age. For the 51-54 age group, their findings are roughly in line with those of 
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Lowsky et al. (2017); however, for the 85+ age group, the share in good health ranges 

from 15-40%, depending on the person’s educational level.  

French (2005), analysing transitions from good health to poor health over the life 

cycle, observes a concave curve similar to those presented in Figures 2 and 3 above. 

He finds that the probability of being in good health is approximately 94% at age 30 

and then decreases steadily, to 80% at around age 55 and 40% by age 80. While 

measures of health can vary between studies, we consistently observe this downward, 

concave trend of roughly the same magnitude. There are several hazards in estimating 

the connection between self-reported health and retirement choice. One example is that 

individuals tend to cite their health as a justification for their retirement choice, so that 

retired agents are more likely to report poor health than those who are still working 

(see, for example, Disney (2006)). 

The available data demonstrate the prevalence of healthy aging in advanced 

economies. In Section 4, these data are used to construct realistic life-cycle profiles of 

both mortality and health.  

2.3. Retirement 

Historically, labour force participation among older American men has been steadily 

dropping since 1880 (Costa 1998). It was not until after the establishment of the Social 

Security Administration in 1935, however, that the transition to retirement began to 

grow more prevalent at a specific age. According to Costa the main reasons for the rise 

in the tendency to retire at a given age are adverse health among the elderly and 

increased demand for leisure among those who are well off. This perspective 

harmonises well with the focus of this paper.  

Figure 4 depicts developments in the effective retirement age in recent decades: the 

effective retirement age trended downwards from 1970 until around 2000 and then 

began to rise again, although it has not yet returned to the levels observed in 1970. This 
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entire period featured steady increases in life expectancy, which caused large increases 

in the population outside the work force. This period was also characterised by rising 

incomes, which put downward pressure on retirement age and ultimately overtook the 

longevity effect (Bloom, Canning and Moore 2014). We therefore see that factors other 

than physical limitations prompt people to retire.  

 

Figure 4: Effective retirement age, OECD average 

1970-2015. 

 

Source: OECD Database on Average Effective Retirement Age 

 

There are several theories about the determinants of retirement timing, apart from 

the connection between longevity and retirement. First of all, on the production side, 

older workers could become less productive, which could incentivise them to leave the 

labour force. Second, with the rise of social security and public pension schemes, 

workers are more likely to retire at an age associated with eligibility for benefits (Duval 

2004). Finally, from a microeconomic perspective treating leisure as a normal good, 
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leisure in the form of retirement increases as wages rise and individuals can finance 

post-retirement consumption.  

Bundell et al. (2017) find that health explains between 3% and 15% of the decline 

in employment near retirement. Similarly, French (2005) estimates that 10% of the 

drop in labour force participation observed between the ages of 55 and 70 can be 

explained by health. Riphahn (1999) reports that health shocks reduce the probability 

of being employed by 6% and triple the probability of dropping out of the labour force 

completely. Jones et al. (2010) estimate the effects of health shocks on the probability 

of labour market exits and find that, for men, the hazard of becoming non-employed 

increases by 50-320% following a health shock. For women, the same non-

employment hazard is 68-74%.  

To summarise, retirement is caused by many different interlinked factors. While the 

model presented in the next sections does not feature social security, diminishing 

productivity, or other factors, the importance of such factors is acknowledged. The 

inclusion of such factors in the model presented below is left to future work.  

3. Model overview 

In this section, a model is introduced in which agents make retirement decisions 

subject to a mortality profile and age-dependent health. A general case is first presented 

to demonstrate key insights of the model without assuming the exact functional form 

of either the mortality function or the health function.  

The model featured here departs from the classic continuous-time OLG model of 

Blanchard (1985) by allowing for age-dependent probability of death. The model is 

based roughly on Kalemli-Ozcan and Weil (2010) but departs from their setting by 

introducing a health function that augments the utility curve and links disutility of work 

to health. The utility curve is modelled as a special case of Finkelstein et al. (2013), 

who evaluate how the marginal utility of consumption is dependent on agents’ health.  
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3.1. The general case 

Consider a model of an agent who receives utility from consumption, 𝑐(𝑎), and 

disutility of work, 𝜔. Furthermore, the agent’s labour supply is constrained to be either 

“working” or “retired” and, once retired, the agent cannot transition back into the 

workforce. Agents are subject to an instantaneous death probability. The mortality 

function, 𝑚(𝑎), represents the chance of being alive at age 𝑎. The maximum age is 𝑇, 

which is determined by the mortality function. The agent maximises his utility subject 

to the consumption path and the planned retirement age, 𝑅. 

 𝑢(𝑐(𝑎)) = {
ln(𝑐(𝑎)) ℎ(𝑎) − 𝜔𝑔(𝑎)

ln(𝑐(𝑎)) ℎ(𝑎)
  

𝑓𝑜𝑟 0 ≤ 𝑎 ≤ 𝑅
𝑓𝑜𝑟 𝑅 < 𝑎 ≤ 𝑇

 (1) 

In Finkelstein et al. (2013), the utility curve was estimated using CRRA utility, of 

which the log-utility is a special case. In the setting presented here, the health status of 

the agent interacts with the utility curve in a manner similar to that described in 

Finkelstein et al. (2013). The health function 0 ≤ ℎ(𝑎) ≤ 1 augments the agent’s 

utility from consumption, where higher values of ℎ(𝑎) indicate better health and more 

utility derived from consumption. Unlike Grossman (1999), the agent cannot change 

their health level by investment, and health is viewed purely as a fact of life. Typically, 

the agent’s deteriorating health level implies that ℎ(𝑎) shifts the agent’s utility curve 

downwards with age; therefore, the ℎ(𝑎) function is assumed to be downward-sloping. 

Note that the health level affects the agent’s marginal utility of consumption.  

 
𝜕𝑢(𝑐(𝑎))

𝜕𝑐(𝑎)
=
ℎ(𝑎)

𝑐(𝑎)
 (2) 

The modelling of disutility of work is based on a formulation presented in Kalemli-

Ozcan and Weil (2010), except that instead of utility from retirement, the focus here is 

on disutility of work, which is possibly dependent on the age of the agent through the 

function 𝑔(𝑎). In Section 4, the disutility of work is defined more explicitly and is tied 
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directly to the health status of the agent. In order to demonstrate key insights of the 

model as regards health-dependency of utility from consumption, the disutility of work 

is kept independent from the agent’s health status in this section. An explicit functional 

form of ℎ(𝑎) is introduced in Sections 4 and 5. The agent’s expected lifetime utility is: 

 𝐸(𝑈) = ∫ ln(𝑐(𝑎))𝑚(𝑎)ℎ(𝑎)𝑒−𝜌𝑎𝑑𝑎
𝑇

0

−∫ 𝜔𝑔(𝑎)𝑚(𝑎)𝑒−𝜌𝑎𝑑𝑎
𝑅

0

 (3) 

where 𝜌 is the subjective rate of time preference. We assume constant wages, 𝑤. When 

faced with the risk of death, the agent is less inclined to save for the future. To account 

for this, the existence of actuarial notes issued by an insurance company in the style of 

Yaari (1965) is assumed. The insurance company is assumed to operate in perfect 

competition, which implies that the notes are issued at a fair rate.  The agent purchases 

notes from the insurance company, which invests at the rate of return 𝑟. The purchaser 

of the actuarial note receives a constant stream of payments until death, at which time 

any outstanding balance on the note is redistributed to the pool of other owners of the 

same note that are currently living. This setting rules out any accidental bequest. Due 

to the mortality risk, the notes have a higher rate of return than regular investment does, 

causing the agent to invest his entire savings in actuarial notes. In effect, the notes 

include a component of life insurance and perfectly mitigate the effect of uncertainty 

of death. The notes therefore completely absorb the impact the mortality risk on the 

agent’s consumption path, as can be seen from the Euler equation (Equation 7) below. 

The model assumes that both health status and expectation of future health represent 

private information. The agents know their health prospects, but the insurance 

company does not. Therefore, the insurance company cannot provide health insurance, 

which leaves agents completely exposed to the implications of developments in their 

health. In effect, the risk-absorbing nature of the actuarial notes with respect to 

mortality risk does not apply to health risk.  



 

164 

The model is based on a small open economy setting where the interest rate 𝑟 is 

assumed to be exogenously set equal to the world interest rate. The zero-profit 

condition from the perfect competition in the annuities market implies that the rate of 

return on the actuarial note, r𝐴(𝑎), is dependent on the mortality function: 

 r𝐴(𝑎) = r −

𝜕𝑚(𝑎)
𝜕𝑎
𝑚(𝑎)

 (4) 

Furthermore, we see that the discounting factor can be expressed as: 

 

𝑒−∫ 𝑟𝐴(𝑧)𝑑𝑧
𝑎

0 = 𝑒
−𝑟𝑎+∫

𝜕𝑚(𝑧)
𝜕𝑧
𝑚(𝑧)

𝑑𝑧
𝑎

0 = 𝑒−𝑟𝑎+∫
𝑑𝑙𝑛(𝑚(𝑎))

𝑑𝑧
𝑑𝑧

𝑎

0

= 𝑒−𝑟𝑎+∫ 𝑑𝑙𝑛(𝑚(𝑎))
𝑎

0 = 𝑒−𝑟𝑎+ln(𝑚(𝑎))−ln(𝑚(0))

= 𝑒−𝑟𝑎𝑚(𝑎) 

(5) 

The budget constraint becomes: 

 ∫ 𝑒−𝑟𝑎𝑚(𝑎)𝑐(𝑎)𝑑𝑎
𝑇

0

= ∫ 𝑒−𝑟𝑎𝑚(𝑎)𝑤𝑑𝑎
𝑅

0

 (6) 

The utility maximisation’s first-order condition (FOC) implies the Euler equation: 

 
�̇�(𝑎)

𝑐(𝑎)
= 𝑟 − 𝜌 +

ℎ̇(𝑎)

ℎ(𝑎)
 (7) 

where �̇�(𝑎) ≡
𝜕

𝜕𝑎
𝑐(𝑎) and ℎ̇(𝑎) ≡

𝜕

𝜕𝑎
ℎ(𝑎). 

The Euler equation implies that the agent’s consumption plan follows developments 

in his health over the life cycle. The agent’s consumption plan allocates consumption 

more heavily to periods of the agent’s life when he expects to enjoy good health. This 

makes sense from a utility maximisation point of view: the agent’s marginal utility is 

greater when he enjoys good health, so he assigns more consumption to those periods.  

As is discussed in Section 2, health usually deteriorates more rapidly in old age (see 

Figures 2 and 3). Generally, this implies that while the agent is young and enjoys 
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relatively good and stable health, the consumption path grows with age. Due to 

accumulated savings, the agent becomes wealthier as he ages, and he can therefore 

afford a higher level of consumption. As the agent grows older, deteriorating health 

exerts downward pressure on consumption growth. This health effect could in fact 

dominate and cause consumption to decline in old age, producing a concave 

consumption path over the life cycle consistent with empirical findings (see, for 

example, Gourinchas and Parker (2002)). A stylised life-cycle consumption path is 

depicted in Figure 5.  

Figure 5: Consumption path over the life cycle with 

deteriorating health. 

 

Developments in health, ℎ(𝑎), and their impact on consumption, 

𝑐(𝑎), over the life cycle. As agents grow older, their health 

deteriorates, which puts downward pressure on the consumption 

growth. Perfect health is normalised to 1. Wages are normalised 

to 1. 

In this setting, there is neither insurance nor any risk mitigation linked to the health 

function; therefore, the agent’s consumption path is explicitly linked to health. In the 

presence of health mitigation analogous to the mortality risk mitigation provided by 

the actuarial notes, the Euler equation would not be affected by the health of the agent. 

The agent’s optimal consumption path follows: 

 𝑐(𝑎) = 𝑒(𝑟−𝜌)𝑎𝑐(0)ℎ(𝑎) (8) 
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Here, 𝑐(0) represents the agent’s consumption when he enters the labour market at 

age 𝑎 = 0. By applying Equation (8) to the budget constraint, Equation (6), we arrive 

at the consumption level when the agent enters the labour market: 

 𝑐(0) =
𝑤 ∫ 𝑒−𝑟𝑎𝑚(𝑎)𝑑𝑎

𝑅

0

∫ 𝑒−𝜌𝑎𝑚(𝑎)ℎ(𝑎)𝑑𝑎
𝑇

0

 (9) 

From Equations (8) and (9), we see that the entire structure of the consumption plan 

is affected by the way in which the agent’s health develops over his expected lifespan. 

More specifically, consumption at birth, captured by Equation (9), is based on future 

income, health, and mortality. The numerator captures the present value of future 

expected labour income. The denominator of Equation (9) captures the length of the 

agent’s expected lifetime, where each future age is weighted by the probability of 

reaching that age and, due to the importance of health in utility from consumption, the 

health status if the specific age is indeed reached.  

Equations (8) and (9) capture the optimal consumption plan of the agent given a 

specific retirement age. Now we can determine the optimal retirement age by applying 

the consumption plan captured in Equations (8) and (9) to the expected lifetime utility 

function, Equation (3), and maximising with respect to the planned retirement age 𝑅. 

The FOC yields an implicit equation for optimal retirement:  

 𝜔𝑔(𝑅)𝑒−𝜌𝑅 =
𝑒−𝑟𝑅 ∫ 𝑒−𝜌𝑎𝑚(𝑎)ℎ(𝑎)𝑑𝑎

𝑇

0

∫ 𝑒−𝑟𝑎𝑚(𝑎)𝑑𝑎
𝑅

0

 (10) 

The left-hand side of Equation (10) captures the marginal disutility of work suffered 

from an increase in the retirement age, while the right-hand side captures the marginal 

utility of the consumption gained by an increase in the retirement age. The optimal 

retirement age, 𝑅∗, is the age at which Equation (10) holds. To illustrate this, if the 

agent were to retire earlier than 𝑅∗, the left-hand side of Equation (10) would be lower 
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than the right-hand side, implying that the increased utility from the extra consumption 

gains from working longer would exceed the disutility suffered from working longer. 

The opposite holds true when 𝑅 is higher than 𝑅∗. 

Furthermore, Equation (10) implies that any change in either longevity or health will 

cause a change in the planned retirement age. Now we can find the effects of health on 

the optimal planned retirement age. Let us assume that the health function takes the 

form ℎ(𝑎) ≡ 𝜂𝐻(𝑎). It would therefore consist of a downward-sloping function that 

captures life-cycle developments of health, 𝐻(𝑎), and a shifting parameter that 

captures changes the health profile, 𝜂. By differentiating on both sides with respect to 

𝜂, applying the Leibniz rule, and rearranging terms, we arrive at: 

 
𝜕𝑅

𝜕𝜂
=

∫ 𝑒−𝜌𝑎𝑚(𝑎)𝐻(𝑎)
𝑇

0
𝑑𝑎

𝜔𝑒(𝑟−𝜌)𝑅𝑔(𝑅) [(𝑟 − 𝜌) ∫ 𝑒−𝑟𝑎𝑚(𝑎)𝑑𝑎 + 𝑒−𝑟𝑅𝑚(𝑅)
𝑅

0
]
> 0 (11) 

We see that 𝑟 > 𝜌 is a sufficient condition for us to conclude that increased health 

leads agents to postpone planned retirement. Even under the condition that agents’ 

disutility of work and life expectancy are both health-independent, we find that as 

agents’ anticipated period of good health grows longer, they plan on working longer. 

This result is driven by the agent’s expectation of being able to enjoy consumption at 

a higher intensity later in life. In turn, this future consumption has to be financed 

somehow, leading agents to increase saving and postpone planned retirement.  

4. Deterministic health profile 

In the previous section, we saw that healthy aging leads to later retirement, without 

explicitly stating the functional form of the mortality and health functions. In this and 

the following section, we assume an explicit version of both functions. We begin by 

considering the case where the agent’s health deteriorates constantly and predictably. 

In Section 5 we introduce stochastic health shocks.  
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4.1. Age-dependent mortality 

We start by considering the survival function, which is based on the realistic 

mortality function introduced by Boucekkine et al. (2002). The probability of being 

alive at age 𝑎 is given by the mortality function, 𝑚(𝑎): 

 𝑚(𝑎) =
𝜇0 − 𝑒

𝜇1𝑎

𝜇0 − 1
 (12) 

Here we have a maximum age, 𝑇 = ln(𝜇0) /𝜇1. The parameters 𝜇0 > 1 and 𝜇1 > 0 

determine the shape of the mortality function. A decrease (increase) in 𝜇0 (𝜇1) has an 

age-dependent positive effect on the probability of being alive. By manipulating these 

parameters, we can change both the slope and the reach of the mortality function, which 

allows us to choose parameter values that simulate empirical data. The chance of being 

alive is concave and decreases with age.  

𝜕𝑚(𝑎)

𝜕𝑎
< 0    and  

𝜕2m(𝑎)

𝜕𝑎2
< 0      

The mortality function directly feeds into the actuarial notes, as is demonstrated in 

Equations (4) and (5) above. As the agent ages, his mortality increases, which implies 

that the return on the actuarial notes also increases.  

 𝑒−∫ 𝑟𝐴(𝑧)𝑑𝑧
𝑎

0 = 𝑒−𝑎𝑟𝑚(𝑎) = 𝑒−𝑎𝑟 (
𝜇0 − 𝑒

𝜇1𝑎

𝜇0 − 1
) (13) 

The return on the actuarial notes therefore depends both on age, 𝑎, and on the shape 

of the mortality function (𝜇0 and 𝜇1). For a calibration of the mortality function, see 

Figure 8.  

4.2. Health profile 

In order to keep the effects of health and longevity separate, we assume that the 

mortality profile is independent of the health profile. This implies that agents of the 

same age have the same likelihood of dying, regardless of their health status. In reality, 
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agents who have fallen sick are more likely to die; however, we ignored this so as to 

show analytically the effects of health on agents’ retirement decisions. When longevity 

is endogenously determined by the health function, any increases in healthy aging 

would translate into a rise in the life expectancy, which affects the retirement age. In 

this case, it would be hard to determine whether the health increase had any effect on 

the retirement age except via longevity.  

The health function is simulated by applying the Boucekkine et al. (2002) function, 

but with different parameter values. This accords with how health tends to develop 

over the life cycle, as is described in Section 2.2 above. In general, the health function 

is concave and decreases with age. The health function is explicitly stated as: 

 ℎ(𝑎) =
𝛾0 − 𝑒

γ1𝑎

γ0 − 1
 (14) 

In this setting, health deteriorates continuously over the life cycle in a deterministic 

way. The agent has full knowledge of how his health will develop over his lifetime, 

provided that he survives, and he can plan accordingly. The health function has 

properties similar to those of the mortality function in Section 4.1. The parameters 

 𝛾0 > 1 and γ1 > 0 determine the shape of the health function. A decrease (increase) 

in 𝛾0 (γ1) has an age-dependent positive effect on health. Through differentiation, we 

can determine how shifts in the health function affect different age groups:  

  
𝜕

𝜕𝑎
(
𝜕ℎ(𝑎)

𝜕𝛾0
) =

𝛾1𝑒
𝛾1𝑎

(𝛾0 − 1)
2
> 0 (15) 

and 

 
𝜕

𝜕𝑎
(
𝜕ℎ(𝑎)

𝜕𝛾1
) = −

(𝑎𝛾1 + 1)𝑒
𝛾1𝑎

(𝛾0 − 1)
2

< 0 (16) 

The terms in the large parentheses on the left-hand side of Equations (15) and (16) 

capture how the health function shifts by changing the parameters, 𝛾0 and 𝛾1. Equations 
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(15) and (16) therefore state that any shifts in the health function have the greatest 

proportional effect on the elderly. 

Figure 6: Health-dependence of utility function, baseline 

calibration. 

 

As the agent ages, he derives less utility from consumption. In the baseline 

calibration, we see that the difference between the utility curves of a 20-

year-old and a 55-year-old, on the one hand, is less than the difference 

between the utility curves of a 55-year-old and a 90-year-old, on the other. 

This implies that that the utility curve shifts downwards more rapidly with 

age.   

 

The marginal utility of consumption is dependent on the health function.  

 𝑀𝑈𝑐 =
ℎ(𝑎)

𝑐(𝑎)
  (17) 

As the agent grows older, he loses his health and the marginal utility of consumption 

decreases. The utility curve shifts constantly with age, as is captured in Figure 6. The 

age-dependency of the utility curves presented in Figure 6 is found by matching 

Eurostat data on self-reported health by age (see Section 2.2) to the magnitude of the 

health shift in the utility curve from Finkelstein et al. (2013). Furthermore, by applying 

𝑔(𝑅) = 1/ℎ(𝑎) to Equation (3), disutility of work becomes indexed to health.  
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4.3. Demographic change and retirement  

Now we can analytically provide a link between demographics and retirement 

decisions. By plugging the health function into Equation (10), we arrive at the implicit 

equation for optimal retirement: 

 

𝑒(𝑟−𝜌)𝑅∫ 𝑒−𝑟𝑎𝑚(𝑎)𝑑𝑎
𝑅

0

𝜔

= (
𝛾0 − 𝑒

γ1𝑅

γ0 − 1
)∫ 𝑒−𝜌𝑎𝑚(𝑎) (

𝛾0 − 𝑒
γ1𝑎

γ0 − 1
)𝑑𝑎

𝑇

0

 

(18) 

Neither the health function nor the mortality function is affected by the retirement 

age. The effects of agents’ enjoyment of better health can be found by a drop in 𝛾1. A 

drop in 𝛾1 shifts the entire health function so that agents at all ages enjoy a higher level 

of health. By differentiating the implicit equation for optimal retirement with respect 

to 𝛾1, we arrive at:  

 

𝜕𝑅

𝜕𝛾1
= −

∫
𝑎𝑒(𝛾1−𝜌)𝑎

𝛾0 − 1
𝑚(𝑎)𝑑𝑎 +

𝜔𝜑𝑅𝑒(𝑟+𝛾1−𝜌)𝑅

(𝛾0 − 1)ℎ(𝑅)
2 ∫ 𝑒−𝑟𝑎𝑚(𝑎)𝑑𝑎

𝑅

0

𝑇

0

𝜔 [𝐶1 ∫ 𝑒−𝑟𝑎𝑚(𝑎)𝑑𝑎
𝑅

0
+ 𝑒−𝜌𝑅𝑚(𝑅)ℎ(𝑅)]

< 0 

(19) 

where 𝐶1 ≡ (𝑟 − 𝜌)𝑒
(𝑟−𝜌)𝑅ℎ(𝑅)−1 +

𝜑𝛾1𝑅𝑒
(𝑟+𝛾1−𝜌)𝑅

(𝛾0−1)ℎ(𝑅)
2

 

We see that retirement age increases when the agent’s health increases. These results 

hold irrespective of whether or not disutility of work is a function of health. This 

accords with the results in the general case presented in Section 3. When health 

increases, the agent derives more utility from consumption throughout his life cycle. 

The greatest difference in utility from consumption is during retirement years, as is 

captured by Equations (15), (16), and (17).   

The value function for the retirement age can be found by applying the optimal 

consumption path to the utility maximisation. The function captures the agent’s value 
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from retiring at various ages. This implies that the agent chooses to retire when the 

𝑉(𝑅) function is at its maximum.  

𝑉(𝑅) = ln(∫ 𝑚(𝑎)𝑒−𝑟𝑎𝑑𝑎
𝑅

0

)∫ 𝑚(𝑎)ℎ(𝑎)𝑒−𝜌𝑎𝑑𝑎
𝑇

0

−∫
𝜔𝑚(𝑎)𝑒−𝜌𝑎

ℎ(𝑎)
𝑑𝑎

𝑅

0

 (20) 

The value function, 𝑉(𝑅), captures all terms with which the retirement age interacts 

in the utility function. On the right-hand side, the first term captures utility from 

consumption, whereas the last integral captures disutility from work.  Figure 7 plots 

the value function for the retirement age. While the agent is young, the effects of 

continuing to work on total marginal utility are positive, as is captured by the upward 

slope of the 𝑉(𝑅) function. This implies that given the mortality and health functions, 

the utility gained by the agent from the consumption he can finance by working longer 

exceeds the utility he loses by experiencing the disutility of working.  

Figure 7: Value function of retirement age, baseline calibration 

 

The maximum of the value function determines the agent’s retirement age. 

In the baseline calibration, the agent chooses to retire at age 63.4, which is 

the effective retirement age in Denmark in 2016. 

 

As the agent ages, he accumulates wealth and his expected remaining lifespan 

decreases; therefore, the slope of the V(R) function decreases until the function reaches 
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its maximum, at which time the agent retires. Retiring later would cause lower lifetime 

utility, as is captured by the negative slope in the 𝑉(𝑅) function after retirement. The 

agent therefore retires when his marginal utility of increased consumption (financed 

by wages earned from working) equals the marginal disutility of work. 

The baseline calibration of the health curve is matched to Eurostat data on self-

reported health by age (see Figure 2). The health curve is then calibrated so that its 

value at each age matches the likelihood of being in good health. The magnitude of a 

health shift (from good to poor health) is associated with a 20% drop in utility from 

consumption, which is consistent with the findings in Finkelstein et al. (2013). The 

calibration of the health curve therefore takes account of both developments in health 

over the agent’s lifetime and the magnitude of the effect health on utility. The 

parameters of the health curve for the baseline calibration are 𝛾0 = 41 and 𝛾1 = 0.025. 

 

Figure 8: Calibration of the mortality function 

 

Empirical and calibrated mortality function. The parameter values for the 

calibrated function are found by minimising the errors between the two 

curves while keeping implied life expectancy at its empirical value. 

Source of empirical survival function: mortality.org 
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The parameter associated with disutility of work, 𝜔 = 1.09, is chosen to match the 

effective retirement age in Denmark in 2016. The baseline calibration for the survival 

function depicted in Figure 8 is found by matching life expectancy to total life 

expectancy at birth in Denmark in 2016 (81 years). The curvature of the survival 

function is found by minimising the error between the empirical and calibrated survival 

functions at each age (𝜇0 = 131 and 𝜇1 = 0.064).  In a recent calibration of a 

Blanchard-Yaari style model in Benhabib, Bisin, and Zhu  (2014), the time preference, 

𝜌, and the interest rate, 𝑟, were set to 1.5% and 1.8%, respectively, the same values are 

applied here. 

Figures 9 and 10 trace the effects of a demographic shift on the optimal retirement 

age. As is discussed above, the agent chooses to retire at an age corresponding to the 

maximum of the 𝑉(𝑅) function. In both graphs, the green line (left axis) corresponds 

to the baseline calibration presented in Figure 7, while the red line (right axis) captures 

how the 𝑉(𝑅) curve shifts with demographic change. Figure 9 depicts a case where life 

expectancy increases by 10 years and the health curve shifts proportionally outwards. 

This causes the optimal retirement age to shift by 5.4 years, implying a new optimal 

retirement age of 68.9 years.   

In Figure 10, however, life expectancy increases by the same amount, yet the health 

profile remains unchanged. This implies that agents expect to live longer, but their 

health deteriorates at the same pace as in the baseline. In this rather unusual case, the 

optimal retirement age increases by only 3.8 years, implying a new planned retirement 

age of 67.2 years. These results suggest that health plays a significant role in explaining 

how retirement age responds to demographic change. This demonstrates the 

importance of health in an agent’s retirement decisions and the extent to which future 

longevity increases are associated with healthy aging. A robustness check of these 

results can be found in Appendix A. 
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Figure 9: Longevity and health increase 

 

The green curve is the value function of retirement for the baseline scenario (left 

axis). The red curve is the value function after a longevity and health increase 

(right axis). The retirement age is determined in each case by the maximum of 

the value function. The demographic shift implies that following a 10-year 

increase in life expectancy coupled with an appropriate shift in healthy aging, 

the agent chooses to retire 5.4 years later.  

 

Figure 10: Longevity increase 

 
The green curve is the value function of retirement for the baseline scenario (left 

axis). The red curve is the value function after a longevity increase (right axis). 

The retirement age is determined in each case by the maximum of the value 

function. If the health curve does not shift, the agent’s retirement age increases 

by only 3.8 years following a 10-year increase in life expectancy. 
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4.4. Retirement choices of heterogeneous agents 

The demographic shift experiment in the previous section can be interpreted in the 

context of heterogeneous agents. As is discussed in Section 2, neither longevity nor 

healthy aging is shared uniformly across society. Instead, we observe a gradient across 

the socioeconomic scale. For example, higher-income individuals have both better 

health (Figure 3) and greater life expectancy than lower-income individuals do.  

In this context, Figure 9 could depict two groups of agents: one group enjoys greater 

longevity and better health, and the other suffers lesser longevity and poorer health. 

Evidently, these two groups choose to retire at different times. Furthermore, we see 

that even in isolation, health plays a crucial role, as can be seen in the vastly different 

response to the demographic shift in the two cases illustrated in Figures 9 and 10. 

When facing a proportional increase in both health and longevity, those on the lower 

end of the socioeconomic scale would therefore respond by raising their retirement age 

to a lesser extent than those who enjoy high longevity and better health, effectively 

widening the gap in the optimal retirement ages of the respective groups.  

To further demonstrate the difference between socioeconomic groups, let us 

formulate the disutility of work function as: 𝑔(𝑎) = 1/ℎ(𝑎)𝜙. Here the parameter 𝜙 

captures the relationship between the disutility of work and the agent’s health. At 𝜙 =

0, the disutility of work is completely independent of health, and as 𝜙 increases, the 

disutility of work becomes increasingly sensitive to health. This formulation implies 

that the agents have identical disutility of work when they enter the labour market in 

perfect health. As the two groups age, however, agents with higher values of 𝜙 begin 

suffering from relatively more disutility of work.  

Lower values of 𝜙 could represent white-collar workers, whose work is largely 

independent of their physical health. Higher values of 𝜙 could then represent blue-

collar workers, who depend more on their physical health in their labour. We assume 
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here that the agents’ health and mortality profiles are identical and that the only 

difference between the blue- and white-collar groups is the disutility of work function. 

Any effects of differences in the disutility of work would therefore add to the 

differences discussed thus far. In this case, the lifetime utility function would become: 

 

𝐸(𝑈) = ∫ ln(𝑐(𝑎))𝑚(𝑎)ℎ(𝑎)𝑒−𝜌𝑎𝑑𝑎
𝑇

0

−∫ 𝜔ℎ(𝑎)−𝜙𝑚(𝑎)𝑒−𝜌𝑎𝑑𝑎
𝑅

0

 

(21) 

Now we are equipped to examine the effect that health-dependency on work has on 

an agent’s retirement decision. Figure 11 depicts the change in the planned retirement 

age when life expectancy rises by 10 years for different values of 𝜙.  

Figure 11: Retirement and health-dependency of 

disutility from work 

 
On the vertical axis, we have the increase in retirement age 

when the agent enjoys a 10-year increase in life expectancy 

(the same shift as is captured in Figure 10). On the 

horizontal axis, we have different sensitivity of the agent’s 

disutility of work to his health status (see Equation (21)). 

At 𝜙 = 0, the agent’s disutility of work is health-

independent. As the agent’s disutility of work becomes 

more dependent on health, his retirement age responds less 

to demographic change. 
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Figure 11 captures the same demographic change as Figure 10 does, but it allows 

for different sensitivities of disutility of work to health. Note that as the disutility of 

work becomes more sensitive to the agent’s health, the response of the retirement age 

to the demographic shift grows weaker. This makes intuitive sense: the additional years 

spent in the labour market provide both agents with equal utility from consumption, 

but the blue-collar worker experiences greater disutility from work, which causes his 

optimal retirement age to drop.  

To summarise, in the framework presented above, there are three things that can be 

applied to differentiate agents so as to simulate observed trends across the 

socioeconomic scale. First, the optimal retirement age is lower for those who suffer 

from shorter life expectancy. Second, those who enjoy healthy aging to a greater degree 

are more willing to retire later. Third, varying degrees of linkage between health status 

and disutility of work could cause blue-collar workers in more physically demanding 

occupations to retire earlier and respond less to demographic change.  

These three examples demonstrate that a pension rule based solely on average life 

expectancy may disregard conditioning factors that can influence agents’ retirement 

decisions. This does not necessarily suggest, however, that the pension system should 

be tailored to each group or “class” specifically. Within each class there are individuals 

who will eventually enjoy varying degrees of healthy aging and longevity. The 

distribution of demographic factors therefore significantly overlaps between the 

groups, raising concerns about false classification of individuals into each group. The 

seriousness of this concern could be investigated further via analysis of the welfare 

effects of pension schemes based on an average life expectancy benchmark.  

4.5. Longevity elasticity of the optimal retirement age 

In the previous section, we saw that two groups of agents who enjoy the same life 

expectancy but different levels of healthy aging have different optimal retirement ages. 
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Moreover, when we applied realistic mortality and health structures, the optimal 

retirement age increased less than longevity did. This should not come as a surprise: if 

we treat consumption and retirement leisure as normal goods, the longer lifespan 

should naturally lead to an increase in both consumption and leisure during retirement. 

We add to this by applying two new formulations of the mortality function to 

identify the circumstances under which the optimal retirement age rises on a one-to-

one basis with life expectancy, which is the pension rule currently applied in Denmark: 

on the one hand, with the Blanchard (1985) style perpetual youth assumption, and on 

the other hand, with a deterministic time of death. While these two demographic 

structures are unrealistic in isolation, they shed light on two cases on either side of the 

extreme. This, coupled with the realistic mortality profile presented in Section 4.1, 

creates a cohesive view of how the optimal retirement age responds to longevity 

increases.  

This is analysed by applying new mortality functions to the model in the general 

case presented in Section 3. For the perpetual youth model, the mortality profile takes 

the form 𝑚(𝑎) = 𝑒−𝜇𝑎, while in the deterministic case there is no risk of death, 

implying that 𝑚(𝑎) = 1, until the agent reaches the terminal age and dies. For these 

experiments, the agent is assumed to be in perfect health for the entirety of his life. In 

both cases, the response is found to fall short of the one-to-one increase in retirement 

age and longevity. For the perpetual youth model, the retirement age increases 

significantly less than life expectancy does. For the deterministic case, the retirement 

age increases on a one-to-one basis with life expectancy only if the agent works 

throughout his life; i.e., chooses never to retire. For further detail, see Appendix B. 

These results suggest that in general, the optimal retirement age does not follow life 

expectancy on a one-to-one basis: when life expectancy increases, the agent chooses 

both to allocate time to leisure during retirement and to consume more throughout his 
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life. Note that if we allow health to deteriorate as is described in Section 4.2, the 

longevity response of the optimal retirement age is weakened even more. This raises 

concerns about the appropriateness of the Danish system where the pension age follows 

life expectancy on a one-to-one basis.  

The results imply that in the Danish system, any increases in longevity would 

inadvertently cause an ever-increasing gap between the optimal retirement age and the 

pension age presented by the system. This, in turn, raises questions about individuals’ 

response to the pension scheme: because the pension scheme provides an incentive to 

work longer, agents might choose to work less at any given point in time, effectively 

increasing the span of their work life while decreasing its intensity. The divergence of 

the pension age and the optimal retirement age could also complicate pay-as-you-go 

pension schemes, where the benefits to the retired are financed by the currently 

working. As the pension age increases, in a system with defined pension benefits, the 

contributions needed for each member of the work force decrease. This, in turn, could 

also affect both the extensive and intensive margins of labour supply. Furthermore, 

basing the pension system on average life expectancy could have the effect of hiding 

significant variability among agents of different socioeconomic status.   

5. Stochastic health shocks 

In this section, the assumption that health behaves in a deterministic manner is 

relaxed. By introducing shocks to the agent’s health, we gain valuable insights into the 

saving behaviour of an agent facing uncertainty about his future health. Now the agent 

is in full health until he is struck by a stochastic exogenous health shock that shifts his 

utility curve downwards. The agent does not now know when this shock will strike, 

but he does know the probability of its striking. The analysis in this section is based on 

saving behaviour after retirement. 
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5.1. Recursive utility maximisation 

The agent is assumed to be either in good health or in poor health. As before, the 

utility function is affected by the agent’s health status. The health function, ℎ(𝑎), takes 

the value 1 when the agent is healthy and the value 0 ≤ 𝐻 ≤ 1 when the agent has 

suffered an adverse health shock. The agent cannot suffer more than one health shock 

and cannot transfer back into the healthy population once the shock has struck. The 

utility function therefore has two possible states: 

 𝑢(𝑐) = {
ln (𝑐)

ln(𝑐)𝐻
  

for healthy 

for unhealthy 
(22) 

As is discussed in Section 3, the marginal utility of consumption is lower when the 

agent has lost his health than it is when he is in full health. Here the classic Blanchard 

(1985) assumption of age-independent mortality risk is applied, where 𝜇 captures the 

instantaneous probability of death. The health risk is also assumed to be age-

independent, with the parameter 𝜆 capturing the instantaneous risk of health loss. For 

a healthy agent, the probability of losing one’s health during time interval 𝜏 is: 

 (1 − 𝑒−𝜏𝜆) (23) 

where 𝜏 is assumed to be a relatively short period. For a healthy agent who has already 

retired, the maximisation problem can be formalised in a Bellman equation form:   

 𝑉(𝐴) = 𝜏 𝑙𝑛(𝑐) + 𝑒−𝜏(𝜌+𝜇)[𝑒−𝜏𝜆𝑉(𝐴′) + (1 − 𝑒−𝜏𝜆)𝑉𝐻(𝐴
′)] (24) 

where 𝑉(𝐴) is the agent’s value function of having assets 𝐴 while healthy and 𝑉𝐻(𝐴) 

is the value function for an unhealthy agent. The first term in Equation (24) reflects the 

utility derived from consumption during the time interval 𝜏. 𝐴′ represents assets during 

the next interval of length  𝜏. As before, 𝜌 is the time preference. In order to solve the 

maximisation problem, we need first to determine how the agent would react if he were 

to suffer the health shock at the end of the interval.  
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The Bellman equation for an unhealthy agent is captured by: 

 𝑉𝐻(𝐴) = 𝜏 ln(𝑐)𝐻 + 𝑒
−𝜏(𝜌+𝜇)𝑉𝐻(𝐴

′) (25) 

As before, the existence of actuarial notes issued at a fair rate is assumed, and the 

small open economy setting is adopted. This implies that the rate of return on savings 

is 𝑟𝐴 = 𝑟 + 𝜇. The retired agent’s budget constraint is therefore:  

 𝐴′𝑒−𝜏(𝑟+𝜇) = 𝐴 − 𝑐 (26) 

The budget constraint does not depend on the agent’s health status, and it applies to 

both healthy and unhealthy agents. Now the optimal consumption-saving decisions of 

an agent who suffers from poor health can be determined. By substituting the budget 

constraint from Equation (26) into the value function in Equation (24), we arrive at: 

 𝑉𝐻(𝐴) = 𝜏 ln(𝐴 − 𝐴
′𝑒−τ(𝑟+𝜇))𝐻 + 𝑒−𝜏(𝜌+𝜇)𝑉𝐻(𝐴

′) (27) 

Here the agent chooses how much to consume and how much to save of his 

accumulated assets, 𝐴, at any given time. By using a guess-and-verify process, we 

conclude that the value function takes the form 𝑉𝐻(𝐴) = 𝑎𝐻 + 𝑏𝐻ln (𝐴). The agent 

seeks to maximise his lifetime utility by choosing how much of his assets he leaves for 

future consumption, 𝐴’. The Bellman equation can be re-written as: 

 𝑉𝐻(𝐴) = 𝜏 ln( 𝐴 − 𝐴
′𝑒−𝜏(𝑟+𝜇))𝐻 + 𝑒−𝜏(𝜌+𝜇)[𝑎𝐻 + 𝑏𝐻ln (𝐴′)] (28) 

The first term on the right-hand side captures the utility derived from consumption 

during the current 𝜏-long interval, while the second term captures the value of future 

assets. By finding the future asset level that maximises the value function in Equation 

(28), we can determine the values of 𝑎𝐻 and 𝑏𝐻. These values can then be applied to 

arrive at the following relationship between current and future assets so as to maximise 

the expected remaining lifetime utility of the agent who has suffered the health shock:  

 
𝐴′

𝐴
= 𝑒𝜏(𝑟−𝜌) (29) 
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Note that for the agent who has suffered the health shock, the severity of the health 

shock, H, does not affect the growth path of assets. The assumption here is that even 

though H affects the agent’s utility, it also affects the future utility of the agent in 

exactly the same way. Therefore, the utility-maximising growth path of assets is the 

same, irrespective of the value the health shock takes; however, this does not imply 

that the value function 𝑉𝐻(𝐴) is independent of the severity of the health shock.  

The healthy agent faces a risk of transitioning to the unhealthy state, and he knows 

which utility-maximising strategy he will adopt if he does so, as is captured by 

Equations (28) and (29). Applying the procedure used in the case of the agent who has 

already suffered the health shock, we see that the value function of the healthy agent 

becomes:  

 

𝑉(𝐴) = 𝜏 ln(𝐴 − 𝐴′𝑒−𝜏(𝑟+𝜇))

+ 𝑒−𝜏(𝜌+𝜇){𝑒−𝜏𝜆[𝑎 + 𝑏 ln(𝐴′)]

+ (1 − 𝑒−𝜏𝜆)[𝑎𝐻 + 𝑏𝐻ln (𝐴′)]} 

(30) 

The future asset level, 𝐴′, that maximises the agent’s utility can now be found. Note 

that the agent now takes into account both the probability of suffering the health shock 

and the value function for the case in which the agent has lost his health. By solving 

we arrive at the following process: 

 
𝐴′

𝐴
= (

𝑒−𝜏(𝑟−𝜌)

𝐶2
+ 𝑒−𝜏(𝑟+𝜇))

−1

 (31) 

where 𝐶2 ≡
1+𝑒−𝜏(𝑟−𝜌)

𝐻(1−𝑒−𝜏𝜆)

1−𝑒−τ(𝜌+𝜇)

1−𝑒−𝜏(𝜌+𝜇+𝜆)
+

𝐻(1−𝑒−𝜏𝜆)

1−𝑒−𝜏(𝜌+𝜇)
 illustrates where the health-related 

parameters enter the agent’s utility-maximising consumption-saving decision.49  

                                           

49 If the risk of a health shock is set to zero, Equation (31) reduces to the case where the agent has 

already suffered the health shock, Equation (29). This implies that when the risk of the health shock 
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In this case, unlike that of the unhealthy agent in Equation (29), growth in assets 

depends on both the probability and the severity of the health shock. Let us consider 

the case where the health shock itself is so severe that the agent derives no utility from 

consumption if the shock strikes. This actually implies that losing one’s health is 

equivalent to death, in which case 𝐻 would be set to zero. In this instance, the motion 

equation for the healthy agent’s asset accumulation would become:   

 
𝐴′

𝐴
= 𝑒𝜏(𝑟−𝜌−𝜆) (32) 

Equation (32) can be interpreted to represent a world where mortality risk is split 

into two factors – insurable and uninsurable mortality risk – captured by 𝜇 and 𝜆, 

respectively. Insurable mortality risk is mitigated perfectly by the actuarial notes (see 

Section 3) and does not affect the utility-maximising path of asset accumulation. 

Uninsurable mortality risk does affect the agent’s consumption-saving decision, 

however. As uninsurable mortality risk increases, the agent is not compensated for 

being less likely to enjoy his savings through future consumption. This incentivises the 

agent to consume more while he is still alive, effectively reducing the speed of asset 

accumulation, as is captured in Equation (32).  

In the case where 𝐻 > 0, improvements in healthy aging can be implied by lowering 

health risk or decreasing the severity of the health shock. Differentiation of 𝐶2 from 

Equation (31) with respect to the size of the health shock, 𝐻, yields:   

 
𝜕𝐶2
𝜕𝐻

=
1 − 𝑒−𝜏𝜆

1 − 𝑒−𝜏(𝜇+𝜌)
+

𝑒−𝜏(𝑟−𝜌)(1 − 𝑒−𝜏𝜆)

(1 − 𝑒−𝜏(𝜇+𝜌))(1 − 𝑒−𝜏(𝜆+𝜇+𝜌))
> 0 (33) 

                                           

is removed, the only remaining uncertainty the agent faces is mortality risk, which is mitigated 

perfectly by the actuarial notes. In this case, we arrive at the standard Blanchard-Yaari asset 

accumulation path. 
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which implies that asset growth, 𝐴′/𝐴, increases as the severity of the health shock 

decreases (𝐻 is higher). The underlying assumption is that as the health shock becomes 

less severe, the agent’s prospects of enjoying future consumption increase. This 

incentivises the agent to save for future consumption. The effects of improvements in 

healthy aging can also be captured by reducing the probability of the adverse health 

shock, 𝜆. 

 
𝜕

𝜕𝜆
(
𝐴′

𝐴
) < 0 (34) 

Note that the derivative in Equation (31) yields a large expression that is omitted 

here. The sign of the derivative is analysed in Appendix C. The sign is negative for the 

entire span of reasonable values for all of the parameters. The reduced probability of 

the health shock therefore causes stronger asset growth, implying that the agent 

chooses to consume less and save more. As the probability of the health shock 

decreases, the agent’s prospects of being able to enjoy future consumption improve. 

This, in turn, incentivises the agent to save more, as he has a greater chance of being 

able to enjoy his future consumption. 

Even though mortality risk is perfectly mitigated by the actuarial notes, it plays an 

important role in determining the magnitude of the effect of healthy aging on the 

agent’s consumption-saving decision. Differentiation of Equation (33) yields: 

 
𝜕

𝜕𝜇
(
𝜕𝐶2
𝜕𝐻
) < 0 (35) 

The derived expression proves to be large and is omitted above. However, the sign 

of the expression can be easily seen in Equation (33): when 𝜇 increases, the 

denominators of both fractions increase, causing the entire expression to decrease. This 

implies that as the agent expects to live longer (𝜇 decreases), the effects of his health 

expectations on asset accumulation are magnified. This makes intuitive sense: when 
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mortality risk is lower, the agent anticipates living longer, regardless of health status. 

This, in turn, implies that possible years of poor health weigh more heavily in his 

expected lifetime utility, magnifying the impact of the health shock on his 

consumption-saving decision.  

To summarise, as the agent’s expectations of being able to enjoy future consumption 

improve, he chooses to decrease current consumption and increase his saving, causing 

his assets to accumulate at a more rapid pace. A natural extension of the analysis 

presented in this section would be to analyse how a stochastic health shock affects the 

agent’s retirement plans. Such a study could yield interesting results because of the 

interaction between retirement age and saving behaviour.  

6. Concluding remarks 

The model presented here demonstrates that healthy aging plays an important role 

in agents’ life-cycle planning. For most individuals, a significant part of the 

deterioration in their health takes place after retirement. This paper makes an important 

connection between post-retirement health and retirement timing, showing that not 

only does length of retirement matter, but post-retirement quality of life matters as 

well. Furthermore, the analysis shows that when subject to stochastic health shocks, 

individuals’ propensity to save decreases.  

In the model, health has two distinct effects on the agent, through disutility of work 

and through utility from consumption. Developments in health were modelled in two 

ways: first, as a constant deterministic process; and second, through stochastic health 

shocks. Empirically, individuals do not have perfect knowledge of how their health 

will develop over their life cycle, but actual developments will probably approximate 

a mixture of the two cases examined here. Lessons from these two perspectives 

considered together could therefore demonstrate, at least to a degree, how health affects 

retirement and saving decisions. 
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The analysis finds consistently that the longer agents expect to remain in good 

health, the longer they postpone retirement. This holds true irrespective of whether or 

not health affects disutility of work. It, too, makes intuitive sense: there is less of an 

incentive to work to acquire savings for a retirement one cannot enjoy. When faced 

with increases in healthy aging, agents will therefore respond by remaining in the 

labour market longer, regardless of whether or not these increases are associated with 

longevity increases.  

In the deterministic case, the health function produced a hump-shaped consumption 

plan over the life cycle. When the agent is younger, his health is relatively stable and 

his consumption increases due to his accumulation of wealth. As the agent grows older, 

his health deteriorates at an increased pace, which puts downward pressure on the 

consumption plan, producing a concave consumption profile. This result is 

complemented by the stochastic analysis, which found that when agents are less likely 

to lose their health, or when they expect the health shock to be less severe, their 

propensity to save increases.  

The model was also used to analyse the differences among different socioeconomic 

groups and how they respond to demographic change. An individual’s optimal 

retirement age is determined to a significant degree by health, longevity, and disutility 

of work, all of which tend to incentivise typical blue-collar workers to retire earlier 

than their white-collar counterparts. This does not necessarily imply that a double 

system should be implemented, however, since empirically there is significant overlap 

in the distribution of the mortality of the two groups. The longevity elasticity of the 

retirement age was also analysed, and the findings indicated that in three settings 

spanning various formulations of the mortality profile, the optimal retirement age will 

increase on less than a one-to-one basis with longevity increases. These findings 
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indicate that special care should be taken when designing retirement reforms for an 

inherently heterogeneous population.  

Further extensions would add a layer of sophistication to the analysis. Allowing for 

a planned retirement age in the stochastic setting would provide further insight about 

optimal life-cycle planning when subject to demographic change. Introducing a 

pension scheme would facilitate an analysis of the effects of various pension reforms 

on the planned retirement age, saving behaviour and, ultimately, welfare. This paper 

should be viewed as the first of many on the effects of healthy aging on retirement and 

retirement reform. Extensions are left to future work. 
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Appendix A 

Here the robustness of the numerical results of Section 4.3 is checked. The shock 

presented in Section 4.3 was a demographic shock. Naturally, the demographic 

parameters drive the shock, but its magnitude could be influenced by other model 

values. The variables featured in the model that are assumed not to be influenced by 

demographic factors are the interest rate, 𝑟, and the time preference, 𝜌. To ensure the 

tractability of the model, a relationship between these two variables has been assumed, 

𝑟 > 𝜌. The baseline values of all parameters are the same as those presented in Section 

4.3.  

The longevity increase is the same as is presented in Section 4.3. On the one hand, 

we have an increase in life expectancy of 10 years coupled with an equal increase in 

the health profile, simulating healthy aging. This is captured by the orange line in 

Figures A1-A3. On the other hand, we have an increase in life expectancy of 10 years 

with an unchanged health profile, implying that agents can expect to live longer but 

will spend those extra years in relatively poor health. This case is depicted by the blue 

line in Figures A1-A3. On the vertical axis of Figures A1-A3, we have the change in 

the retirement age when the agent is subject to the two longevity shocks described 

above. On the horizontal axis, we have different parameter values for the time 

preference, 𝜌, and the interest rate, 𝑟. This allows us to see how the magnitude of the 

demographic shift affects the agent’s optimal retirement decision.   

We can start by examining how the reaction to the longevity shock depends on the 

time preference. In Figure A1, the value of the time preference, 𝜌, goes from 0.001 to 

0.018, but the interest rate is kept unchanged at 0.018. As the time preference increases 

and approaches the interest rate, the impact of the demographic change on the optimal 

retirement age increases. In Figure A2, the interest rate is allowed to change while the 
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time preference is kept constant. A similar pattern emerges. As the interest rate moves 

closer to the time preference, the impact of the demographic change increases.  

From Equations (7) and (8), we know that as 𝜌 and 𝑟 move closer to the same value, 

the health profile plays an increasingly significant role in explaining the agent’s 

consumption profile. This difference between 𝜌 and 𝑟 increases consumption growth 

over the agent’s lifetime, while deteriorating health decreases consumption growth. 

This explains in part the widening gap between the orange and blue curves in Figures 

A1 and A2.  

In Figure A3, both 𝜌 and 𝑟 move together across the horizontal axis, keeping their 

difference fixed at 0.003. Note that the difference between the two demographic shifts 

remains approximately proportional. However, the retirement age becomes less 

sensitive to demographic shifts as the time preference and interest rate increase. This 

illustrates how the impact of the health profile depends on the time preference and the 

interest rate. When the difference is smaller, health has a more significant role in 

shaping the agent’s optimal retirement plan. 
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Figure A1: Change in planned 

retirement age when life expectancy 

increases, sensitivity to time preference 

Figure A2: Change in planned 

retirement age when life expectancy 

increases, sensitivity to interest rate 

  
The orange line depicts the change in 

retirement age when the agent enjoys higher 

life expectancy and better health. The blue line 

depicts the change in retirement age when the 

agent enjoys higher longevity but an 

unchanged health profile. The parameter value 

for 𝜌 in the baseline calibration was 0.015. 

The orange line depicts the change in 

retirement age when the agent enjoys higher 

life expectancy and better health. The blue line 

depicts the change in retirement age when the 

agent enjoys higher longevity but an 

unchanged health profile. The parameter value 

for 𝑟 in the baseline calibration was 0.018. 

 

Figure A3: Change in planned retirement age 

when life expectancy increases, sensitivity to 

interest rate and time preference 

 

The orange line depicts the change in retirement age when 

the agent enjoys higher life expectancy and better health. 

The blue line depicts the change in retirement age when the 

agent enjoys higher longevity but an unchanged health 

profile. Here the difference between time preference and 

interest rate is kept constant at: 𝜌 ≡ 𝑟 − 0.003. 
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Appendix B 

Here the responsiveness of the retirement age to increases in longevity is addressed.  

As is observed in Equation (11), a deterioration of health puts downward pressure 

on the optimal retirement age. In this Appendix, we are interested in analysing the 

conditions necessary for the optimal retirement age to respond to longevity increases 

on a one-to-one basis. Therefore, we assume that the agent’s health is constant and set 

to 1. In the context of the model presented in Section 3, this implies that the mortality 

and health profiles take the form of:  

𝑚(𝑎) = 𝑒−𝜇𝑎 and ℎ(𝑎) = 1 (A1) 

The agent’s life expectancy becomes Λ = 1/𝜇. Furthermore, the knife’s edge 

condition 𝑟 = 𝜌 is applied, implying perfect consumption smoothing. Finally, the 

disutility of work, 𝜔, is normalised to 1. By plugging this into the implicit function for 

the optimal retirement age, Equation (10), and differentiating, we arrive at: 

 −
𝜕𝑅

𝜕𝜇
=

𝑅

𝜇 + 𝑟
<
1

𝜇2
= −

𝜕Λ

𝜕𝜇
  (A2) 

On the left side of the inequality in Expression (A2) is the change in the optimal 

retirement age when the instantaneous death probability, 𝜇, decreases. On the right 

hand side, we have the increase in life expectancy following the decrease in 𝜇. 

Expression (A2) implies that as longevity increases, the response in the optimal 

retirement age will be less than the increase in life expectancy. The inequality in 

Expression (A2) holds as long as the agent’s optimal planned retirement age is less 

than  Λ(1 + 𝑟Λ), which is substantially greater than the agent’s life expectancy.  

Let us now turn to the case where mortality is deterministic and the agent knows his 

exact time of death. This implies that 𝑚(𝑎) = 1 for all ages until the agent reaches the 

terminal age, 𝑇, at which point 𝑚(𝑇) = 0. In this case, we relax the knife-edge 
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condition and revert to the 𝑟 > 𝜌 condition. By plugging this into the model presented 

in Section 3, we arrive at: 

 
𝜕𝑅

𝜕𝑇
=

𝑟𝑒−𝜌(𝑇−𝑅)

𝜌 + (𝑟 − 𝜌)𝑒𝑅𝑟
< 1 =

𝜕

𝜕𝑇
𝑇 (A3) 

The condition in Expression (A3) implies that when the agent’s life expectancy 

increases, his optimal retirement age will increase by less than the increase in life 

expectancy. The condition that must hold in order for the optimal retirement age to 

respond on a one-to-one basis to the life expectancy increase is the boundary condition 

that the agent will never retire, setting 𝑅 = 𝑇. 

Note that the analysis is based on simplifying assumptions that could influence the 

results. The agent is forced to work full-time or not at all. The agent’s wage profile is 

also assumed to be constant. The time preference is also assumed to be lower than the 

interest rate. Finally, the model does not feature a social security scheme that could 

significantly alter the agent’s retirement decision, as is discussed in Section 2.3.  
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Appendix C 

Here the sign of Equation (34), which captures the effects of an increase in the 

probability of the adverse health shock on the agent’s asset accumulation process, is 

determined numerically. For convenience, Equation (31) is restated here: 

 
𝐴′

𝐴
= (

𝑒−τ(𝑟−𝜌)

𝐶2
+ 𝑒−τ(𝑟+𝜇))

−1

 (A4) 

where 𝐶2 ≡
1+𝑒−τ(𝑟−𝜌)

𝐻(1−𝑒−τ𝜆)

1−𝑒−τ(𝜌+𝜇)

1−𝑒−τ(𝜌+𝜇+𝜆)
+

𝐻(1−𝑒−τ𝜆)

1−𝑒−τ(𝜌+𝜇)
 captures where the health-related 

parameters enter the agent’s utility-maximizing consumption-saving decision. The 

sign of the derivative of 
𝐴′

𝐴
 with respect to ℎ is difficult to prove analytically. A more 

fruitful way to determine the effect of increased probability of the adverse health shock 

is to apply parameter values to the derivative and check the sign for all permissible 

values for all parameters.  

In order to check the sign for the span of each parameter, a baseline calibration is 

necessary. The baseline calibration’s value for the instantaneous death probability is 

𝜇 = 0.016, which implies a life expectancy of 82.5 years. The probability of the health 

shock is half the probability of death and is set to 𝜆 = 0.008. The size of the health 

shock is set to 𝐻 = 0.8, and the interest rate is set to 𝑟 = 0.018. Finally, the time 

preference is set to 𝜌 = 0.015 

In Figure A4 below, we see that for the entire span for all the parameters, an increase 

in the probability of the health shock (higher values of 𝜆) will result in a slower asset 

growth rate. This implies that the agent saves less and consumes more of his stock of 

assets when the probability of the health shock increases. 
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Figure A4: Effect of increased probability of health shock on asset accumulation 

 
 

The sign of the derivative in equation (31) is 

negative for all permissible values of the 

instantaneous death probability, 𝜇  

The sign of the derivative in equation (31) is 

negative for all reasonable values of the 

probability of the health shock, ℎ 

 
 

The sign of the derivative in Equation (31) is 

negative for all permissible values for the time 

preference, 𝜌. 

The sign of the derivative in Equation (31) is 

negative for all permissible values of the 

interest rate, 𝑟. 

  
The sign of the derivative in Equation (31) is 

negative for all permissible values of the size of 

the health shock, 𝐻. 

The sign of the derivative in Equation (31) is 

negative for all reasonable values for current 

time interval, 𝜏. 
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