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Abstract

This paper studies standard predictive regressions in economic systems governed by persistent vector
autoregressive dynamics for the state variables. In particular, all — or a subset — of the variables
may be fractionally integrated, which induces a spurious regression problem. We propose a new
inference and testing procedure — the Local speCtruM (LCM) approach — for joint significance of the
regressors, that is robust against the variables having different integration orders and remains valid
regardless of whether predictors are significant and, if they are, whether they induce cointegration.
Specifically, the LCM procedure is based on fractional filtering and band spectrum regression using a
suitably selected set of frequency ordinates. Contrary to existing procedures, we establish a uniform
Gaussian limit theory and a standard y2-distributed test statistic. Using the LCM inference and
testing techniques, we explore predictive regressions for the realized return variation. Standard least
squares inference indicates that popular financial and macroeconomic variables convey valuable
information about future return volatility. In contrast, we find no significant evidence using our
robust LCM procedure. If anything, our tests support a reverse chain of causality, with rising
financial volatility predating adverse innovations to key macroeconomic variables. Simulations are
employed to illustrate the relevance of the theoretical arguments for finite-sample inference.
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1 Introduction and Literature Review

An important function of econometric analysis is the provision of forecasts for economic and financial
variables. A commonly adopted approach is predictive regressions, in which the variable of interest
is regressed on a set of lagged predictors, generating coefficient estimates that constitute the basis
for out-of-sample forecasts. However, this procedure has been subject to controversy due to the
inherent nature of economic data. Many relevant series and associated predictors are highly persistent,
inducing an array of inferential problems. In particular, economic time series often display slowly
decaying autocorrelations and even outright non-stationarities. In such scenarios, a number of pitfalls
arise. Most prominently, in the spurious regression case, where one persistent unit root, or I(1),
process is projected onto another independent (1) process, standard significance tests display large size
distortions; see, e.g., Granger & Newbold (1974) and Phillips (1986). Another canonical example is the
prediction of a noisy, and possibly persistent, dependent variable using a highly persistent regressor.
This setting is motivated by, among others, predictability of stock returns or return volatility and
associated empirical issues such as unstable predictive relations, e.g., Peseran & Timmermann (1995)
and Welch & Goyal (2008), and predictive biases, e.g., Stambaugh (1999).

This paper considers inference and testing for predictive regressions, in which all the variables may
be highly persistent. Formally, they may display different degrees of fractional integration, that is,
be I(d) processes, where d may take different non-integer values across series. This nests standard
short memory and integrated vector autoregressions (VARs), if all variables have d = 0 or d = 1,
respectively, but also accommodates many intermediate cases, thus comprising a very flexible setting.
The variables are (asymptotically) stationary if 0 < d < 1/2, and non-stationary if d > 1/2.

Our analysis builds on prior contributions studying different aspects of the above scenarios. For
spurious regressions, the theory in Phillips (1986) is extended by Tsay & Chung (2000), demonstrating
how many basic insights carry over to regressions with independent, fractionally integrated variables.
Ng & Perron (1997) show that spurious inference problems also appear in systems with unit root and
near unit root variables. In addition, Ferson, Sarkissian & Simin (2003), Valkanov (2003), Torous,
Valkanov & Yan (2005) and Deng (2014) document that similar issues arise when predicting a noisy
stationary variable with a persistent regressor in a local-to-unity (unit root) setting and, in particular,
for long-horizon return regressions. In the latter case, the inference may also be distorted by a bias
caused by correlation between innovations to the (stationary) returns and the persistent predictor.
Stambaugh (1999) shows that this bias can be corrected for a stationary predictor, but Phillips & Lee
(2013) demonstrate that this, more generally, is infeasible, when the regressor displays local-to-unity,
unit root or explosive persistence. In summary, standard inference techniques encounter serious size
problems, when one or more variables of the system are strongly persistent.

Several alternative procedures have been developed to alleviate spurious inference problems and
predictive biases. For example, standard and (fractional) cointegration frameworks facilitate inference
on general linear relations, whose error is purged of (some of) the persistence of the original processes;

see, e.g., Johansen & Nielsen (2012) for parametric inference, and Robinson & Marinucci (2003) and



Christensen & Nielsen (2006) for the semiparametric case. Moreover, robust inference procedures
have been proposed for the case where the persistent regressor follow local-to-unity dynamics; e.g.,
using Bonferroni corrections as in Cavanagh, Elliott & Stock (1995) and Campbell & Yogo (2006),
a conditional likelihood approach in Jansson & Moreira (2006), and nearly optimal tests in Elliott,
Miiller & Watson (2015). Phillips & Lee (2013) and Phillips (2014) discuss issues associated with these
approaches, e.g., the lack of power of the Bonferroni procedure, if the regressor is stationary rather
than local-to-unity, and the lack of extendability to multivariate regressions. As an alternative, they
develop the IVX methodology, which applies generally to persistent autoregressive processes (station-
ary, local-to-unity, unity and explosive) as well as to multivariate testing problems; with extensions
and applications pursued by, among others, Kostakis, Magdalinos & Stamatogiannis (2015). Finally,
Sizova (2013) considers predictive return regressions using stationary fractionally integrated variables,
including historical volatility, but from a different asymptotic perspective.

Although inference in systems with persistent variables has received considerable attention, no
results apply to our flexible predictive regression framework, where each variable may display fractional
integration of different orders, covering stationary and non-stationary values. In the cointegration
literature, the underlying assumption of (fractional) cointegration is violated under the null hypothesis
of no predictability. In the stationary-persistent variable prediction literature, including the IVX
methodology, the regressand is only weakly dependent, not fractionally integrated. Finally, the setting
with diverse values of d puts us squarely outside the local-to-unity framework.

Consequently, in this paper, we seek to fill a critical gap in the literature by developing inference
and testing procedures for prediction of an I(d) variable within a system of fractionally integrated
variables of potentially different orders. Importantly, our methodology is robust to stationary and
non-stationary variables. Moreover, if the regressors are significant, we simultaneously accommodate
predictive relations that may or may not be cointegrated. Such uniformity across persistent predictive
regimes is highly desirable, allowing us to retain statical power, while letting the user, a priori, remain
agnostic about the stationarity of the system as well as whether it exhibits predictability.

Specifically, we propose a two-step inference procedure — the Local speCtruM (LCM) approach.
The first step uses a (semi-)parametric fractional filter to purge the variables of their long memory,
while retaining the coherence among the variables in the filtered series. The second step relies on
band-spectrum regressions, using carefully selected frequency ordinates to account for any slippage
from the mean (or initial value, if d > 1), first-stage filtering errors, and other potential sources
of bias. We show that the LCM inference is asymptotically Gaussian and the associated test for
joint significance of the regressors is y?-distributed, and thus readily implementable. These results
apply in spite of the original variables consisting of a, possibly highly diverse, mixture of stationary
and non-stationary variables and regardless of whether the (potentially) significant predictors induce
cointegration. Importantly, our estimator achieves a semi-parametric convergence rate in the absence
of cointegration and properties analogous to “super consistency” in its presence. Furthermore, in

settings where predictive biases occur in the fractionally integrated VAR system, we show that the



LCM procedure, at most, incurs a second-order impact, regardless of the persistence in the system.
This is in contrast to Phillips & Lee (2013), who find the corresponding bias to be of first order and
uncorrectable in the local-to-unity case. Along the same lines, we show that LCM can accommodate
regressors that have been pre-estimated as fractional “cointegrating residuals”. Finally, we provide a
feasible inference procedure that includes a new trimmed exact local Whittle (TELW) estimator of
the fractional cointegration strength.

To illustrate the workings of the LCM approach, we briefly discuss two polar cases. In the first
scenario, we have a balanced system with the integration order of the regressand, d > 0, matching the
integration order among the regressors. In this scenario, inference is generally non-standard, including
the case of unit roots generating non-standard convergence rates or spurious regression relations.
Without exploiting a priori knowledge of whether the system is balanced or not, the LCM approach
affords a simple procedure to obtain standard inference, independent of the persistence in the system,
albeit at some cost in efficiency. The second case involves unknown degrees of integration across
variables and possibly an unbalanced system. The LCM approach enables us to convert the system
to an approximately balanced and stationary setting, and to directly test for predictability of the
regressand through (weak) dependence on the regressors.

The methodological contributions closest to ours include Shao (2009), Maynard, Smallwood &
Wohar (2013), Christensen & Varneskov (2017), and Miiller & Watson (2018). In Shao (2009), the
test for independence of two fractionally integrated processes is bivariate, and it neither accommo-
date non-zero means (or initial values) of the series nor non-stationary long memory (d > 1/2). The
two-stage approach in Maynard et al. (2013) has similar drawbacks. In addition, their asymptotic dis-
tribution theory differs under the null (no predictability) and alternative hypothesis, and it depends
on the first-stage filtering.! Miiller & Watson (2017, 2018) study the different problem of drawing
inference and generating predictions about the very long run. For that purpose, they estimate a bi-
variate spectral density using low-frequency trigonometric averages of observations, thus extracting
information about the “long-run” coherence between two series from a fixed number of frequencies in
the vicinity of the origin. The asymptotic properties of this low-frequency methodology depends on the
persistence of the system, with a potentially very slow convergence rate, e.g., when d is close to 1/2,
and it generates confidence intervals that are, mainly, computed by numerical means. In contrast,
the LCM procedure captures information about the coherence from a wider range of the spectrum
and directly accommodates multivariate systems, allowing for more general statements about pre-
dictability, the rate of convergence is invariant to d, and the procedure enjoys properties analogous to
“super consistency,” if the predictive relation is cointegrating. Moreover, the LCM approach achieves
closed-form Gaussian inference regardless of the, possibly different, integration orders of the variables
and whether they exhibit cointegration, when significant. That is, contrary to existing methodologies,

the LCM inference and tests remain uniformly valid across a range of empirically relevant predic-

!Generally, the first-stage filtering error impacts both the rate of convergence and the asymptotic distribution theory.



tion scenarios.? Christensen & Varneskov (2017) propose a band-spectrum regression estimator in a
stationary fractional cointegration setting, resembling the one used in the second-step LCM analysis.
However, their results pertain only to the 0 < d < 1/2 case. In fact, a direct application of their
medium-band least squares estimator generally generates inconsistent estimates of predictive power.
Hence, both steps of our LCM approach are crucial for reliable inference and testing. Finally, none
of these methodologies accommodate endogenous regressors or regressors that have been obtained as
residuals from a pre-estimated fractional co-integrating relation, in contrast to the LCM procedure.

We apply the LCM approach to study predictive regressions for realized volatility. Going back
to Schwert (1989), it has been debated whether financial and macroeconomic variables aid in the
prediction of aggregate stock market volatility. Recently, interest in the topic has surged with the
adoption of stochastic volatility in macro-finance models for the purpose of explaining consumption
innovations and cross-sectional asset pricing, e.g., Bansal, Kiku, Shaliastovich & Yaron (2014) and
Campbell, Giglio, Polk & Turley (2018). Hence, recent studies explore alternative ways of improving
realized volatility forecasts using various state variables, e.g., Christiansen, Schmeling & Schrimpf
(2012), Paye (2012), Conrad & Loch (2014), Mittnik, Robinzonov & Spindler (2015), Dew-Becker,
Giglio, Le & Rodriguez (2017), and Nonejad (2017). Even though some of these studies apply sophis-
ticated econometric techniques, many still rely on standard regressions to discern whether financial
and macroeconomic variables boost the predictability of return volatility. Moreover, none of the meth-
ods explicitly account for the persistence in the state variables or the long memory in the realized
market variance. The latter feature is a stylized fact of the financial econometrics literature.® In fact,
Paye (2012, p. 533) and Nonejad (2017, p. 135) recognize that the state variables are very persistent,
having first-order autocorrelations of the magnitude that generate size distortions according to Ferson
et al. (2003, 2009), so alternative inference procedures may well be warranted.

For specificity, we focus on three state variables — the default spread, three-month U.S. treasury
bills, and price-earnings ratio — whose prowess for volatility forecasting is highlighted by, among others,
Campbell et al. (2018). We first document that all these variables may be characterized as fractionally
integrated processes; realized variance as a persistent stationary process, the state variables as non-
stationary ones. Second, we confirm, in line with the extant literature, that all three state variables,
seemingly, are significant predictors of realized variance based on least squares and HAC inference.
Third, we demonstrate through realistically calibrated simulations that standard least squares inference
procedures suffer from large size distortions, when the variables in the VAR system are persistent in the
sense of fractional integration. This complements the comprehensive simulation study in Ferson et al.
(2003), showing that size distortions can be very severe, up to 70% for joint significance tests, in our

general setting. Our LCM test for joint significance, on the other hand, has excellent size and power

2Despite achieving a memory-dependent and potentially very slow rate-of-convergence as well as providing less general
inference within fractionally (co)integrated systems, it is important to note that the Miiller & Watson (2017, 2018)
procedure also applies to local-level and local-to-unity models, thus adding generality along that dimension.

3See, for example, Baillie, Bollerslev & Mikkelsen (1996), Comte & Renault (1998), Andersen, Bollerslev, Diebold &
Ebens (2001), Andersen, Bollerslev, Diebold & Labys (2001, 2003), Christensen & Nielsen (2006), Andersen, Bollerslev
& Diebold (2007), Corsi (2009), Bollerslev, Osterrieder, Sizova & Tauchen (2013) and Varneskov & Perron (2018).
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in finite samples. Fourth, when testing the predictive ability of the state variables using the robust
LCM procedure, we fail to find significant predictive power. Finally, we test for a reverse predictive
relation, i.e., whether the realized stock market variance is informative about future realizations of
the state variables. Indeed, for the given sample, elevated volatility serves as a strong predictor for a
widening the default spread and a drop in the price-earnings ratio. This suggest that standard least
squares techniques may generate spurious findings regarding realized variance predictions, while the
LCM inference procedure may help uncover new predictive relations.

The paper proceeds as follows. Section 2 provides the setup, defines our notion of regression
balance, and reviews problems associated with standard predictive regressions. The local spectrum
(LCM) approach is introduced in Section 3. Section 4 discusses robustness to the endogeneity bias and
feasibility of including fractionally cointegrating residuals among the regressors. Section 5 describes
the data and establishes baseline OLS evidence. Section 6 contains a simulation study documenting
the finite sample performance of the LCM procedure. Section 7 explores realized variance prediction
using LCM and considers reverse predictive relations. Finally, Section 8 concludes, while proofs and

additional details on the data and simulation results are relegated to a Supplementary Appendix.

2 Predictive Regressions with Persistent Variables

This section introduces a regression framework in which all variables may exhibit long memory of
different orders. The setting is used to study predictive regressions within persistent economic systems.
We further discuss the possibility of drawing spurious inference and issues with incompatibility of the
regression models under the null and alternative hypotheses. These considerations motivate our notion

of balancedness and, subsequently, the design of the LCM testing procedure in Section 3.

2.1 Predictive Regression Assumptions

We observe a (k+ 1) x 1 vector z; = (y, x,_;)’, which is assumed to obey,

D(L) (2t — p) = vilysyy (1)

where p is a (k+ 1) x 1 vector of nonrandom unknown finite numbers, either the means or initial
/!

values of the variables, vy = (e, u}_;)" is a weakly dependent vector process, and D(L) = diag[(1 —

Y4, . .., (1 — L)%+, with (1 — L)? being a generic fractional filter,
— I(i—d) :

1-L) = ——— L' 2

( ) ; LG+ 1)0(=d) @)

and I'(-) is the gamma function. In this setting, we define and study the predictive relation between

the variables y; and x;_1 through their weakly dependent components. Specifically, we assume,

et:B’ut_l—i—ngb), t=1,...,n, (3)



where n,gb) = (1 — L)®n; for some constant b > 0 and 7; ~ I(0). Importantly, however, while the

predictive relation between y; and @;—; is characterized by equation (3), this is tantamount to a

balanced model for the persistent, observable variables,
Yt = a + B Q(L)mtfl + vy, t= 17 N (4)

where Q(L) = D,(L)(1 — L)~%, with D,(L) being the k x k lower-right submatrix of D(L), a =
py — B'Q(L)p, for p= (uy, pl) and vy = (1 — L)~4 = (1 — L)b=di g,

The observation equation (1) in conjunction with the functional forms (3)-(4) encompass most
multivariate fractionally integrated systems in the literature. Moreover, its design offers two particular
advantages, as detailed in Section 2.2. First, it ensures a well-defined and balanced relation between
the observable series 3 and x;_1, despite the variables being allowed to exhibit different degrees of
fractional integration. Second, it accommodates inference scenarios with stationary and nonstationary
variables that may (b > 0) or may not (b = 0) cointegrate. It is important to note, however, that
the balanced relations (3)-(4) are not directly observable as the persistence matrix, D (L), is generally
unknown ex-ante. We will show how to overcome this challenge below.

Before detailing the implications of the predictive setting, we impose some formal structure on the
components of the model. To this end, we let “~” signify that the ratio of the left- and right-hand-side
tends to one in the limit, element-wise. Then, following the fractional cointegration analyses in, e.g.,
Robinson & Marinucci (2003), Christensen & Nielsen (2006) and Christensen & Varneskov (2017),
we impose the regularity conditions in terms of ¢ = (u}_;,n;)" rather than v;, when deriving the

asymptotic properties for the proposed local spectrum procedure.

Assumption D1. The vector process qi, t = 1,..., is covariance stationary with spectral density
matriz satisfying foq(N\) ~ Ggq as X — 01, where the upper left k x k submatriz, Gy, has full rank,
and the (k + 1)th element of the diagonal, Gy, is strictly greater than zero. Moreover, there exists a
w € (0,2] such that | feq(A) — Ggql = O(NF) as A — 0T Finally, let Ggq(i, k + 1) be the (i,k + 1)th
element of Ggq, which has Gyq(i,k+1) = Ggq(k+1,4) =0 foralli=1,... k.

Assumption D2. q; is a linear process, q; = Z;‘io Aje_j, with square summable coefficients
Z?’;O |A;|> < oo, the innovations satisfy, almost surely, Ele;|Fi—1] = 0 and Eles€}|Fi—1] = Iri1,
and the matrices E[e; @ €i€;|Fy—1] and Ele €, @ €i€;|Fi—1] are nonstochastic, finite, and do not depend
on t, with F; = o(es,s < t). There exists a random variable ¢ such that E[(?] < co and, for all c and
some C, P[|lqt]| > ¢] < CP[|¢| > ¢|. Finally, the periodogram of € is denoted by J(N).

Assumption D3. For A(X,i), the i-th row of A(\) = > 222, Aje | its partial derivative satisfies
0AN, ) /O] = ONTL|A(N,9)]]) as A — 0T, fori=1,... . k+1.

The regularity conditions in Assumptions D1-D3 are standard in the literatures analyzing semi-
parametric fractional co-integration as well as the estimation of multivariate fractional models, e.g.,

Shimotsu (2007) and Nielsen (2015). Specifically, D1 and D3 impose a mild rate of convergence for



the spectral density matrix fq,()\) in the vicinity of the origin, which depends on the smoothness
parameter w € (0,2]. Moreover, D1 requires full rank of u;—; and it being locally exogenous to 7; as
A — 0T, but not global exogeneity. Finally, D2 specifies linearity, martingale and moment conditions
for q;, allowing for general multivariate dependence, but rules out time-variation in the conditional
covariance between the innovations as well as their third and fourth conditional moments.

Importantly, these conditions allow z; to obey vector ARFIMA processes (for w = 2), thereby
nesting VAR dynamics as a special case with d; = --- = di41 = b = 0, which is commonly used to
describe predictive economies in macro finance; see, e.g., Campbell & Vuolteenaho (2004), Bansal et al.
(2014), and Campbell et al. (2018). Similarly, an integrated VAR system is recovered by imposing
unit root dynamics, d; = -+ = dgy1 = 1 and b = 0. Generally, however, the properties of the variables
depend critically on their integration orders. First, if 0 < d; < 1/2, the ith variable is (asymptotically)
stationary with long memory, whenever d; > 0. Long memory processes feature hyperbolically decaying
autocovariances, contrary to the geometric decay for short memory processes (with d; = 0). Second,
the variable is non-stationary if d; > 1/2, but has a well-defined mean for d; < 1. Hence, the flexibility
of (1) is particularly useful for characterizing the dynamic properties of multivariate systems, whose
components are very persistent, yet display different degrees of persistence, which is often the case for
applications with multiple financial and macroeconomic variables.

The main departure from the standard fractional (co-)integration settings is the flexible predictive
setup encompassed by equations (1) and (3), allowing all variables to exhibit different integration
orders and accommodating cases where cointegration is not ex-ante imposed on the system. In addition
to these features, the fact that the dependent variable may also display strong persistence sets our
framework apart from prior studies, which develop robust inference for predictive regressions with

local-to-unity regressors. The relevance of these fairly subtle features are discussed in detail next.

2.2 Regression Balance and Inference Considerations

The relation in (4) has several distinct features. First, to be well-defined, despite the observable
regressors possibly having different fractional integration orders, the predictive model must be balanced
under both,

Ho: B=0, and  Ha: B#0. (5)

Hence, irrespective of the forecasting prowess of the regressors, the implied dynamics of the prediction
model is required to be consistent with the observed dynamics of the dependent variable, y; ~ I(d).
To this end, the fractional filter Q(L) adjusts the persistence of ;1 to ensure regression balance
under both Ho and H4. If the system is balanced, then Q(L) = Iy, a k-dimensional identity matrix,
and the adjustment is trivial. Second, if the regressors contain forecasting power, the model may

exhibit cointegration. We entertain three distinct scenarios:
(i) B=0and b=0: x4 contains no predictive power for y;.

(iil) B#0 and b =0: x4 partially spans the persistent component(s) of y;.
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(ili) B# 0 and b > 0: ;1 cointegrate with y;, spanning its persistent component(s).

We may illustrate the three scenarios through a simple univariate regression setting with integrated
series, y; and x;_1, where y; contains two separate components, y; = y1 ¢+ y2+, and both y1 ; and yo
are integrated of order one. In case (i), we obtain a standard spurious regression (4), while the first-
differenced representation in equation (3) contains a stationary innovation term, so b = 0. For case (ii),
let y14 = B'axi—1 +uis and yoy = y24—1 + ug,, where u; and ug, are independent i.i.d. innovations.
Now, the regressor partially spans the persistent y; variable, but the error term in equation (4) will
be integrated, and the first-differenced system in (3) features a stationary error, b = 0. Finally, case
(iii) arises from case (ii) with yo; = 0 for all ¢ > 0. Here, regression (4) is a standard cointegrating
relation, the persistent component of y; is fully spanned by the regressor, and equation (3) involves
(over-)differencing of a stationary error term, b = 1.

The three competing hypotheses above demonstrate that rigorous testing for predictive ability in
persistent systems require estimation and inference procedures, which remain valid across distinct
settings, because it generally is unknown, ex ante, whether the predictors are significant and, if they
are, whether the system features cointegration. Given the persistence of the variables in system (1) as
well as the possibility of cointegration, it is well-known that standard OLS procedures applied to y;
and x;_1 produces spurious inference, unless dy = --- = dx11 = 0 and b = 0, e.g., Granger & Newbold
(1974), Phillips (1986) and Tsay & Chung (2000). Moreover, standard (fractional) cointegration
settings, e.g., Robinson & Marinucci (2003), Christensen & Nielsen (2006), and Johansen & Nielsen
(2012) impose balanced memory d; = --- = di41 = d and 0 < b < d for validity of their respective
inference procedures, thereby assuming the regressors have predictive power under the null hypothesis.
Thus, examining and testing for balanced predictability in systems involving persistent variables with,
possibly, distinct degrees of memory require the development of new inference techniques.

Third, we note that regression balance may be achieved through a different channel than the
stipulated persistence adjustment, Q(L). Specifically, if a cointegrating relation exists among the
regressors, possibly in conjunction with variables external to the economic system, a “cointegrating
residual” may be included in lieu of the original regressors. This involves additional complications,
however, as it requires a priori identification of the cointegrating relation, since we assume the set
of regressors included in the predictive analysis to have full rank, cf. Assumption D1. Moreover,
these “residuals” may require pre-estimation of the cointegrating vectors. Consequently, for ease of
exposition, we defer formal treatment of this scenario to Section 4.2, while stressing that our LCM
inference techniques retain robustness to this case. Finally, to further illustrate the notion of regression
balance and associated inference challenges for persistent economic systems, we provide a number of
additional examples.* Importantly, these scenarios are all encompassed by our predictive setting and

may be studied using the inference procedures developed below.

4In a companion paper, we provide detailed accounts of spurious inference results as well as biases and degeneracies for
unbalanced OLS regressions; see Andersen & Varneskov (2019b). Specifically, we adapt results from Tsay & Chung (2000)
and Robinson & Marinucci (2003) to describe OLS and apply simulations to illustrate the arguments.



Example 1 (Balanced System, Standard Integration). Suppose y; ~ I(1) and xy—1 ~ I(1). As dis-
cussed above, our framework then embeds: (i) unit root regressions for b = 0; (ii) standard cointegrating
regressions for b = 1. In these settings, OLS generally produces spurious inference, e.q., Granger &
Newbold (1974) and Phillips (1986) . However, if the true cointegration structure, and thus predictabil-
ity, is known ex-ante, inference procedures are available, e.g., Phillips (1991) and Johansen (1996).

Example 2 (Balanced System, Fractional Integration). Suppose y; ~ I(d) and x;—1 ~ I(d), 0 < d < 2,
then our framework contains: (i) long-memory regressions for b = 0; (ii) fractional cointegrating
regressions for 0 < b < d. In these settings, OLS similarly produces spurious inference, e.g., Tsay
& Chung (2000). However, if the true (fractional) cointegration structure, and thus predictability, is
known ez-ante, inference procedures are available, e.g., Robinson & Marinucci (2003), Christensen &

Nielsen (2006), Robinson & Hualde (2003) and Johansen € Nielsen (2012).

Example 3 (Unbalanced System, Standard Integration). Suppose y; ~ I(0) and xy—1 ~ I(1), then

the predictive system is unbalanced, which have the following implications:

o There exists no “standard linear prediction model” for which y; ~ 1(0) under both Ho and Ha;

it 1s incompatible with regression balance.

e The OLS coefficient estimate, é, decomposes as B~ %B + error(b), i.e., it is degenerate with

an error that depends on whether there is cointegration between y; and Axs_1.

As in the balanced case, problems with spurious inference is well-known from the literature on stationary-
persistent predictive relations, e.g., Ferson et al. (2003), Deng (2014) and Phillips (2015). However,
our framework and associated definition of regression balance stipulate that a well-defined predictive
relation may exists between: (i) yy and Ax_1; (i) yi and a cointegrating residual involving x,—1 and

some other external I(1) variables, which may have to be pre-estimated.

Example 4 (Unbalanced System, Fractional Integration). Suppose y, ~ I(d,) and x;—1 ~ I(dy),
0 <b<dy <dg, then the system is unbalanced, which have the following implications:

o There exists no “standard linear prediction model” for which y; ~ I(dy) under both Ho and Ha;

it 1s incompatible with regression balance.

e Moreover, the OLS coefficient estimate, E, decomposes as B~Bx Sy(dy, dy) + error(dy, dz, b)
where Sy(dy,dy) is a, possibly, degenerate function of the sample size, depending on (dy,d),

which captures the bias of the point estimate, and the error depends on (dy,dy,b).

As in the balanced case, Tsay & Chung (2000) show that such systems is subject to spurious inference.
However, our framework and associated notion of regression balance stipulate that a well-defined pre-
dictive relation may exists between: (i) y; and Q(L)xi—1; (i) y¢ and a fractional cointegrating residual

involving xi—1 and some other external I1(d,) variables, which may have to be pre-estimated.



Our notion of predictability, specified through balanced regression in the form of equations (3) and
(4), stipulates that either B = 0 or B # 0. That is, we focus on distinct persistence scenarios for
which the memory of each variable can be consistently estimated. Consequently, we rule out local
asymptotic alternatives of the form B = b/n? for some v > 0 large enough for the memory of y; to
become unidentifiable, even asymptotically. This requirement is formalized by Assumption F in the
next section. Furthermore, we briefly discuss this scenario in the context of the empirical application
below. A separate treatment for this case is provided in Andersen & Varneskov (2019a), where we

analyze the possibility of asset returns having a “hidden” fractionally integrated component.

3 The Local Spectrum Approach

This section introduces the local spectrum (LCM) inference and testing procedure and establishes its
asymptotic properties. First, we motivate our approach using a spectral density decomposition of the
vector z;, before describing its two-step implementation in Sections 3.2 and 3.3. Section 3.4 develops
the asymptotic theory. Section 3.5 provides a new estimator for the fractional cointegration strength.
Note that Section 4 discusses theoretical extensions such as robustness to the regressor endogeneity
bias and regressors that are generated as cointegration residuals. The material in this section, however,

suffices for readers only interested in the core LCM procedure and asymptotic theory.

3.1 Motivating Observations and Implications for Inference

The intuition behind the local spectrum inference and testing procedure is readily conveyed by the
relation between the observable dynamics (1) and the latent predictive models (3) and (4). Specifically,
whereas we associate predictability with interaction in a balanced relation, the observable system (1)
may contain different integration orders, which, together with Assumption D1-D3, implies that the

spectral densities of the regressors and dependent variable behave according to,

- <1 _ —-—1 _ —-1
For(N) ~ AL Guu AL, Fuy(\) ~ Ay B GuBA,, + AL Gy, (6)
respectively, where Ay, and A, are the first element and lower-right k x k submatrix of A, defined

as,
A = diag [(1 - ei’\)dl, (1= ei>‘)d’“rl

and Ay, = (1 — M4t with A and A,_,, denoting the corresponding complex conjugates, and
i = v/—1. Importantly, these spectral densities, and thus the implied properties of the second moments,
have different divergence rates in the vicinity of the origin, depending on the fractional integration
orders. However, the corresponding spectral densities of the unobservable weakly dependent compo-
nents w1 and e, fuu(A) ~ Gy and fee(N) ~ B' Gy B+ AZLG, AT, with A_y = (1 — ¢*)70, are
asymptotically bounded and convey similar information about B, i.e., about the presence of balanced

predictability in equation (4). This suggests that inference based on u;—; and e; may circumvent
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concerns regarding regression balance, degeneracy of point estimates, and spurious inference.

Hence, we propose a two-step procedure in which the variables initially are stripped of their per-
sistence via fractional filtering, that is, we form an estimate of v = (e, u}_;)’. Second, we introduce
a consistent frequency domain estimator of B, explicitly accounting for the first-stage estimation and
filtering errors. This local spectrum (LCM) procedure is, thus, designed to achieve balancedness in
an agnostic way by purging all variables of their fractional integration, before carrying out robust fre-
quency domain estimation and testing for predictive ability, that is void of spurious inference concerns

because, effectively, the fractionally filtered economic system is only weakly dependent.

Remark 1. We rely on an exact spectral density representation around the origin in equation (6), that
is, the entries of A are of the form (1 — ) rather than the usual approzimation \%. Not only does
this accommodate richer dynamics of z, c.f. Shimotsu (2007) and Robinson (2008), it also allows
the LCM inference and testing procedure to apply over a wider range of d, covering both stationary
and non-stationary values. In particular, as discussed by Shimotsu & Phillips (2005), A\* provides a
suitable approximation when d < 1/2, but it deteriorates as d moves into the non-stationary range,

eventually generating inconsistent estimators of the integration order.

Remark 2. Frequency domain methods are often used for estimation involving fractionally integrated
series. However, it follows from equation (6) that, if an entry has d; # dy, then the coefficient for this
explanatory variable cannot be consistently estimated using standard local band-spectrum estimators
applied to y; and xi—1, as such estimates are degenerate, asymptotically. Of course, FExamples 1-4

tllustrate that similar problems plague least squares inference procedures in this context.

3.2 Step 1: Fractional Filtering

To accommodate a wide range of alternative procedures, we do not adopt a specific estimator of the
fractional integration orders, but rather assume to have an estimator, CZ fori=1,...,k+1, available,

which satisfies mild consistency requirements. This is formalized through the following assumption.

Assumption F. Let mg =< n? be a sequence of integers where 0 < o < 1. Forallt=1,....,k+1

elements of z:, we assume to have an estimator with the property,

di — d; = Op (1/v/my), and we then let, D(L) = diag |(1—L)*,...,(1— L)dA’f+1

Assumptions F is very mild, essentially only requiring the existence of an estimator which, under
Assumptions D1-D3, is consistent. Of course, we need such consistency to hold for a wide range of d;.

To simplify the subsequent analysis, we impose another mild restriction,

0<d; <2, fori=1,...,k+1, and we then define, d= Ailmilf}::Jrl d;. (7)

This restriction is innocuous, in the sense that it is satisfied by most economic series, including all the

macroeconomic and financial variables considered in our empirical analysis. In addition, the upper
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bound, d; < 2, shortens the proofs considerably by allowing us to invoke periodogram bounds from
Shimotsu (2010), and 0 < d; enables us to provide a unified set of trimming and bandwidth conditions
for the medium-band least squares estimator in the second estimation step in Section 3.3.

In addition to condition (7), the cointegration strength parameter, b, needs to be restricted under

the alternative hypothesis, H 4. Specifically, we impose the condition,
0 < b < min(d,1). (8)

If the observable system (1) is balanced, the intuition behind restriction (8) is straightforward; our
framework accommodates (1) —I(0) cointegration, fractional cointegration and settings without coin-
tegration, as detailed in Examples 1 and 2. If the variables have different integration orders, the con-
dition is more subtle, yet remains intuitive. In particular, the cointegrating relation must be balanced
and its residuals, at least, weakly dependent. To see this, suppose y; ~ I(0.4) and x;—1 ~ 1(0.8).
Then the upper bound b = 0.4, in conjunction with the regression balance requirement (4), implies
a balanced cointegrating relation with 7(0) residuals. Conversely, if y; ~ I(0.8) and the predictors
xi—1 ~ 1(0.4), then the restriction b = 0.4 generates 1(0.4) residuals, meaning x;_; cannot account
for a higher degree of fractional integration in y; than is implied by its own persistence.®

Given these restrictions and estimates for the system-wide integration orders ﬁ(L), the innovations,
v, are estimated by,

% = (énd,,) = D(L)=, (9)
that is, without accounting for the mean, or initial value, in z;. Rather than treating “de-meaning”
of the series on a case-by-case basis, depending on d;, we account for the residual impact of the mean
component, ﬁ(L) W, in a unified manner during the second stage estimation.

We conclude the section with two examples of memory parameter estimators, one semiparametric

and one parametric procedure, which are compatible with our framework.

Example 5 (Exact local Whittle). The semiparametric exact local Whittle (ELW) by Shimotsu &
Phillips (2005) and, in particular, the mean and trend-robust version in Shimotsu (2010) are accom-
modated by Assumption F, where the rate of convergence is restricted through the condition o < 4/5,
when the spectral density is sufficiently smooth (w = 2 in Assumption D1). The same holds for the
trimmed ELW (TELW) estimator, which we introduce in Section 3.5 to estimate b.

Example 6 (ARFIMA filter). A parametric alternative to ELW estimation is fitting (possibly, long)
ARFIMA(p,d,q) models, using, e.g., information criteria to determine p and q, and obtain estimates
of d, relying on asymptotic results from Hualde € Robinson (2011) and Nielsen (2015). This procedure

also requires w = 2, and it achieves the optimal rate of convergence o = 1.5

®The upper bound may be changed to min(d,, 1), where d, = {mina— _ x+1(d1 Ad;)|B(i — 1) # 0}, that is, the restriction
in (8) applies only to the significant regressors. However, to ease exposition and avoid exceedingly complicated cross-
restrictions on bandwidth and trimming parameters in Section 3.3, we refrain from making this distinction.

S Assumptions D1-D3 mirror the corresponding assumptions in Shimotsu & Phillips (2005, Assumptions 1’-3’), but we
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3.3 Step 2: Medium Band Least Squares

After having computed vy, we estimate the parameter vector B in equations (3)-(4) in a second step

using a new frequency-domain least squares estimator. To this end, we let,

n

wh()\j) = \/217{_7 Z ht eit)\j7 Ihk(/\j) = wh(/\j)ﬁk(Aj)v (10)
t=1

be the discrete Fourier transform and cross-periodogram, respectively, where h; and k; are generic
(and compatible) vector time series, and \; = 27j/n indexes the Fourier frequencies. Moreover, we
let the real and imaginary decomposition of Ip,(A;) be denoted Ipi(A;) = R(Lnk(A;)) +iS(Lhr(N))).
Finally, define the trimmed discretely averaged co-periodogram (TDAC) as,

M —

Fop(t,m) = — > RTnk(N)),  1<e<m<n, (11)
=L

where ¢ = ¢(n) and m = m(n) are trimming and bandwidth functions, respectively. Then, we can
write the TDAC of u;_1 as ﬁ’gg(ﬁ,m) and, similarly, of ©; 1 and ¢; as ﬁgg(f, m), and use these to

define the medium band least squares (MBLS) estimator,

~

Bt,m) = Faou(l,m)"" Fae(l,m), (12)

for which £,m — co and £/m +m/n — 0, as n — 00.” The MBLS estimator has some distinct advan-
tages. First, we avoid being fully parametric about the dynamics of z;, needing only the structure of
the spectrum as A\ — 0. Second, by utilizing trimming and a bandwidth m/n — 0, we asymptotically
annihilate first-stage estimation errors from the filtering procedure. Specifically, the trimming compo-
nent eliminates any slippage from the means, or initial values, ﬁ(L) u, occurring at lower frequencies
and, in conjunction with the bandwidth, the estimation errors in Assumptions F. Combining these

features ensures robust testing for the predictive power of the regressors in equations (3)-(4).

Remark 3. Importantly, despite Assumptions D1-D3 only parameterizing the low-frequency part of
the spectrum (as X — 07), we emphasize that the (latent) test for predictability in equation (3) is not
confined to persistent (or lower frequency) components in the filtered series e; and u;_1; even white

noise processes have constant spectral densities in the vicinity of the origin.

Christensen & Varneskov (2017) introduces the generic structure of the MBLS estimator (12) to
analyze fractional co-integration among stationary long-memory processes in the presence of structural

breaks and other low-frequency contaminants. Despite these similarities, their estimator differs from

need to impose slightly stronger differentiability assumptions in D3 to satisfy the (still very) mild regularity conditions
of Nielsen (2015, Assumption C). We refer to the latter for details.

"We have suppressed dependence on the (lagged) time ¢ indicator in Foa (¢,m) and f’gg(f, m) to ease exposition. We will,
however, explicate the dependence on time when necessary, e.g., when establishing Lemmas A.1-A.3.

13



the one in equation (12) in important ways. Not only is the setting and objective different, but we
perform estimation using fractionally filtered variables and impose new conditions on the trimming
and bandwidth functions ¢ and m. Moreover, by using filtering in combination with the exact rep-
resentation (6), we accommodate non-stationary variables, whereas Christensen & Varneskov (2017)
require stationarity for all variables and cointegration between y; and x;—;. This renders their ap-
proach ill-suited for predictive testing, as the latter condition is violated under the null hypothesis of
no predictive ability, and the former condition rules out many series (with d; > 1/2). Furthermore,
direct applicability of their estimator is subject to the issues outlined in Remark 2, namely, if the
variables of the system have different (and unknown) integration orders, the estimator is inconsistent
for B. Even for the stationary case, with d; =d € (0,1/2),i=1,...,k+ 1, the differences behind the

procedures will, as detailed below, have a first-order impact on the distribution theory.®

3.4 Asymptotic Theory and Inference

The development of the asymptotic theory for our two-step estimator requires additional assumptions.

Assumption T. Let the bandwidth m =< n® and £ < n” with 0 < v < k < o < 1. Moreover, recall
that the parameter w € (0, 2] measures the smoothness of the spectral density in Assumption D1. The

following cross-restrictions are assumed to apply for £, m, mq and n,

mlt+2® . pl+w+d . nl/2+b . nl—2d+b . nb
n2@ n@ m1/2+b m;/z mbp | ml/2-2d+b g2

m1/2+b—>0, as n — oo.

The trimming conditions in Assumption T are mild. The first term is standard for semiparametric
estimation in the frequency domain, e.g., Robinson (1995) and Lobato (1999). In our setting, this
condition is needed, as we impose only local exogeneity in the spectrum (as A — 01) between the
regressors, uy—1, in equation (3), and the regression residuals, 7;, rather than global exogeneity. The
local exogeneity assumption is mild and relates to the Stambaugh (1999) bias, which we discuss further
in Section 4.1. We stress, however, that our second stage MBLS estimator does not suffer from an
asymptotic bias, regardless of the persistence of the VAR system (1). Note also that @ = 2 holds for
the empirically relevant vector ARFIMA process, implying that x < 4/5 must be satisfied.

The last four conditions in Assumption T are new to our MBLS estimator, imposing mild upper

and lower bounds on the trimming and bandwidth rates. Specifically, conditions two and four imply,

v < (@w+r(1/2+b)/1+w+b) and (1—k/2— (2d—b) (1 —k))/2 < v, (13)

8Drawing an analogy with the differences between the LW and ELW estimators, the Christensen & Varneskov (2017)
procedure is reminiscent of the former and ours of the latter. This explains why, as described in the following section,
our proofs bear resemblance to those in, e.g., Shimotsu & Phillips (2005) and Shimotsu (2010). Nonetheless, the relation
to the MBLS estimator in Christensen & Varneskov (2017) does suggest some inherent robustness to outliers, structural
breaks, Markov switching means, certain deterministic trends, etc., which are known to contaminate co-periodograms at
frequency ordinates close to the origin, e.g., Perron & Qu (2010). While we do not formally analyze those effects here,
they are currently being examined and will be the subject of future work.
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respectively, to restrict the loss of information from trimming frequencies and eliminate the low-
frequency bias from mean-slippage after the first-stage fractional filtering. For the empirically relevant
vector ARFIMA process (with w = 2), and if we select k arbitrarily close to its upper bound 4/5, we
have (3/5 — (2d —b)/5)/2 < v < 4/5. Since the lower bound is strictly decreasing in 2d — b > 0, the
highest lower bound is attained for d = 0 and equals 3/10. The condition 0 < v < kK < p < 1 as well as
the trimming restriction, (1 — 0)/2+b(1 — k) < v, are needed to eliminate additional errors stemming
from the estimation of the integration orders, d;, ¢ = 1,...,k + 1, in the first stage. If we adopt a
parametric estimator of d;, o = 1, and set k ~ 4/5, the restriction is determined by the cointegration
strength parameter as b/5 < v, leaving the highest bound for b = min(d, 1). If the estimator is semi-
parametric, and we select k < p as well as g arbitrarily close to 4/5, the highest lower bound for the
trimming becomes 1/10 4+ min(d, 1)/5 < 3/10 < v. Finally, condition five imposes a mild lower bound
for the bandwidth rate, b/(1/2 + b) < min(d,1)/(1/2 + min(d, 1)) < k.
We are now ready to state the distribution theory for the two-step MBLS estimator.

Theorem 1. Let Assumptions F, T, and D1-D8 hold. Moreover, suppose that 0 < d; < 2 fori =
1,...,k+1,0<b<min(d, 1) under H4, and max(0, (1 —3xk/2)/(1+ k/2)) < w < 2, then,

Vm A (E(f,m) - B) 2N <o, Gl ﬁ%) :

Theorem 1 demonstrates that the MBLS estimator is correctly centered, so it is not subject to the
persistent regressor biases described by Stambaugh (1999) and Phillips & Lee (2013).° Moreover, its
convergence rate depends on whether B # 0 and, if this is the case, whether there is cointegration.
Specifically, the rate is y/m when cointegration is absent (b = 0), in line with well-known results for
semiparametric estimators in the frequency domain, e.g., Brillinger (1981, Chapters 7-8), Robinson
(1995), and Shimotsu & Phillips (2005). In contrast, the rate is v/mA,* < v/m(n/m)’, when (a subset
of) the predictors are significant and b > 0. Hence, cointegration “helps” improve the rate of conver-
gence of the MBLS estimator, in analogy with super consistency properties, and lowers its asymptotic
variance, as conveyed by the scale 1/(2(1 + 2b)). The Gaussian distribution theory is remarkable;
holding uniformly for prediction scenarios with and without cointegration, across (asymptotically)
stationary and non-stationary variables in the observable persistent system (1), as well as for both
weak (b < 1/2) and strong (b > 1/2) cointegration settings. In fractional cointegration contexts, as-
suming predictability under Hg, this uniformity neither applies to the semiparametric NBLS estimator
(¢ = 1 in equation (3.3)) nor for maximum likelihood inference in the parametric fractionally coin-
tegrated VAR model, see Johansen & Nielsen (2012), where the inference is Gaussian for stationary
cases and exhibiting different forms of non-Gaussianity in non-stationary cases.

Interestingly, the asymptotic distribution for our second-stage MBLS estimator differs from the

corresponding in Christensen & Varneskov (2017, Theorem 3) by being independent of the integration

9The condition max(0, (1 — 3x/2)/(1 + x/2)) < w < 2 ensures that the rate restrictions on the trimming and bandwidth
functions in Assumption T are mutually consistent for all values of 0 < d < 2.
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orders of the variables, {di}fill, by applying for stationary as well as non-stationary variables, and by
being valid in the absence of cointegration (b = 0). Moreover, the asymptotic variance only depends
-1

w» and the cointegration strength parameter, b. Finally, we stress

on the noise-to-signal ratio, G, G
that the asymptotic distribution is independent of mean slippage, first-stage fractional filtering errors
and the trimming parameter, ¢, as long as Assumption T is satisfied.

As a last obstacle for feasible inference and testing, we must provide consistent estimators of the
long-run covariance matrix G, and variance G,,, as well as the cointegration strength, b. Again, the
main challenge is that we observe v;, not v;. Similarly, the residuals 7; are latent and we estimate
them as,

AW o= - BlomYwo,  w=01-L)7"7", (14)

where b denotes a consistent estimator of b. Hence, not only are the residuals ngb) latent, but we

also need to undo their (over-)differencing using b to recover 7;, which may then be employed to
estimate G,,. For ease of exposition, we handle these obstacles sequentially and assume having a valid

cointegration strength estimator, Z, available before introducing one in the following section.
Assumption B. Let my < nf be a sequence of integers where 0 < € < 1, then b—b= O, (1/\/mb).

Now, using these filtered and estimated series, we define a generic class of estimators,

_ 1 <<
Gnn(lg,meg) = m Z R (Inn(A))) (15)
Jj=la

for some arbitrary vector hy, while mg = mg(n) and ¢ = {g(n) are other bandwidth and trimming
functions. This class of long-run covariance estimators is akin to those used by Christensen & Var-
neskov (2017). This is natural; both procedures rely on local spectrum theory (A — 07) and trimming
of frequency ordinates. However, equation (15) differs importantly by using fractionally filtered series
as input and an exact spectrum representation (6), not an approximation valid only in the stationary
case, d; < 1/2, 4 = 1,...,k + 1. These points mirror the distinction among the MBLS estimators

discussed earlier. Now, from equation (15), the asymptotic variance of B(E, m) is estimated as,

— N Gor(la, ma) A2
AVAR = Ga{;(ﬁg,mg)_l 7771( < 7710) © (16)
2(1+2b)m

Hence, writing general linear hypotheses on the parameters B as Hg : RB = r for some h x k selection
matrix R and h x 1 vector r, we only need to impose conditions on the bandwidth mg and trimming

function ¢z to be ready to introduce, and study the properties of, the LCM test.

Assumption T-G. Let mg < n"¢ and flg < n"¢ with 0 < vg < kg < 0 <1 and define the
sequence of intergers m, = mg A my A m, then the following cross-restrictions are imposed on the

trimming and bandwidth parameters: n/(mg (%) + n?/(mgt%4m,) — 0 asn — oo.
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Theorem 2. Let the conditions of Theorem 1 and Assumptions B and T-G hold. Then,
~ / — -1 ~
LCM(L,m) = <’RB(€,m) - r) <RAVARR’> (RB(E, m) — r) 2\

Theorem 2 provides a significance test for a vector of candidate predictors, valid under general
forms of (long memory) persistence and short memory dynamics, parameterizing only the spectrum
of the processes near the origin (A — 07). Interestingly, under appropriate and mild rate conditions
on the functions ¢, m, £g and mg, the limiting y2-distribution of LCM (¢, m) is independent of the

tuning parameters, rendering the procedure easy to implement in practice.

Remark 4. Utilizing results from Phillips & Shimotsu (2004) and Shimotsu (2010), and furthermore
letting y¢ € I1(dy) and 1 € I(dy), our proofs of Theorem 1 illustrate that,

-1

B(t:m) = | T2 37 Dl de) R(Zur (M)
j=¢
27 A i
% TS Dl da) Dal3 ) R(Loy () | + EEmyman),  (17)
j=¢

with Dy(e;dy) and Dy(e™;dy) being defined in Appendiz A.6 and E(£,m,mgq,n) denoting an ap-
proximation error that is asymptotically negligible under trimming, locally as m/n — 0. This illustrates
that our LCM procedure is related to the frequency domain GLS estimators in Robinson & Hidalgo
(1997) and Nielsen (2005) who, in parametric and semi-parametric frameworks, weight periodograms
in the numerator and denominator by (the same) functions of the form A?d“, dy being the integration
order of the residuals in the original regression (4). Hence, our LCM estimator, as conveyed by equa-
tion (17), differs importantly from their respective estimators by utilizing exact differencing, resulting

in differential weights of the form D, (e d), in conjunction with trimming.

Remark 5. LCM estimation and inference in the latent regression (3) is not only useful for deter-
mining significance of the vector x,—1 in general economic systems, but may also readily be used for
prediction of yi. To see this, let m; = T'(i—d1)/(T(i+1)I'(—d1), then, utilizing equation (1), we obtain,

o0
Ei(yi41) = py + Zﬂiﬂ (Yt—i — py ) + Eeleryr) -
i=0
Hence, once the mean (or initial value) p, and integration order di are determined, e.g., using the
estimators in Examples 5 and 6, we only need a forecast from the latent regression, Ey(ei41), to generate
a forecast for the dependent variable. This circumuvents the need to develop a direct estimation strategy

for the original regression (4), once the two steps of the LCM procedure have been applied.
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3.5 Trimmed ELW Estimation of the Fractional Cointegration Strength

A critical ingredient for feasible inference and testing is consistent estimation of the cointegration
strength parameter, b. This is challenging, however, as ﬁt(b) is estimated from a set of variables that
may be stationary or non-stationary, have non-trivial means or initial values, and the estimator must
be valid for an (over-)differenced series where, potentially, 0 < b < 1. To accommodate these features,
we introduce the trimmed ELW (TELW) estimator.

Specifically, we define the objective function,

mp

(G0 7)) = mb—1€b+1 jzg [ln (Gnn Aj 2@) + Gt I ()| (18)
where I%er)()\j) = w%‘ﬁb)()\j)@nﬁwb)()\j) is the periodogram of A% ﬁt(b), and 0, = ly(n), my = mp(n)
are TELW specific trimming and bandwidth sequences, respectively. Hence, ¢ represents a differencing
argument, for which we denote its “true” value by o = —b. Importantly, in addition to being based
on trimming, equation (18) differs from the objective function in Shimotsu & Phillips (2005) because
the series is not directly observable, but rather estimated, and it may be impacted by non-trivial mean
components of the observed variables. Similarly, it differs from the setting in Shimotsu (2010) by being
based on an estimated series and utilizing trimming to eliminate mean effects.

Next, by concentrating Q(Gnnv p, ?]t(b)) with respect to G, it follows that,

$ = argmin R(ep, ﬁt(b)), where we let $ = —b, (19)
pE[A1,Az]

and for which the objective function is given by,

mp

_ N o 1
R(p, ") = m& (o) — -~ —£b+1 Zln &(p,7,") = P > L),
J=Ly

Moreover, as pointed out by Shimotsu & Phillips (2005) and Shimotsu (2010), we must restrict the
bounds on the admissible values of ¢. Specifically, we impose —3/2 < A; < 0 < Az < 2 to not only
span the range of g = —b € [—1,0], but also for the TELW estimator to remain applicable for the
observable variables in equation (1), which, equivalently, may be analyzed as special cases of equation
(19), where the variables are void of first-stage estimation errors and have 0 < d; < 2,i=1,...,k+1.

As for the LCM inference and testing procedure, we need to impose restrictions on £, and my,.

Assumption T-B. Let my < n and £, < n* with 0 < vy < Ky < 1 and define the constant
0 < A < 1/2, then the following bandwidth and trimming restrictions holds, as n — oo,

(a) n? m? + (» 172@4’)[2 my o ),
a Zi*me £§(1+A)m mp b 0y gi(d—b)+2A .

142w 1-2(d-b)
(b) in addition to (a), Tt + ;Q[ + ( ) \/t%Tb — 0.
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The intuition behind the trimming and bandwidth restrictions are similar to MBLS; namely, re-
flecting a need for trimming to eliminate first-stage estimation and filtering errors. However, the
requirements may be slightly stronger, depending on b. To illustrate this, consider the second con-
dition in Assumption T-B(b), which attains its highest lower bound on the trimming rate, when
d=b=1,2—k/2—(k—Kp)/2 < 31p. As aresult, if we set K, = k = 7/10, this implies 0.55 < 1. The
potentially stronger trimming conditions are not surprising given the work by Perron & Qu (2010), Qu
(2011) and McCloskey & Perron (2013) on estimating the fractional integration order in the presence
of structural breaks and other low-frequency contaminants, where corresponding trimming rates for
the log-periodogram and LW estimators are equivalently strong, when the true memory parameter is
close to zero. In our case, the mean-slippage behaves as low-frequency contamination, generating the
need for stronger trimming, when b is close to one, as we have to reverse an (over-)differenced spectral
density in the vicinity of the origin. However, in contrast to their estimation procedures for stationary
variables, the TELW estimator has its own unique trimming conditions to account for the problem at

hand as well as to apply for over-differenced, stationary and non-stationary variables.
Theorem 3. Let the conditions of Theorem 1 hold, and additionally,

(a) Assumption T-B(a) holds, then b 5 oo
(b) Assumption T-B(b) holds, then /my (?)\— b) 2, N(0,1/4).

Theorem 3 demonstrates that TELW inference on b enjoy the asymptotic efficiency of the ELW
estimator, despite being applied to an estimated variable. The same comments apply to the mem-
ory parameters for the observable system (1). Hence, the TELW estimator not only extends results
from Nielsen & Frederiksen (2011) and Christensen & Varneskov (2017) on residual memory parame-
ter estimation for weak cointegration and stationary settings, but also provides mean-correction when
estimating the fractional integration orders for observable variables, thus providing an attractive alter-
native to Shimotsu (2010). Importantly, Theorem 3 allows us to draw feasible inference on, and carry
out testing for, predictive ability of the regressors using Theorems 1 and 2, uniformly for scenarios

with stationary and non-stationary variables, which may or may not exhibit cointegration under H 4.

Remark 6. Theorem 3 may readily be used to test for cointegration under Ha by eramining the
one-sided hypotheses Jy : b = 0 against J4 : b > 0. Moreover, the (feasible) limit theory based
on Theorems 1-8 may be applied to jointly test for predictability and cointegration, thus providing a

powerful framework for examining the three competing hypotheses in Section 2.2.

4 Theoretical Extensions and their Asymptotic Theory

Assumption D1 requires zero coherence between u;_1 and 7; in the vicinity of the origin. Importantly,
this does allow them to correlate at medium- and short-run frequencies, i.e., as A — ¢ > 0. In

this section, we first relax this condition and show that LCM is robust to even stronger forms of
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endogeneity, with the aid of trimming. Next, we provide similar results for scenarios where regressors
have been estimated as cointegration residuals prior to the LCM analysis. In order to ease exposition
in the next two subsections, we focus on the case b = 0, i.e., the no fractional cointegration setting,
where we, as a result, refrain from estimating b for the feasible inference and testing procedures.
However, the corresponding results for the cointegration case, b > 0, can readily be accommodated,
with minor changes to the requisite trimming and bandwidth conditions. Finally, Section 4.3 reviews

the properties of the LCM procedure and draws parallels to related methodologies.

4.1 Endogenous Regressors

The local exogeneity condition in Assumption D1 accommodates a setting reminiscent of Stambaugh
(1999), as long as the correlation between the innovation to u;—1 and 7 is not too persistent, that is,
as long as uy—1 and 7 have a co-spectrum with fy,(A) ~ 0, as A — 07. In this section, we allow for a
stronger degree of endogeneity which is, arguably, more aligned with the spirit of Stambaugh (1999),
as well as the imperfect predictor definition in Pastor & Stambaugh (2009).

Suppose we observe ¢ ; = x;_1 + ¢;—1 where, as before, x;—1 = p, + D, (L) w1, with D, (L)
being the lower right k& x k submatrix of D(L), and p, contains the last k elements of p. Moreover,
we let ¢;—1 be a k X 1 mean-zero error process with 7; co-spectum fcn()\) ~Gep, as X — 0", where

G, can be non-trivial, and the components u;_1 and ¢;—1 are independent:

Assumption C. Suppose ¢i—1 = ct—11y;>1y is a mean-zero k x 1 vector process satisfying the same
conditions as w1 in Assumptions D1-D3, but with n; co-spectrum fe,(X) ~ Gy as X — 0T, so that

the constant vector G, may have non-zero entries. Moreover, let u; 1 cg for allt,s > 1.

In this setting, the predictor, or signal, of interest, x;_1, is contaminated with errors, giving rise to
endogenous regressor problems, generating a bias similar to the one analyzed by Stambaugh (1999). To
cleanly identify the impact of endogeneity, suppose that D(L) is known, u = 0, and exact differencing
is carried out, such that we observe e; and, for the vector of predictors, uf ; = wus—1 + ¢;—1 with

¢t = D, (L)c, clearly highlighting that the added challenges to estimation arise through «§_;. Then,

by recalling that ngb) = (1 — L)’y = n; in the absence of cointegration, we have the decomposition,
Fo(t,m) = Fu(t,m)B + Fyuy(1,m) + (Fup(t,m) — Fup(1,m)) + Fee(£,m). (20)

Now, utilizing local exogeneity between u;—; and 7;, we know, from Lemma A.2 and A.3 of the
Appendix, that \/ﬁ)\fnlﬁ’un(l, m) satisfies the central limit theory in Theorem 1, i.e., an O,(1) limit
purged of any asymptotic bias, and \/ﬁ)\fnl(ﬁun (£,m) —ﬁm(l, m)) = op(1). However, the endogeneity-
generated bias term \/ﬁAgfﬁ’ge(f, m) is unknown and may distort inference. Of course, this setting
is simplified as the mean, or initial values, generally are non-zero, and the integration orders are
unknown and must be estimated in the fractional-filtering stage. Nonetheless, equation (20) reveals

an additional source of complexity for inference on predictive relations in long-memory systems.

20



We now demonstrate that trimming of frequency ordinates is useful, not only for the asymptotic
elimination of errors due mean-slippage and fractional-filtering, but also in terms of boosting robustness
towards biases arising from endogenous regressors. To this end, we define the fractionally-filtered and
contaminated regressors, U ; = U;—1 + C—1 with ¢ = ﬁx(L)ct. Specifically, we next establish
asymptotic bounds for l?‘aca(ﬁ, m) — fm(f, m) and ﬁa%(ﬁ, m) — ﬁ%(f, m), that is, the additional source
of errors for the estimator (12), stemming from having an endogenous component embedded in the
regressors of interest. Moreover, to carry out testing using the LCM approach in Theorem 2, without
having estimated b, we define Be(f,m) = ﬁﬂ%(ﬁ, m)*lﬁé(& m) and 7f = € — lgc(ﬂ,m)’ﬂf_l, and
obtain equivalent bounds for the differences a%ﬁ(ﬁg,mg) — @ﬁﬁ(ég,mg) as well as é%a(fg,mg) —

~

Guu(la, ma), which control the additional errors entering through the variance estimator (16).

Theorem 4. Suppose the conditions of Theorems 1-2 as well as Assumption C hold with b = b=0.

Moreover, suppose n'/?/m — 0, n'/2/mg — 0 and d > 0, then, for some arbitrarily small € > 0,
(0) N (Fgo(t,m) = Faa(t,m)) = Op((m/n)d/e1+e),
(b) VMG (E(l,m) = Fag(t,m)) = Op((m/n)dm!/2/01%e),
(¢) Gi(la,ma) — Gaalla,mea) < Op((ma/n)/LE),
(d) Gilla,ma) — Grp(la,ma) < Op((ma/n)d/Lg) + Op((m/n)d/e+e).

Theorem 4 provides several interesting insights. First, from (a) and (b), we observe that trimming
is instrumental for the elimination of the endogenous regressor bias. In fact, if £ = O(1), we need to
impose k < d/(1/2 + d) to avoid that the bias has a first-order (or larger) asymptotic impact on the
inference. This likely will hurt the efficiency of the LCM inference severely, in particular for small d.
Second, if we, on the other hand, let £ — oo, as n — oo, and impose /2 — d(1 — k) < v in addition
to the conditions in Assumption T, we can readily utilize trimming to eliminate the endogeneity bias,
asymptotically, for all values of k, thereby retaining the asymptotic efficiency of the LCM procedure
reported in Theorem 1 and 2, obtained without endogenous components in the regressors. Since this
bound is strictly decreasing in d, the worst case applies for d arbitrarily close to 0, which, in conjunction
with selecting x arbitrarily close to its upper bound 4/5 for efficiency, implies 2/5 < v. Hence, quite
intuitively, we require stronger trimming to retain the same asymptotic efficiency in the presence of
endogenous regressors, if the minimal persistence of the system is small. Third, we impose d > 0
to separate the signal in the predictive regressors from its noise, asymptotically, in analogy to the
approach in Pastor & Stambaugh (2009). Importantly, this restriction may be relaxed to only require
ming 41 d; > 0, that is, we do not need y; to be fractionally integrated for this identification, and
thereby Theorem 4, to hold. Fourth, it is important to emphasize, once again, that the LCM procedure
can accommodate regressors, which are I(0). However, these cannot be contaminated by measurement
errors of the general form ¢;_1, since, in this case, the signal of interest cannot be separated from the
noise. Fifth, the conditions n'/2 /m — 0 and nl/2 /m¢ — 0 on the bandwidths are imposed to simplify

exposition and avoid stronger cross-restrictions on the tuning parameters. These may be relaxed.
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Corollary 1. Suppose that the conditions of Theorem J hold and k/2 —d(1 — k) < v. The asymptotic

limit results in Theorem 1 and 2 then still apply with xf_; in lieu of Ti_1.

Corollary 1 demonstrates that, by utilizing trimming, we can ensure that the endogenous regressor
bias does not affect the first-order asymptotic theory for the LCM approach. Instead, it will be of
second or smaller order, depending on d. This provides a sharp contrast to the corresponding results
of Stambaugh (1999), who shows that the bias is of second order if the regressors follow stationary
autoregressions, and Phillips & Lee (2013), who document that an uncorrectable bias enters the
asymptotic distribution if the regressors are local-to-unity. The LCM approach successfully eliminates
such concerns, uniformly across the empirically relevant long-memory regimes.

In order for these observations to be applicable in practice, the first step fractional-filtering proce-

dure must also be robust to the presence of noise in the series. This is, indeed, the case.

Remark 7. Despite the latent regressor signal being perturbed by noise, *§ = Tt + ¢, it follows from,
e.g., Deo & Hurvich (2001), Arteche (2004) and Frederiksen, Nielsen € Nielsen (2012), that standard
semi-parametric estimators of d;, i = 2,...,k 4+ 1, remain valid, albeit suffering from a higher-order
bias. Similarly, parametric methods may still be utilized by carefully choosing the lag structure of the
short-memory component of the filter, utilizing equivalent representations of an ARMA (p,q) process

with measurement noise and ARMA (p,max(p, q)) models, see, e.g., Granger & Morris (1976).

4.2 Cointegration-Based Regressors

As noted in Section 2.2, one way to achieve balance in regression systems is to utilize economically
motivated cointegrating relations, a priori, to reduce the persistence of the set of explanatory variables,
which is assumed to be of full rank. However, as such relations lack identification under Hg, we cannot
study predictive testing using, e.g., fractionally cointegrated VAR model (Johansen & Nielsen 2012).
Hence, we add an additional step to the LCM procedure where the cointegration vector is estimated,
and the residuals formed, prior to the fractional filtering. To this end, let , C x;, x; € RE with k < k
be a subvector of x; with elements &, = (z14,...,2x,), which are defined from a linear fractional

cointegration relation between external auxiliary variables as,
Tit = %i,t_'ﬂ’i,Xi,ta Z.Zl,.--,k, (21)

where x;; € R% with » > 1, and we let (%1-7,5,)(;,75)’ € I(0;+1) such that d;y1 < ;1. That is, each
element of the subvector is defined as a cointegrating relation. As 1J; requires estimation in most

applications, we impose the following structure on the cointegrating relations:

Assumption FC-M. For each i =1,...k, we have d;11 < §;+1 and one of following conditions:
(a) Oﬁdi+1<(5i+1<1/2 and di+1+(5¢+1<1/2.
(b) 0§d¢+1<1/2<5¢+1<2.
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Rather than exhaust all combinations of (d;1, d;+1), Assumption FC-F restricts attention to coin-
tegrating relations that rid (s, X;,t) of substantial persistence such that the cointegration residuals
are (asymptoticaly) stationary long memory processes. However, &, = (z14,...,%) may still re-
quire fractional filtering in the LCM procedure. Note that the weak cointegration case in Assumption
FC-F(a) is studied by Christensen & Nielsen (2006) and Christensen & Varneskov (2017), whereas the
stronger cointegration case in (b) is analyzed by Robinson & Marinucci (2001, 2003).

Similarly to the fractional filtering step in Section 3.2, we do not adopt a specific estimator of
the cointegration vector, 1};, but rather assume to have an estimator 1/9\1‘7 1 =1,...k, available, which

satisfies the following consistency requirement:

Assumption FC-R. Let m;y = m;»9(n) be a sequence with n‘si“_di“/miﬂg — ¢ >0 asn — oo,

then we assume to have an estimator with 31 —9; = Op(1/myy), for alli=1,....k

The rate of convergence restriction in Assumption FC-R is very mild, requiring that it reflects the
cointegration gap. As for the Assumptions D1-D3 for LCM inference, and consistent with cointe-
gration frameworks in Robinson & Marinucci (2003), Christensen & Nielsen (2006) and Christensen
& Varneskov (2017), we further impose and state assumptions for Z;; = (zi4, X;)'; with conditions

holding for all s = 1,...  k, and specify an additional cointegration identification restriction:

Assumption FC1. The vector process Z; ¢, t = 1,..., is covariance stationary with mean, or initial
value, pz, and spectral density matriz fz,z,(\) ~ AgilGEigij_\gil as A — 0%, where Gz,z, is a real
symmetric matriz of dimension (3;+1) X (3;+1), whose first element on the diagonal is strictly positive
and lower right 3; X 7; submatriz has full rank, and the (3; + 1) x (3 + 1) diagonal scaling matriz is
given by Az, = diag[(1 — eM)%i+1 (1 — eM)%+1 . (1 — e)i+1] Moreover,

(a) There exists a 9; # 0 such that x; 1 = 5,4 — Xz

(b) There exists a w; € (0,2] such that

=i

fz=,(N) = AZ Gz A = O™ Y=, XE), A—0T,

where Yz, = (A\"%+1 A70+1 XT%4+1) s q (3, + 1) x 1 vector.

(c) Let G=,=,(1,h) be the (1,h)th element of the (3; + 1) X (3, + 1) spectrum matriz Gz,=,, which is

assumed to have Gz,z,(1,h) = Gz,z,(h,1) =0 for allh =2,...,5 + 1.
Assumption FC2. The vector sequence Dz,(L)=;; = Vitly>1y where the (2 +1) x (3, +1) diagonal
filtering matriz is given by Dz, (L) = diag[(1 — L)%+, (1 — L)%+ ... (1 — L)%+ and vi; is a linear

process vy = Az, (L)€;, whose components satisfy:
(a) Az, (L) = 3720 Az, j 17, det(Az, (1)) £ 0, Y020 (302 1Az, 4]2)2 < o0.

(b) The innovations, €;, are independent and identically distributed vectors with finite moments as
well as with Ele; ] = 0 and Ele; 1€} ;] = Xz, where rank(Zz,) = 3; + 1.

23



Assumption FC3. For Ag,(\ h), the h-th row of Az, (\) = 372, Az, ;e its partical derivative
satisfies |0Az, (A, h) /O = O || Az, (N, B)||) as XA — 0, fori=1,...,7;+ 1.

The assumptions closely resembles Assumption D1-D3. The two main differences are the important
cointegration identification condition in Assumption FC1(a) and the stronger assumptions on the
linear process in Assumption FC2(b). The latter is maintained for comparability with the results
in Robinson & Marinucci (2003). In particular, under the stated conditions, the NBLS estimator
applied to (5 ¢+, Xé,t)/ will satisfy the requirement for Assumption FC-R, see, among others, Christensen
& Nielsen (2006), Nielsen & Frederiksen (2011) and Christensen & Varneskov (2017) for the weak
fractional cointegration case in Assumption FC-M(a) as well as Robinson & Marinucci (2003, Theorems
3-5) for the stronger cointegration case in Assumption FC-M(b). Under slightly different assumptions,
including no constant or initial value, similar results are established for (semi-)parametric GLS band-
spectrum estimators in Robinson & Hualde (2003, 2010), for an ELW likelihood estimator in Shimotsu
(2012) and for the fractionally cointegrated VAR model in Johansen & Nielsen (2012).

Now, in this setting, we may estimate z;; as,

~

l‘?,t =1 — 0 Xipt = Tip+ Fig, Tit (¥ — ) xit, (22)

)

and let &, = (Z14,...,%5) and & = (2,0,...,0)". Hence, the treatment of pre-estimation er-
rors for regressors based on cointegration residuals resembles the endogenous error case in Section
4.1, having a similar additive error decomposition. However, complexities arise due to differences
between the asymptotic orders of x;¢ € 1(6;+1) and 51 —89; = Op(1/m;y). As in Section 4.1, let
us define the series ﬁf_l = Up_q1 + U1 with @y = ﬁz(L):i:t, then we seek to establish asymptotic
bounds for E2(£,m) — Fag(f,m) and FL(¢,m) — Fys(¢,m) as well as G2 (lg, ma) — Gaa(la, ma)
and G2 ((q,ma) — Gag(la, ma) with 7Y = & — By(£,m)'tf_, and By((,m) = FY(¢,m)"LEL((,m).

Assumption FC-F. Assumption F holds for (yi, (z})")’, and let b= minj—1__ i1 — di+1 > 0.

Theorem 5. Suppose the conditions of Theorems 1 and 2, with b = b= 0, as well as the cointegration
Assumptions FC-M, FC-R, FC-F and FC1-FC3 hold, then, for some arbitrarily small € > 0,

(@) Nt (FLL(6,m) = Fag(6,m)) < Op(1/€F2) + O, (1/(m!=<1+)),

(b) VAL (FS(,m) — Fae(,m)) < Op(ml/2/048) + O, (1/(m!/2~e1+e)),

(¢) GZi(la.me) — Gaalla,ma) < Op(1/0™) + Op(1/(mg 05)),

() Gly(t,ma)~Grlla,ma) < Op(1/0)+0,(1/(mI=0+)) +0, (10 + 0,1/ (m “£7)).

Corollary 2. Suppose that the conditions of Theorem 5 hold and k/(2(1 + b)) < v. The asymptotic

limit results in Theorem 1 and 2 then still apply with a:f =®x;_ 1+ &1 in liew of T_1.
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Theorem 5 and Corollary 2 demonstrate that, by the aid of trimming, the LCM procedure can
accommodate regressors that have been pre-estimated and formed as a cointegration residuals. Specif-
ically, by imposing x/(2(1 + b)) < v, trimming eliminates the estimation error biases, asymptotically,
regardless of the cointegration strength, as conveyed by b. Moreover, it alleviates higher-order biases.
Of course, these results rest on having an estimator of the fractional integration orders, which satis-
fies Assumption FC-F. However, the latter has already been shown for the LW estimator, which is
applicable to the cointegration residuals due to Assumption FC-M, by Velasco (2003) and Nielsen &
Frederiksen (2011) under conditions similar to those in Assumptions FC1-FC3. Moreover, equivalent
results have been provided for the tapered and exact LW by Shimotsu (2012) and a maximum likehood
estimator by Johansen & Nielsen (2012) in slightly different settings.

Finally, it is important to note that the LCM procedure applies to fractionally integrated series with
and without endogenous measurement errors and regressors from pre-estimated cointegrating relations
as long as the mild trimming conditions in Assumptions T, T-G and Corollaries 1-2 are satisfied, thus

providing a very flexible tool for analyzing predictability in persistent economics systems.

4.3 Discussion of Related Literature

The main benefits of using the LCM procedure, beyond avoiding concerns about spurious inference

and regression balance, as detailed previously, may be summarized as follows:
(i) it accommodates general multivariate systems;

(i) it allows for flexible persistence, captured by different fractional integration orders;

(iii) the inference procedure is uniformly Gaussian across persistence regimes as well as across alter-

native hypotheses with and without cointegration;
(iv) it allows the variables to have non-trivial means or initial values;
(v) it avoids imposing predictability a priori for validity of the inference;

(vi) it accommodates endogenous regressors as well as regressors that have been obtained as residuals

from a pre-estimated fractional co-integrating relation.

In the light of these observations, we compare the LCM approach to alternative procedures in the

literature. Specifically, we complement the discussion in the introduction with two remarks:

Remark 8. As described in the introduction and Section 2.2, the null hypothesis that x;_1 contains
no predictive information for y; rules out cointegration and, hence, no information is lost by fractional
filtering. Moreover, if there is cointegration between the variables under the alternative hypothesis, this
improves the rate of convergence for the LCM procedure and lower its asymptotic variance, similarly
to other frequency domain least squares procedures in cointegration settings; e.g., Robinson & Hualde
(2003, 2010), Robinson & Marinucci (2003), Christensen & Nielsen (2006) and Christensen & Var-
neskov (2017) as well as Johansen & Nielsen (2012) for a parametric approach. Notably, in contrast to
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those procedures, LCM achieves this feature without imposing predictability a priori for identification
and validity of inference. Furthermore, as these alternatives, typically, require the variables of eco-
nomic systems to have identical integration orders, they are not amenable for predictability testing in

our general setting, failing to achieve (almost all of ) the features (i)-(iv), depending on the procedure.

Remark 9. Magdalinos € Phillips (2009), Kostakis et al. (2015) and Phillips & Lee (2013, 2016)
develop the IVX methodology, which is an inference procedure for regressions, where the variables
may be stationary, local-to-unity, unit roots, or mildly explosive. This setting presents a non-nested
alternative to ours where, however, the dependent variable is restricted from exhibiting long-range
dependence. Whereas the IVX inference is not Gaussian uniformly in the persistence regimes, the
corresponding Wald significance test is robust to the specific form of persistence, which may also
differ across regressors. In this sense, our LCM methodology may be viewed as an analogue for the
general class of multivariate fractionally integrated processes, possessing similarly desirable properties

for testing in predictive regressions.

5 Empirical Illustration: Forecasting Equity Market Volatility

The prediction of future realized equity market volatility using financial and macroeconomic indicators
in VAR systems has gained renewed attention, as illustrated by the recent studies of, e.g., Christiansen
et al. (2012), Paye (2012), Bansal et al. (2014), Dew-Becker et al. (2017) and Campbell et al. (2018).
This section replicates the qualitative evidence generated by these papers through an empirical illus-
tration in which we rely on standard least squares techniques. However, we note that the series display
pronounced persistence, pointing towards potential inferential problems. In Section 7, we revisit the

evidence through our robust LCM procedure.

5.1 Data Description

We employ two separate data sets of monthly observations for realized volatility of the aggregate U.S.
stock market, proxied by the S&P 500 index. The first spans the period from February 1960 through
March 2015 and exploits realized variance measures constructed from daily data. This time span
mimics those covered by prior studies in the literature.'® Since high-frequency data are available for
the last part of the sample period, we undertake an additional analysis, covering January 1990 through
March 2015, using a more accurate measure of the realized (log-)return variance.

We first introduce the two realized variance measures. To this end, let r; ; denote the daily log-return

YHowever, existing work often relies on lower frequency series. Among our references, only Christiansen et al. (2012),
Paye (2012) and Dew-Becker et al. (2017) use monthly data; Bansal et al. (2014) use yearly data and Campbell et al.
(2018) use quarterly. We adopt monthly sampling to increase the power of the statistical significance tests and facilitate
the study of causality and directional predictability. The latter is discussed in Section 7.2.
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on the S&P 500 for trading days ¢ = 1,...,n; in months ¢ = 1,...,n, and then,
~ e
Vi = Z rtQ,ia (23)
i=1

comprises our low-frequency (LF) realized variance measure.!! Such return variance measures over
a fixed (here, monthly) horizon, computed from intermediately sampled data, have been widely used
in financial econometrics since the work of, e.g., Andersen & Bollerslev (1998), Barndorff-Nielsen &
Shephard (2002), and Andersen, Bollerslev, Diebold & Labys (2003).

Next, for the period where an intra-daily price record is available, we construct an alternative return
variation measure. Specifically, we use high-frequency (HF) return data for the CME Group E-mini
S&P 500 futures to construct accurate trading day measures, and then add the squared close-to-open
returns to obtain an overall variation measure. Since microstructure frictions induce unwarranted
serial correlation in high-frequency returns, we rely on the flat-top realized kernel of Varneskov (2016,
2017) during the trading day. This approach is robust to general forms of microstructure noise and
possesses desirable asymptotic properties and good finite sample performance. Since our construction
otherwise follows standard procedures, we relegate the details to Section B of the appendix.

The macroeconomic and financial indicators consists of monthly series for the default spread (DS),
three-month U.S. Treasury bills (TB), and price-earnings ratio (PE). They have all been found to be
successful predictors of equity-index return volatility in recent studies. We follow the literature in
defining DS as the difference between the logarithmic percentage yield on Moody’s BAA and AAA
bonds, the Treasury bill rates are log-transformed, and the PE is constructed as the logarithm of the
ratio of the S&P 500 index to the ten-year trailing moving average of aggregate earnings on the S&P
500 index constituents.'> The source of the different series is also provided in Appendix B.

Table 1 presents full-sample summary statistics for the four series, as well as square-root and log-
transformations of the LF realized variance.'® Beyond the usual unconditional measures, we report
a set of statistics that speak to the time series properties of the variables. Specifically, we provide
estimates for the degree of fractional integration, using both the local Whittle (LW) estimator, cf.
Kiinsch (1987), and the ELW estimator from Shimotsu (2010), which is robust against non-trivial
means and remains valid for stationary as well as non-stationary variables. Furthermore, we report
the MZ unit root test statistic of Ng & Perron (2001), which is correctly sized and has good power
properties against local alternatives, and we include the KPSS test statistic of Kwiatkowski, Phillips,
Schmidt & Shin (1992) for an I(0) process against the alternative of an I(1).!4

1The label LF indicates that no intra-daily, i.e., “high-frequency” financial data, are used in its construction.

20ur choice of variables matches the set employed in the final version of Campbell et al. (2018).

13The corresponding statistics for the subsample are qualitatively similar and omitted for brevity.

“Our baseline implementation of the KPSS test uses the Bartlett kernel and a bandwidth |8(n/10)'/%], as studied by
Hobijn, Franses & Ooms (2004). In addition to the results in Table 1, we have experimented with larger bandwidths,
which, as shown by, e.g., Lee & Schmidt (1996) and Marmol (1998), make the KPSS test more robust against a fractional
alternatives as well as considered the Epanechnikov (1969) and the Gasser, Miiller & Mammitzsch (1985) optimal fourth-
order kernel, also studied by Dew-Becker (2017). The results are qualitatively similar and left out for brevity.
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Table 1 documents that the realized variance (RV) distribution is positively skewed and has fat
tails. These features are mitigated by the concave square-root or logarithmic transformations. Similar
comments apply to the DS, whereas TB and PE are closer to Gaussian. The most noteworthy results,
however, concern the conditional properties of the series. Specifically, at standard levels of significance,
we reject that the realized variance is either I(0) or I(1). Instead, the series is best characterized as
fractionally integrated with d in the 0.25-0.6 range, depending on the transformation. This is consistent
with the comprehensive literature referenced in Section 1. Furthermore, the larger estimates for the
fractional integration order, obtained as we apply more concave transformations to realized variance,
are consistent with the findings of, e.g., Haldrup & Nielsen (2007), who show that outliers, as reflected
in the skewness, may bias various estimators of d downwards.

We also reject the null hypothesis of the state variables being I(0) processes and, from the MZ
test, we similarly reject the DS and TB series being I(1). The LW and ELW estimates corroborate
these findings, suggesting that the DS is fractionally integrated with d ~ 0.8, while TB is slightly more
persistent with d ~ 0.9. Finally, we cannot reject that PE is a unit root process.

For visualization, we complement the estimates of d and the unit root test by plotting the autocor-
relation functions (ACFs) in Figure 1. The slowly decaying ACFs are consistent with all four series
being long-range dependent, with PE being most persistent, followed by TB, DS and RV, corroborating

our estimates of the (relative) size of the respective fractional integration orders.

5.2 Standard Predictive Regressions

The evidence in Table 1 and Figure 1 is consistent with the realized variance series being fractionally
integrated with 0.25 < d < 0.6, while the macroeconomic and financial state variables all have d > 0.8.
This suggests that a linear regression forecasting model for realized variance, even if Hjg is rejected,
violate the basic conditions for regression balance, c.f. the discussion in Section 2.2. Consequently, as
documented by Tsay & Chung (2000), standard least squares procedures are likely to provide spurious
inference.'® Nonetheless, at this stage, we ignore such issues, as we seek to establish a benchmark for
the predictive power obtained through commonly adopted OLS procedures.

An informal assessment may be drawn from Figure 2, which plots the state variables against the
future realized variance over the last fifteen years of the sample, characterized by a particularly high
degree of coherence among the series. We observe, in particular, that the realized variance and DS
both are elevated in the fall of 2008, while PE drops sharply during the same time span. However, we
also note that the spikes in the state variables often lag those in the market variance by a few months,
raising questions regarding the direction of predictive causality. We return to this issue in Section
7.2, using the LCM approach. In any case, the fact that the predictor variables all display abnormal
variation during the turbulent market conditions surrounding the financial crisis suggest they may

carry (important) information about the future realized variance.

15See also our companion paper Andersen & Varneskov (2019b) for a detailed analysis of the issue.
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Motivated by the extant literature and evidence in Figure 2, we run predictive regressions for the
realized variance assuming a first-order VAR system, where x;_; consists of the lagged realized variance
and the macroeconomic and financial state variables. The coefficient estimates, HAC standard errors
and adjusted R? are reported in Table 2 along with LW estimates of the residual memory and a HAC-
based Wald test for the joint significance of the three state variables. The results for both samples
are similar: (1) DS seemingly predicts realized variance and its strength increases with the addition
of PE and TB; (2) all state variables are individually significant (except TB in the subsample with
high-frequency data) and the R? increases slightly with their inclusion; and (3) the Wald tests show
joint significance at a 5% level (P-Wald above 0.95). Hence, the full sample results corroborate prior
findings by Christiansen et al. (2012), Paye (2012), Bansal et al. (2014), Dew-Becker et al. (2017)
and Campbell et al. (2018). Moreover, the subsample results, utilizing a high-frequency measure of
volatility, demonstrate that they are robust to the choice of realized variance proxy.

Of course, this OLS analysis does not account for the degree of persistence in the realized variance
and the regressors nor the indication of an unbalanced regression. Consequently, the inference may
well be distorted. We next explore whether spurious inference is relevant for the present setting via
simulations, based on reasonable parameter values and time series properties for the system conveyed

by Table 1, and contrast them to the size and power properties of the LCM procedure.

6 Simulation Evidence: Size, Power and Spurious Inference

The section examines the properties of the OLS and LCM procedures in a setup that captures the
persistence of the realized variance and the predictor variables, as summarized in the previous section.
We first provide bias, RMSE, size and power results for LCM in a bivariate setup and then proceed to
study the properties of the LCM and OLS procedures in a more general predictive setting. Motivated
by our empirical application, we focus on the size and power properties of tests for predictability
without cointegration (b = 0) under H4, deferring the case with cointegration to the companion
paper, Andersen & Varneskov (20195). Importantly, albeit not surprisingly, the power of the LCM
test further improves in the cointegration case, compared to the results below, because E(ﬁ, m) then
enjoys a faster rate of convergence and lower asymptotic variance, as demonstrated by Theorem 1.

Finally, we explore the robustness properties of LCM to the first-stage filtering.

6.1 Finite Sample Performance of the LCM Test

The properties of the LCM approach are analyzed in a bivariate setting, resembling the one in Hong
(1996) and Shao (2009), but generalized to allow for non-stationary long memory. This entails simu-

lating fractional ARMA(1,0) processes for y; and x4_1, t =1,...,n, as,

(1-L)(1 — ¢ L)y = pug—1 + /1 — p2uy, (1—L)%(1 — ¢ L)z = uy_1, (24)
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respectively, where u; and vy are i.i.d. standard Gaussian random variables.'® This setup encompasses
several distinct inference scenarios, depending on the parameter vector, (¢y, ¢z, p, dy, d;). First, we fix
¢y = ¢, = 0.2 and let p = 0 or p = 0.2, when examining the size and power properties, respectively.
Second, we vary the integration orders d, and d, to generate alternative persistence regimes. In
particular, DGP 1 is configured with (dy,d,) = (0.30,0.45); DGP 2 with (dy,d,) = (0.30,0.80);
DGP 3 with (dy,d,) = (0.55,0.45); and DGP 4 with (d,, d;) = (0.55,0.80). These values are in line
with the estimated memory parameters for the realized variance and DS series in Table 1, and they
capture four of the inference cases examined theoretically for the OLS estimator by Tsay & Chung
(2000).'7 Finally, we consider two different sample sizes n = {300,650}, mirroring the size of the
subsample (n = 302) and full sample (n = 662) in our empirical analysis, respectively.

Implementing the LCM test in Theorem 2 requires the choice of an estimator for the first-step
fractional filtering, and tuning parameters for the MBLS estimation in the second step. We estimate
the memory parameters using a parametric fractional ARMA(1,0) model, noting that we may apply
results from Hualde & Robinson (2011) and Nielsen (2015) to verify that Assumption F holds with
o = 1.1® Moreover, we consider different tuning parameters for MBLS to analyze their finite sample
impact on the LCM test. Specifically, we let v = {0.21,0.25,0.30}, x = {0.70,0.75,0.799}, v = 0.25
and kg = 0.9. The bandwidth rate x is picked close to its upper bound to boost the efficiency of
the inference, while satisfying the condition n'/2/m — 0 of Theorem 4, whereas the selection of the
trimming rate v is guided by empirically realistic lower bounds. In particular, using the estimate
d ~ 3/10 from Table 1 (the memory of RV), the lower bound restriction in Assumption T implies that,
if k is close to 4/5, then (3/5 —2d/5)/2 < 1/4. Similarly, since the lowest integration order of the
state variables is min;—s 41 d; ~ 4/5, the restriction imposed by a potential endogenous component
in the regressors is similarly strictly less than 1/4. Hence, the values v = {0.21,0.25,0.30} capture
realistic lower bounds for the trimming, given the evidence from our empirical application.'® Finally,
Assumption T-G is satisfied by selecting vg = 0.25 and kg = 0.9. All tests are implemented with a
nominal size of 5%, and the simulations are performed using 1,000 replications.

Tables 3 and 4 summarize the simulation results. In particular, Table 3 demonstrates that the
LCM coeflicient estimates are accurate, having small biases and RMSEs across DGPs, and that its

performance improves with sample size. Table 4 documents that the LCM test has excellent finite

'6Note that this setting corresponds to having a latent regression relation (3) with B = p.

17As also detailed in Andersen & Varneskov (20190), the least squares t-statistic, tg, and R? have the following properties
under the null hypothesis of no predictability: DGP 1 has tg = O, (ndy+d1*1/2) and R? = O, (n?4v+4=—1) DGP 2 has
ts = Op(n?) and R? = O,(n**~1); DGP 3 has ts = O,(n%) and R? = O, (n**=~1); and DGP 4 has t5 = O,(n'/?)
and R? = Op(1). Hence, the t-statistics diverge in all cases, and the R? is either slowly converging to zero or Op(1).

'8For the empirical implementation, we rely on fractional ARMA (p,0) models with p = {0, 1, 1,4} for the realized variance,
DS, PE and TB, respectively. These models fit the data well, as indicated by the residuals in Figure 3 and Section 7, and
adding more lags barely increases the explanatory power. Again, Shao (2009), Hualde & Robinson (2011) and Nielsen
(2015) provide results which may be used to verify that the estimates of d are consistent at rate n~'/2. Finally, when
implementing the fractional filter in the first step, we use 10 observations for initialization.

19We have also implemented the LCM test with the worst case lower bound on the trimming rate implied by endogenous
regressors, 2/5 < v, both in the empirical analysis and simulation study. In spite of this very conservative choice, the
persistent state variables imply that the numerical results remain similar to those reported below.
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sample properties. For the smaller (sub-)sample size n = 300, the test is only slightly oversized, with
rejection rates in the range 6-10% compared to the 5% nominal level, and the power is good, especially
when selecting the wider bandwidth, k = 0.799. For the larger sample size n = 650, the LCM test
demonstrates both great size and power. Moreover, we note that the LCM test performs well across
all DGPs, rendering it robust to a variety of different, and empirically relevant, persistence scenarios.
Finally, while the test is robust to the choice of the trimming rate v, yielding similar results across
the board, the power is uniformly higher for the largest bandwidth (x = 0.799), and this is achieved

without sacrificing the size properties. Consequently, we use x = 0.799 throughout.

6.2 Inference on Predictive Ability: LCM versus OLS

This section explores the performance of LCM and least squares tests by examining their size properties
in settings designed to predict a persistent variable using persistent regressors. Specifically, we adopt
a scenario similar to equation (24) with p = 0 and allow for additional exogenous processes of the
same form as x;—1. We consider regressions with up to three state variables, setting d, = {0.8,0.9, 1},
corresponding to the estimated fractional integration orders of DS, TB, and PE in Table 1, and we
let dy = 0.3 (DGP M1) or d, = 0.55 (DGP MZ2) to capture the relevant range of persistence in
the RV measures. The autoregressive parameter is fixed at 0.2 for all processes, and a larger sample
size n = 1000 is included to help gauge the limiting properties of the testing procedures. Whereas
the LCM test is implemented as described in the previous section, OLS inference is performed using
Newey & West (1987) standard errors and Wald tests. In all least squares regressions, we include a
constant, the lagged realized variance, and one to three exogenous regressors. We report test power
for lagged RV, test size for the individual state variable, the average adjusted R?, and the size of a
Wald test for joint significance of the exogenous regressors.

The results, displayed in Table 5, contain several interesting findings. First, for DGP M1, all OLS-
based significance tests for individual coefficients of the persistent regressors are oversized, irrespective
of the number of regressors included. In fact, the size distortions only grow as sample size increases,
corroborating the theoretical results of Tsay & Chung (2000) (cf., footnote 15, DGP 2). Hence, the
size distortions are substantial, raising serious concerns regarding the applicability of OLS inference.
For example, for regressions involving only one exogenous predictor with d, = 0.8 (mimicking DS), the
rejection rate rises from 27.7% for n = 300 to 33.5% for n = 1000, far exceeding the nominal 5% level.
Second, sequentially adding exogenous processes, with d, = 1 (PE) and d, = 0.9 (TB) fails to improve
the testing properties of DS, whose individual significance tests continue to be badly distorted. Third,
adding predictors enhances the adjusted R?. This is, again, readily explained by the results in Tsay
& Chung (2000). Fourth, the OLS-based Wald test for joint significance of the predictors is severely
distorted, and the size properties only worsen as more persistent predictors are introduced and sample
size increases. The nominal rejection rates range from 27.7% to 59.8%, underscoring the propensity
for misleading empirical inference. Fifth, the size properties of the LCM test are excellent. Although

the test is slightly oversized for n = 300, the size is accurate for n = 650, and essentially perfect for

31



n = 1000, regardless of the number of predictors included.

The results for DGP M2 are similar to those described above, with all qualitative conclusions
carrying over despite minor numerical differences. Notably, the size distortions are even greater for
the individual and joint significance tests in this setting, consistent with the different divergence rates
of the t-statistics provided in Tsay & Chung (2000); see DGP 2 and 4 in footnote 15.

Overall, the simulations demonstrate severe problems with OLS-based inference and testing, irre-
spective of the predictive ability of the persistent regressors. In contrast, our LCM procedure displays
good size and power properties, suggesting it will deliver reliable inference in settings with general
and diverse degrees of persistence among the variables in the system. Hence, the LCM test provides a
rigorous basis for determining whether our macroeconomic and financial state variables add auxiliary

predictive power beyond past volatility in forecasting future realized variance.

6.3 Robustness to Parametric First-step Filtering

To further explore the robustness properties of the LCM procedure, we replace the first-step fractional
ARMA(1,0) estimator with the semiparametric ELW from Shimotsu (2010). In particular, we imple-
ment the latter with a bandwidth |n2] with o = {0.71,0.75}, the second-stage MBLS estimator with
tuning parameters v = {0.21,0.25,0.30} and x = {0.65,0.70,0.749}, ensuring that the condition x < p
is always satisfied, and use the remaining configurations described in Section 6.1. The results, pre-
sented in Tables C.1-C.2 of the Supplementary Appendix, are very similar to those in Tables 3-4; the
LCM procedure demonstrates excellent bias, RMSE, size and power properties. The main differences
between implementations are that the fractional ARMA estimator generates lower RMSE for n = 650,
slightly worse size for n = 300 and better power overall than the corresponding ELW results.

The comparison between the fractional ARMA and ELW implementations, however, rests on the
former having correctly identified the AR(1) structure of y; and x;_;. Hence, as an additional robust-
ness check, we simulate the latter as in equation (24), but with AR(2) dynamics where ¢, = ¢, = 0.2
for lags [ = 1,2. Moreover, we “incorrectly” fit a fractional ARMA(1,0) model or, alternatively, the
ELW estimator in the first step and gauge the impact of filtering misspecification. The results for the
two estimators are provided in Tables C.3-C.4, respectively, C.5-C.6 of the Supplementary Appendix.
Importantly, there are no significant differences between these and the corresponding for AR(1) dy-
namics, demonstrating robustness of the second-stage MBLS estimator, despite the first-stage memory
parameter estimates being slightly upward biased. Hence, the LCM inference is robust to the choice
of fractional filtering procedure. Moreover, the results show that it is favorable to select x close to
its upper bound, k < 4/5 for parametric filtering and x < min(p,4/5) for semiparametric, since the
noise arising from having estimated the ex-ante unknown integration orders is (much) smaller than the
efficiency gains from using a wider range of the spectrum. Correspondingly, there is a bias-variance
tradeoff in selecting the trimming rate v: if selected too low, the first-step filtering bias from mean
slippage (or endogenous regressors) may impact the coefficient estimate; if selected too high, this

may hurt efficiency of the inference. In general, we recommend using the persistence-dependent lower
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bound on the trimming rate in Assumption T as a rule-of-thumb guide when implementing the LCM

procedure, similarly to the discussion of our empirical application in Section 6.1.

7 LCM Analysis of Predictive Power for Future RV

Section 6 documents that least squares predictive inference and testing procedures may be unreliable
when the variables of the system are persistent. We now revisit the findings in Table 2 concerning the
significant forecast power of macroeconomic and financial indicators for future realized variance, using
the robust LCM approach. As described in the previous section, first-stage fractional filtering is based
on estimates from (long) fractional ARMA (p,0) processes, as in Shao (2009). To gauge the suitability
of the fractional ARMA models, we depict the ACFs of the model-implied residual series in Figure
3. Relative to Figure 1, the effectiveness of our parametric approach to “whiten” the variables of the
system is evident.?’ Likewise, the MBLS estimation in stage 2 is implemented as described above,
with the trimming rates v = {0.21,0.25,0.30} and bandwidth parameter x = 0.799. The results for
the full sample and the subsample, exploiting the high-frequency data, are reported in Table 6.

7.1 Empirical LCM Results

From Panel A of Table 6, we see that the coefficient estimates of the state variables from the LCM
procedure and the corresponding ones for OLS in Table 2 are of similar magnitude and sign. Second,
and importantly, the LCM test for joint significance of the persistent state variables are now all
insignificant, as the P-Wald statistics are far below conventional significance levels. This contrasts
sharply with the OLS results, which indicate that the state variables are jointly significant at the 95%
level and, sometimes, at the 99% level. Third, the LCM results are robust to the selection of tuning
parameters and the choice of RV measure, as seen by the subsample results in Panel B. Again, this
is contrary to the OLS results for joint significance, which are stronger in the subsample (significant
at the 99% level). Finally, in Panel C, we apply the variance-stabilizing log-transformation on the RV
series and repeat the exercise in Panel A. The qualitative implications are robust to transformation,
that is, we find no significant evidence that the persistent state variables carry predictive power.

The stark difference between the LCM and OLS results is readily explained by theoretical and
simulation results. The theory in Tsay & Chung (2000) and finite sample evidence in Section 6,
combined with the empirical results in Table 1, documenting a strong degree of persistence for the
realized variance as well as the financial and macroeconomic series, imply that the OLS-based tests
will fail to control size. In fact, these procedures will, incorrectly, reject the null hypothesis of no
predictability with probability approaching one, as the sample size grows. Our LCM procedure, on
the other hand, is valid irrespective of the persistence displayed by the variables of the VAR system.
We conclude that there is no significant statistical evidence that any of the state variables contain

relevant information for forecasting the future realized variance. Finally, since our LCM significance

20The estimated persistence is similar to that conveyed by the results in Table 1.
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tests for B are consistent with Hg, there is no need to investigate how the persistent predictor variables

may be transformed to comply with regression balance.?!

7.2 LCM Testing of Reverse Causality

The LCM test finds no significant evidence of predictive information for realized volatility in the
three persistent state variables. This does not imply that they are unrelated. Specifically, as noted
in Section 5.2, Figure 2 reveals that some major peaks in the DS and PE series trail the realized
variance, not the other way around. Hence, this section explores the reverse predictive relation, that
is, whether lagged realized variance carry information about the subsequent realization of the state
variables. This hypothesis stipulates that uncertainty in the pricing of equities may reflect future
shifts in more slowly moving economic variables. For illustration, Figure 4 plots the lagged realized
variance against the three state variables, both before and after the first-stage fractional filtering step
of the LCM procedure, for the last 15 years of the sample. Two important points stand out. First, the
fractional filtering is successful in stripping the persistence from the variables, as intended. Second,
the large spikes in the DS and PE ratio during the recent financial crisis occur contemporaneously with
outliers in the lagged realized variance series, suggesting that the latter carries important information
about the future realizations of the state variables. The results from testing this hypothesis, using the
LCM procedure, are presented in Panels A and B of Table 7 for the full sample and subsample with
high-frequency return data, respectively.

The message from Table 7 is clear; the evidence is consistent with the realized variance predicting
future changes in all three state variables. The results apply for both samples, demonstrating robust-
ness with respect to alternative RV measures. The predictive relations are strongly significant for
all Wald tests (the P-Wald measures exceed 0.95). The estimates imply that an increase in realized
variance forecasts an elevation in DS and a decline for TB and PE, consistent with the visual evidence
in Figure 4. Obviously, the recent financial crisis is an extraordinary, yet important, economic event
which may have an outsized impact on the inference, as also suggested by visual inspection from Figure
4. For robustness, we implement the LCM test for the sample truncated in December 2007 (n = 574).
Panel C of Table 7 reveals that positive shocks to realized variance remain significant predictors of
future increases in DS and declines in PE.

The LCM methodology is explicitly designed to accommodate persistent variation in VAR sys-
tems, so it is well positioned to uncover low-frequency ties between the realized variance and a set
of macroeconomic state variables. Although we find that the latter do not forecast the former, we
cannot reject forecast power in the reverse direction. Importantly, we have uncovered evidence of a
balanced predictive relation. Specifically, given the differences in integration orders from Table 1, RV

should be transformed via Q(L), when describing its impact on the state variables. We discuss other

21These findings are consistent with, and possibly provides an explanation for, the recent results in Berger, Dew-Becker
& Giglio (2019), who no longer find the default spread to carry significant information about realized volatility over the
following six months in a subsample from 1983-2014, after including different financial variables such as the VIX.
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interpretations of predictability in Andersen & Varneskov (2019a, 2019b). These findings provide a
challenge for Campbell et al. (2018) and Bansal et al. (2014), who assert, based on least squares in-
ference, that such macroeconomic indicators do predict the market variance. Moreover, this point is
crucial for their conclusion that shocks to the market variance are integral to understanding the role
of macroeconomic fluctuations in driving the cross-sectional pricing across distinct asset classes. Our
results suggest it may be useful to reassess this evidence. We defer an in-depth investigation of the

implications for the prediction of macroeconomic and realized variance to future research.

8 Conclusion

This paper studies the properties of standard predictive regressions in persistent VAR economies and
considers robust inference and testing in such systems. In particular, we analyze a setting, where
all variables may be fractionally integrated of different orders and show that this induces issues with
balancedness of the regression relation as well as a spurious regression problem for least squares
estimation methods. As a remedy, we propose a new inference and testing procedure — the local
spectrum approach — for joint significance of the predictors, that is robust to the variables having
different integration orders. The LCM procedure is based on (semi-)parametric fractional-filtering and
band spectrum regressions (MBLS), using a carefully selected set of frequency ordinates. We establish
the asymptotic properties of the coefficient estimates and the associated significance test, relying on
an exact spectrum representation. The procedure allows us to include variables in the system that are
asymptotically stationary (0 < d < 1/2), non-stationary (d > 1/2), having endogenous measurement
errors and being formed from a pre-estimated cointegrating relation. Moreover, if the regressors are
significant, we accommodate predictive relations that may (b > 0) or may not (b = 0) be cointegrated.
The theoretical analysis is supplemented with an empirically relevant simulation study, documenting
that least squares inference methods suffer from large size distortions when the variables are persistent.
In contrast, our LCM approach displays excellent finite sample size and power.

We use the LCM procedure to study the implications of assuming short memory VAR dynamics
for the economy in predictive regressions for the realized variance of the S&P 500 equity index. Focus-
ing on three financial and macroeconomic state variables, whose forecasting ability have been widely
appraised in the macro-finance literature, we confirm that least squares methods generate evidence
supportive of highly significant forecast power. However, we find no such evidence using the LCM
approach. We argue that this suggests that the standard least squares evidence is spurious, driven by
the (ignored) strong persistence of the VAR economy. In fact, our robust LCM approach suggests that
causality may run in the reverse direction, i.e., innovations to the realized variance may foreshadow
future changes in the state variables. Overall, our findings carry implications for several areas in em-
pirical macroeconomics and finance, including the choice of econometric tools for model specification,

inference, and forecasting.
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Full Sample Summary Statistics

Panel A: Mean S.D. Max Min Skew EKur
RV 0.0021 0.0047 0.0814 0.0001 11.088 159.06
Sqrt-RV 0.0396 0.0239 0.2853 0.0104 3.9174 27.513
Log-RV -6.6972  0.9305  -2.5086  -9.1403 0.5268 1.0794
DS 13.462 5.6609 51.241 6.5329 2.4891 9.6242
TB 4.6805 2.9352 15.100 0.0100 0.5813 0.7491
PE 2.8975 0.4154 3.7887 1.8929 -0.3301 -0.4229
Panel B: LW ELW AR-¢ AR-R? KPSS MZ7Z
RV 0.2897 0.2882 0.4288 0.1839 0.6298* -23.664**
Sqrt-RV 0.4458 0.4447 0.6468 0.4184 0.9976**  -19.022**
Log-RV 0.5223 0.5409 0.7034 0.4947 1.2525**  -16.269**
DS 0.8216 0.8655 0.9699 0.9373 1.1527**  -15.400**
TB 0.8993 0.8714 0.9926 0.9814 1.5911** -8.2203*
PE 1.0610 1.1149 0.9969 0.9923 1.5836** -4.9610

Table 1: Descriptive statistics. The summary statistics are provided for all variables using the full sample of
monthly observations (n = 662). The variables are market realized variances (in levels, square-root, and logs), the
default spread (DS), 3m T-bills (TB), and the price-earnings ratio (PE). Panel A shows unconditional summary
statistics, whereas Panel B provides conditional statistics. Here, standard deviation, skewness, and excess kurtosis
(relative to 3) are denoted “S.D.”, “Skew”, and “EKur”, respectively. The LW and ELW semiparametric estimators
of integration order d are implemented using a bandwidth m = n®7, with ELW being robust against a constant, as
in Shimotsu (2010). AR-¢ and AR-R? are the estimated first-order autocorrelation coefficient and R?. The MZ unit
root test is based on GLS detrended data with the number of lags selected by the MAIC on OLS detrended data,
as recommended by Perron & Qu (2007), see Ng & Perron (2001, Table 1) for tabulated critical values. The KPSS
test for the processes being I(0), that is, for obeying short memory dynamics, is implemented using the Bartlett
kernel function and a bandwidth [8(n/10)'/*|, see, e.g., Hobijn et al. (2004) for details. It has 0.463 and 0.739 as
5% and 1% critical values. Finally, (*) and (**) denote rejection at a 5% and 1% significance level, respectively.
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Figure 1: Autocorrelation functions. The sample autocorrelation functions are computed for the first 350 lags
for each variable in the full sample, which spans the period from February 1960 through March 2015 (n = 662),
where realized variance is estimated using daily log-returns. The variables are the square-root (sqrt) transformation
of realized variance (RV), the default spread (DS), 3m T-bills (TB), and the price-earnings ratio (PE).
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Figure 2: Plotted series. The upper left panel depicts the full sample of square-root transformed realized
variance. The three remaining panels show the state variables (blue) along with the square-root RV estimates based
on daily data (black) using the sample period January 2000 through March 2015 (n = 183). The left-hand scale is

for the state variables, the right-hand scale for the square-root RV estimates.

38



Predictive RV Regressions

Panel A Panel B
Constant 0.0012 —0.0005 —0.0012 —0.0049 0.0011 0.0005 —0.0035 —0.0041
(0.0004) (0.0005) (0.0005) (0.0019) (0.0002)  (0.0004) (0.0013) (0.0014)
RV:_1 0.4288  0.3919 0.3918 0.3838 0.5939 0.5653  0.5628 0.5558
(0.2005)  (0.1852) (0.1849) (0.1842) (0.0679)  (0.0730) (0.0712) (0.0726)
DS; 4 - 0.0099 0.0099 0.0148 - 0.0046  0.0062 0.0082
(0.0047) (0.0047) (0.0059) (0.0037) (0.0036) (0.0043)
TB;_ 1 - - - 0.0179 - - - 0.0091
(0.0083) (0.0079)
PE; 4 - - 0.0385 0.1185 - - 0.1186 0.1203
(0.0220) (0.0425) (0.0400) (0.0383)
Adj. R? 0.1826  0.1945 0.1944 0.1979 0.3504 0.3527  0.3539 0.3527
ciu 0.1876  0.1315 0.1299 0.1032 0.0826 0.0510  0.0283 0.0147
(0.0516)  (0.0516) (0.0516) (0.0516) (0.0680)  (0.0680) (0.0680) (0.0680)
Wald - 4.4044 6.0757 8.7854 - 1.5673 11.282 12.573
P-Wald - 0.9642 0.9521 0.9677 - 0.7894  0.9965 0.9943

Table 2: OLS estimates and tests. We report least squares coefficient estimates and corresponding Newey
& West (1987) standard errors or the variables along with the adjusted R?, a local Whittle (LW) estimate of the
residual memory parameter, and a Wald test and its associated P-value for whether the state variables are jointly
significant. Specifically, Panel A reports results from the full sample where realized variance is estimated using daily
log-returns, and Panel B using a subsample from February 1990 through March 2015 (n = 302) where high-frequency
data is utilized. The LW estimator is implemented using a bandwidth m = |[n°7]. Note that the coefficients in
front of the state variables have been scaled with 100.
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Bias and RMSE of the Local Spectrum Estimator

DGP 1: Bias DGP 2: Bias

n = 300 n = 650 n = 300 n = 650

Implementation: p=0 p=02 p=0 p=02 p=0 p=02 p=0 p=02

(v, k) = (0.21,0.799)  0.0029 -0.0073 0.0020 -0.0004 0.0031 -0.0047 0.0020 0.0012
(v, k) = (0.25,0.799)  0.0025 -0.0073 0.0024  0.0001 0.0027 -0.0050 0.0023 0.0016
(v, k) = (0.30,0.799) 0.0027 -0.0071 0.0024  0.0002 0.0029 -0.0049 0.0024 0.0017
(v, k) = (0.25,0.70) 0.0028 -0.0050 0.0028 0.0012 0.0029 -0.0015 0.0027 0.0035
(v, k) = (0.25,0.75) 0.0023 -0.0067 0.0024  0.0005 0.0024 -0.0037 0.0024 0.0024
DGP 3: Bias DGP 4: Bias
n = 300 n = 650 n = 300 n = 650

Implementation: p=0 p=02 p=0 p=02 p=0 p=02 p=0 p=02

(v, k) = (0.21,0.799)  0.0028 -0.0087 0.0020 -0.0010 0.0029 -0.0058 0.0020  0.0006
(v, k) = (0.25,0.799)  0.0027 -0.0086 0.0024 -0.0004 0.0029 -0.0059 0.0024 0.0011
(v,k) = (0.30,0.799) 0.0031 -0.0084 0.0024 -0.0004 0.0034 -0.0058 0.0024 0.0010
(v, k) = (0.25,0.70) 0.0030 -0.0067 0.0028  0.0002 0.0030 -0.0029 0.0028 0.0024
(v, k) = (0.25,0.75) 0.0025 -0.0081 0.0025 -0.0003 0.0026 -0.0048 0.0025 0.0016
DGP 1: RMSE DGP 2: RMSE
n = 300 n = 650 n = 300 n = 650

Implementation: p=0 p=02 p=0 p=02 p=0 p=02 p=0 p=02
v,k) = (0.21,0.799) 0.0829 0.0887 0.0553  0.0572 0.0836  0.0891 0.0556  0.0565

(
(v,k) = (0.25,0.799) 0.0829 0.0873 0.0552  0.0569 0.0834 0.0880 0.0555  0.0563
(v, k) = (0.30,0.799) 0.0821 0.0862 0.0556  0.0572 0.0826  0.0867 0.0559  0.0565
(v, k) = (0.25,0.70) 0.1129 0.1184 0.0788  0.0817 0.1142  0.1194 0.0795 0.0817
(v, k) = (0.25,0.75) 0.0961  0.1009 0.0649 0.0674 0.0969 0.1017 0.0652  0.0669
DGP 3: RMSE DGP 4: RMSE
n = 300 n = 650 n = 300 n = 650

Implementation: p=0 p=02 p=0 p=02 p=0 p=02 p=0 p=02
v,k) = (0.21,0.799) 0.0866 0.0951 0.0556  0.0576 0.0873  0.0946 0.0559  0.0568
0.25,0.799) 0.0856  0.0914 0.0553  0.0572 0.0865 0.0917 0.0556  0.0566
0.30,0.799) 0.0843  0.0901 0.0562  0.0576 0.0851  0.0899 0.0565  0.0569
0.25,0.70) 0.1167  0.1248 0.0790  0.0822 0.1186 0.1258 0.0797  0.0822
0.25,0.75) 0.0995 0.1060 0.0650  0.0677 0.1007  0.1064 0.0653  0.0672

(

(v, k) = (
(v, k) = (
(v, k) = (
(v, k) = (

v,

Table 3: Bias and RMSE of the LCM estimator. This table displays the bias and RMSE of the local spectrum
estimator, B(¢,m), for p = {0,0.2} as a function of the trimming and bandwidth parameters, £ = n” and m = n",
respectively. As described in Section 6, the tuning parameters are fixed according to the asymptotic theory and the
DGPs are simulated as in Hong (1996) and Shao (2009). Two fractional ARMA(1,0) processes are simulated with
¢y = ¢ = 0.2 and varying fractional integration orders d, and d,. DGP 1 is configured with memory parameters
(dy,dz) = (0.30,0.45); DGP 2 with (dy,d,) = (0.30,0.80); DGP 3 with (dy,d;) = (0.55,0.45); and DGP 4 with
(dy,ds) = (0.55,0.80). The fractional filtering in the first step of the local spectrum procedure is based on ARFIMA
parameter estimates of the memory parameter, where one AR lag has been included; see Hualde & Robinson (2011)
and Nielsen (2015). Two sample sizes are considered, n = {300,650}, corresponding well with the respective sizes
of the subsample and full sample, see Tables 1 and 2. The simulations are carried out with 1,000 replications.
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Size and Power of the Local Spectrum Test

DGP 1 DGP 2
n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=0.2 p=0 p=02 p=0 p=02 p=0 p=02
(v, k) = (0.21,0.799)  9.20 73.00 5.80 96.10 9.70 74.30 5.90 96.40
(v, k) = (0.25,0.799)  9.50 73.30 6.40 96.10 9.90 74.80 6.50 96.60
(v,k) = (0.30,0.799)  8.60 73.80 5.90 96.00 9.00 74.60 5.70 96.40
(v, k) = (0.25,0.70) 9.90 51.90 6.30 76.30 10.30  54.30 6.60 77.50
(v, k) = (0.25,0.75) 9.50 62.20 5.60 89.20 9.60 65.20 5.60 89.40
DGP 3 DGP 4
n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=0.2 p=0 p=02 p=0 p=02 p=0 p=02
(v, k) = (0.21,0.799)  9.50 72.10 5.60 96.00 9.80 74.00 5.60 96.20
(v, k) = (0.25,0.799)  9.50 72.60 6.00 96.00 9.90 74.70 6.00 96.40
(v,k) = (0.30,0.799)  9.00 72.70 5.50 95.90 9.10 74.20 5.60 96.30
(v, k) = (0.25,0.70) 10.00  51.20 6.00 75.60 10.50  52.90 6.30 77.00
(v, k) = (0.25,0.75) 9.60 60.60 5.40 88.40 9.80 64.10 5.30 89.00

Table 4: Size and power of the LCM test. This table displays the size (p = 0) and power (p # 0) of the
proposed local spectrum test from Theorem 2, LCM(¢,m), as a function of the MBLS trimming and bandwidth
parameters, defined by ¢ = n” and m = n", respectively. As described in Section 6, the tuning parameters are fixed
according to the asymptotic theory and the DGPs are simulated as in Hong (1996) and Shao (2009). Specifically,
two (possibly, correlated) fractional ARMA(1,0) processes are simulated with ¢, = ¢, = 0.2 and varying fractional
integration orders dy and d,. DGP 1 is configured with memory parameters (dy,d,) = (0.30,0.45); DGP 2 with
(dy,d.) = (0.30,0.80); DGP 3 with (d,ds) = (0.55,0.45); and DGP 4 with (dy,d.) = (0.55,0.80). The fractional
filtering in the first step of the local spectrum procedure is based on ARFIMA parameter estimates of the memory
parameter, where one AR lag has been included; see Hualde & Robinson (2011) and Nielsen (2015). All tests are
implemented with vg = 0.25 and k¢ = 0.9. Two sample sizes are considered, n = {300,650}, corresponding well
with the respective sizes of the subsample and full sample, see Tables 1 and 2. All tests are implemented with a
nominal size of 5%. The simulations are carried out with 1,000 replications.
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Figure 3: Autocorrelation functions. The sample autocorrelation functions are computed for the first 350 lags
for the residual series of each variable after applying the ARFIMA filter to estimate the fractional integration order
in the full sample, which spans the period from February 1960 through March 2015 (n = 662). The variables are
the realized variance (RV), the default spread (DS), 3m T-bills (TB), and the price-earnings ratio (PE). Note that

the fractional filter uses ten observations for initialization.
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Local Spectrum Estimates and Tests: RV Predictions
Hi,v = Hoyv = Hs, v =
Panel A 0.21 0.25 0.30 0.21 0.25 0.30 0.21 0.25 0.30
DS;_; 0.0120 0.0115  0.0101 0.0134 0.0136 0.0105 0.0143  0.0148 0.0116

TB¢—1 - - - - - - 0.0123 0.0174 0.0141
PE; - - - 0.1008 0.1721 0.0321 0.0944 0.1628 0.0312
Wald 0.9252 0.8462 0.6534 1.1287 1.3660 0.6791 1.2019 1.5026  0.7795
P-Wald 0.6639 0.6424  0.5811 0.4313 0.4949 0.2879 0.2475  0.3183  0.1456
Hy,v = Hov = Hs, v =
Panel B 0.21 0.25 0.30 0.21 0.25 0.30 0.21 0.25 0.30
DS; 4 0.0009 -0.0009 -0.0025 0.0030 0.0005 0.0013 -0.0003 -0.0015 0.0007
TB;_1 - - - - - - -0.1294 -0.0998 -0.0286
PE; 4 - - - 0.2178 0.1116 0.3694 0.2062 0.1245  0.3627
Wald 0.0041 0.0043  0.0304 0.3638 0.0989 1.0906 0.8880 0.4661  1.0609
P-Wald 0.0510 0.0520 0.1384 0.1663 0.0483 0.4203 0.1717  0.0737  0.2137
Hy,v = Ho,v = Hsz, v =
Panel C 0.21 0.25 0.30 0.21 0.25 0.30 0.21 0.25 0.30

DS; 4 0.9223 0.6541  0.4596 0.1014 0.0814 -0.5309 0.4623 0.5918 -0.0731

TB:_1 - - - - - - 5.1313  7.3741  6.0333
PE;_1 - - - -62.68 -48.07 -76.14 -65.34  -52.03  -76.53
Wald 0.2370 0.1193  0.0589 3.0359 1.7895 4.2383 3.5262  2.8032 4.6146

P-Wald 0.3736  0.2702  0.1918 0.7808 0.5913 0.8799 0.6826  0.5770  0.7977

Table 6: Local spectrum estimates and tests. We report coefficient estimates from the local spectrum procedure
to predictability testing as well as corresponding Wald test statistics and P-values for significance of the regressors.
Specifically, Panel A reports results from the full sample where the realized variance is estimated using daily log-
returns; Panel B using a subsample from February 1990 through March 2015 (n = 302) where high-frequency data
is utilized; and Panel C considers a log-transformation of the series in Panel A. The LCM procedure is implemented
using bandwidths determined by £ = 0.799 and kg = 0.9 as well as the trimming parameters v = {0.21,0.25,0.30}
and vg = 0.25. The series are fractionally filtered using ARFIMA estimates of the fractional integration orders,
which are consistent at rate n~!/2. The selection of the ARMA polynomials and properties of the ARFIMA filters
are discussed in the Sections 6-7 and Figure 3. The fractional filter uses ten observations for initialization. The
three test statistics Hi, H2, and Hs uses the DS, the DS and PE, or all three variables as predictors and test their
joint predictive power. All parameter estimates are scaled with 100.
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Figure 4: Plotted series. The left panels depicts the realized variance (RV) based on daily data (black) against
the state variables (blue) along for the sample period January 2000 through February 2015 (n = 182). The right
panels show the corresponding series after fractional filtering. In each plot, the left-hand scale is for the state

variables (divided by 100, as for the parameter estimates), the right-hand scale for the RV estimates.
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Local Spectrum Estimates and Tests: Reverse Causality

DS;, v = TBy, v = PE;, v =
Panel A 0.21 0.25 0.30 0.21 0.25 0.30 0.21 0.25 0.30
RV, 1 2.4285 2.4190 2.4093 -0.1672 -0.1539 -0.1676 -0.0616 -0.0590 -0.0711
Wald 120.27 119.48 118.67 7.5211 6.3851  7.5553 27.384  25.210 36.091
P-Wald 1.0000 1.0000 1.0000 0.9939  0.9885  0.9940 1.0000 1.0000  1.0000
DS;, v = TBy, v = PE;, v =
Panel B 0.21 0.25 0.30 0.21 0.25 0.30 0.21 0.25 0.30
RV;_1 3.0160 2.9736 2.9391 -0.1685 -0.1537 -0.1377 -0.0558 -0.0707 -0.0606
Wald 66.043 64.513 63.268 26.892  22.564  18.259 13.578  21.451  15.904
P-Wald 1.0000 1.0000 1.0000 1.0000  1.0000  1.0000 0.9998 1.0000  0.9999
DS, v = TB:, v = PE;, v =
Panel C 0.21 0.25 0.30 0.21 0.25 0.30 0.21 0.25 0.30
RV, 1 0.5019 0.4657 0.4735 -0.1415 -0.0859 -0.1021 -0.0445 -0.0384 -0.0749
Wald 79791 6.8780 7.1069 2.4612 0.9098  1.2827 7.5614  5.6453  20.767

P-Wald 0.9953 0.9913 0.9923 0.8833  0.6598  0.7426 0.9940  0.9825  1.0000

Table 7: Local spectrum estimates and tests. We report coefficient estimates from the local spectrum
procedure to predictability testing as well as corresponding Wald test statistics and P-values. Specifically, Panel
A reports results from the full sample where realized variance is estimated using daily log-returns, Panel B using
a subsample from February 1990 through February 2015 (n = 301) where high-frequency data is utilized, and
Panel C shows results from a subsample analysis based on RV data constructed using daily log-returns that ends
in December 2007 (n = 574). The LCM procedure is implemented using bandwidths determined by x = 0.799 and
ke = 0.9 as well as the trimming parameters v = {0.21,0.25,0.30} and v = 0.25. The series are fractionally filtered
using ARFIMA estimates of the fractional integration orders, which are consistent at rate n~'/2. The selection of
the ARMA polynomials and properties of the ARFIMA filters are discussed in the Section 6-7 and Figure 3. The
fractional filter uses ten observations for initialization. All parameter estimates are scaled with 100.
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A  Proofs

This section contains the proofs of the main asymptotic results in the paper as well as some technical
results in Section A.6. Before proceeding, however, let us introduce some notation. For a generic
vector V', let V(i) index the ith element, and, similarly, for a matrix M, let M (i, q) denote its (7, q)th
element. Moreover, denote by K € (0,00) a generic constant, which may take different values from
line to line or from (in)equality to (in)equality. Finally, we remark that sometimes the (stochastic)

orders refer to scalars, sometimes to vectors and matrices. We refrain from making distinctions.

A.1 Proof of Theorem 1

First, write v, = IA)(L)D(L)_lD(L)ztl{Ql}, and define the terms A(L) = D(L)D(L)™" as well as
a; = D(L)z1{>1y, noticing that by definition a; = v; + D(L)ply>1y, with p corresponding to the

means, or initial values, of z;. Moreover, let 1, = D(L)ply>1y and denote by ﬂge) the first element of

the vector and by [L,Eu) the remaining £ x 1 vector. Next, decompose the trimmed discretely averaged

periodogram of the fractionally filtered sequence vy,

~

Foo(t,m) = Fou(1,m) = (Buu(t.m) = Bou(l,m)) + (Fualt;m) = Fon(t,m))

n (ﬁ%(e, m) — Foa(l, m)) =&+ &+ Es. (A1)

This decomposition is crucial for showing that the first-stage filtering errors and mean-slippage only

have an asymptotically negligible impact on the second stage MBLS estimate when trimming of fre-
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quencies in the vicinity of the origin. Specifically, since we can write by addition and subtraction,

B(t,m) — B = Fo(t,m) ' F{H)(1,m) — €y + 2+ € (A2)

where the three error terms, Ci, Co, and Céb), are defined as

Ci = Fug(t,m) ' Es2 (6, m)B, €y = Fag(t,m) ' Fa) (6, m),
¢ = Fua(tom) ™" () (6om) — EQ(e.m) +£7) . € = B (¢.m) — Ff)(1.m),

with the superscripts indicating [jl,gu) and ﬂge), respectively, the decomposition in (A.1) allows us to

establish asymptotic bounds on Cq, Co, and Cgb). The proof is now concluded by three auxiliary

lemmas: Lemma A.l establishes generic bounds for £, €3, €3 and Eflb). Lemma A.2 uses these
bounds to show /mA;?(Cy + Ca + Cgb)) = 0p(1) and A Faq (0, m) 5 G Finally, Lemma A.3

establishes central limit theory for \/ﬁ/\;}*bﬁﬁ?(l, m), i.e., the discretely averaged co-periodogram

between u;_1 and nt(b). Hence, by using these lemmas in conjunction with the continuous mapping
theorem and Slutsky’s theorem, this provides the limit theory for /mA;2(B(¢,m) — B).

Finally, we need to provide conditions on @w € (0,2] such that the second rate restriction in
Assumption T is mutually consistent with all values 0 < d; < 2, ¢ = 1,...,k + 1, and, addi-
tionally, with 0 < b < min(1,d) if the series cointegrate, b > 0. The second restriction implies
v<(w+rb+1/2)/(w+1+b) < (w+k/2)/(w+ 1). Moreover, the worst bound on the trimming
rate v in the fourth restriction is obtained for d = b = 0: v > (1 — k/2)/2. These assumptions are,
thus, mutually consistent when max(0, (1—-3/2x)/(1+£/2)) < w is imposed, as stated in the theorem.

Hence, a solution is always guaranteed to exist since max(0, (1 —3/2x)/(1 4+ k/2)) < 2. O

Lemma A.1 (Asymptotic Bounds). Suppose the conditions for Theorem 1 hold. Then, for some
arbitrarily small € > 0, the following asymptotic bounds hold:

(a) M €1 =0, (m™10).
(b) VmA 1 lEy < Op((m/n)Qd*bnm*1/2€*2) + Op((m/n)dfl/%bm%*(”e)).

(c) Let f({,m,n) ="V nl/’;li;ﬁ V g for some arbitrarily small € > 0, then

N e (1152)2 (;;L)”“’ m,m,m) Lo, (”Jjﬁ (;)”“*’ W) _

(d) /mA, PEY < O, (4= [ (m"*n=) (0/m)?).

Proof. For (a). First, by Assumptions D1-D3, we may apply the same arguments as in Christensen



& Varneskov (2017, Equations (B.3)-(B.7)) to show that when ¢,n — oo, £/n — 0,

-1 /—1
2T 2
—-&1 = — E §R(Iw()\j)), . E 1 §R(qu(/\ ) ~ Guue, as Ay — 0+, (A.3)
J:

uniformly in probability. Now, by invoking the properties of the matrix Gy, in Assumption D1 and
since the parameter vector B in (3) is constant, this readily establishes (a).

For (b). First, make the decomposition,
Ey = Fau(t,m) + Fop(t,m) + Fyy(£,m), (A.4)

utilizing that a; = v; + f1;. Now, for the first term in (A.4), use the bound for the periodogram of a
fractionally differenced constant from Shimotsu (2010, Lemma B.2), see also Lemma A.6(a) below, to

deduce the following stochastic order for the (i,7)th diagonal element, i =1,...,k + 1,

or M 9 pl—2di ma 2d; ._
Fﬂﬂ(ﬁ m,i,1) ;Zﬂ% ai(Nj,1,1)) = ;ZOP <32_2d1> < (E) ZOP (j 2)’ (A.5)
)

Jj= Jj=t

where, for the partial sum term, S(¢) = Z;”:g Oy (j_2), we may invoke Varneskov (2017, Lemma C.4)
to show |S(¢)| < O,(£7?), since the power series j~7 readily has ¢ > 1. Combining these results
with the Cauchy-Schwarz inequality, this readily establishes ﬁﬂﬁ(ﬁ,m) < Op((m/n)*¢=2). For the
second term in the decomposition (A.4), use the Cauchy-Schwarz inequality and Assumption D1 in

conjunction with the same arguments as for (A.5) to show
m m .
o' n1/2—d1
3 w0100 = 2 320,000, (%
=L =L
o1 m d+e me
- % (ndz jue) (@) ae) e

uniformly, for some arbitrarily small ¢ > 0. Hence, by applying the Cauchy-Schwarz inequality, it
follows that ﬁ’vﬁ(ﬁ, m) + ﬁfw(ﬁ,m) < Op(n~12(m/n)Lm 0=+, establishing (b).
For (c). First, write vy = E(L)at, whose ith element is given by v;(i) = (1 — L) lat( ) with power

:\sf

F,;(¢,m,i,1)

defined as @\Z = d d;, and Where 9 = Op(my, 1/ 2) by Assumption F. Now, using a Taylor expansion

of the fractional filter (1 — L) i around 6; = 0 and the mean-value theorem, we have

(1-L)% =1+6;m(1— L) + é;flnu — L)%(1— L)% (A.7)

for some 6; € [@',O] and with 0; = Op(mgl/Q). Hence, by defining a( ) 1) = In(1 — L)ay(i) and the



second order term ag)g(i, 0;) =In(1 — L)*(1 — L) % a4(7), we can make the decomposition,

. NP S P N () o (2)
v (1) = as (i) + 9@'%%1(1) + ?‘%&72(@’ 0;) = a.(i) + at—l(z) +a, (i), (A.8)

implying that we may further decompose the (7,7)th element of €3 as

E3(i,i) = Fyo(l,m, i, i) — Faq(£,m,i,1) (A.9)
= BV (0myi i) + B (0myi,0) + 2B (6m,i,i) + 2B (€, i,4) + 2B (6,m, i, 1)

fori=1,...,k+ 1, with the first and second term in the decomposition being the trimmed discretely
average perlodograms of a( ) 1 (@) and ag )2( ), respectively, the third term is their co-periodogram, and
the fourth and fifth terms are their respective co-periodograms with a(7).

Now, for the first term of £3(i,1), we have

F—(} 1)(€ m,i,1) 27T9’ Z (I(11 J,i,i))

" =L
-0, () 4 MOS0 () + M S0 (3
<O @lnv;d) ) O (TIL?/(ST)M Zﬁ) +0, <1n7(n7;)2€12> , (A.10)

for some arbitrarily small € > 0, using Assumption F and Lemma A.7(a) in conjunction with Varneskov
(2017, Lemma C.4), as in (A.5) and (A.6). For the second term of €3(i,1),

1?’&(2’2)(5 m,i,1) Z?R( ho ],i,i))
mln(n)4 (n)5 1/2+5
=0 (n m3 ) nm? oy Op gite n1/2m2 Z 1+5
1 In(n) 6 “ 0 “
1/2m2 Z 3372 + nm? Zz P 1+€ Z

=t
mln(n)4 In(n)5 ml/2+e 14
= O <n m2 > O ( nm2 (e + Op 1/2 2 £1+e mz 72 (A.11)

using similar arguments, In(n)®/n < In(n)*/n'/2, and In(n)/£3/? < mc/¢**<. Now, since Assumptions
F and T readily imply In(n)P < mg for some finite p € N, m < n, then (A.10) and (A.11) provide the
bound F,(, 2 = p(F( )(f m, i,i)). Next, define

_ € 1
flt,mm)="2v —"
n

v nl/2pl+e v 2’



then we may write ﬁ(%’l)(& m,i,i) < Op(In(n)?/maf(¢,m,n)). Hence, by (a), (b), (A.10) and (A.11)
in conjunction with the Cauchy-Schwarz inequality and the continuous mapping theorem, we get the
following bounds for the cross-product terms of £3(i,1),

ﬁa( (b,myi,i) < \/F“)Em,z,z \/F,, Em,z,z)—oI,(l?’( )(f,m,i,i)),

~ 1 In(n) m'/2 /=
( (l,myiyi) < \/Faaﬁm,z,z \/F—(—1 £,m,i )§Op<m(l/2) nl/Q\/f(&m,n)>,
d

FD (0, m,i,i) < \/ﬁm(e, m, i, Wﬁg@ (6, m,i,i) = op (1711(;) (¢, m, i, i)) .

As the stochastic bounds for £3(i,4) are independent of i = 1,...,k 4+ 1, we use the same arguments,
the Cauchy-Schwarz inequality and the continuous mapping theorem to establish (c).
For (d). First, similarly to (a), write

_\/E/\;nlfbgib) _ 27T\/>Z§R( t,l,b ) AL 1-b g t,l,b)(l 0 1), (A.12)

)\1ln+b

where we explicate that I&? (A\) = Ig;l’b)()\j) denote the co-periodogram between u;_; and néb), and,
similarly, that Fz%’l’b)(l, ¢ —1) is the TDAC corresponding to L(Ltﬁl’b)()\j). Next, define

~

-1

R(TED00) . TE0G) = wag)Xe™ D, (), (A.13)
1

27
n <
J

=(t,1,b _
F{LW9(1,0-1) =

and write w(b)()\ ) = e/, ();), then, by Lemma A.11, for some arbitrarily small e > 0,
)(1 g_l)_ﬁ(t,l,b)(l g_l)H<O M é bxn<n)b
’ un ’ - 7P n n vVm \m
(3/2+0 n /n\b C(1+b 1/2 n /n\b
o <n+b * m (3s) ) O (" O (e ) Vim () )

¢2In(n) [ €\° AN 1
:Op< () ) (G) ()0 (s (e racuan) ).

)

—1-b ||
Vx| B

which is 0,(1). Hence, we may work with Fét’l’b)(l,ﬁ — 1) throughout.*
Now, to establish an asymptotic error bound for \/ﬁ)\;f*bﬁ(j;l’b)(l, ¢—1), we rely on the Cramér-
Wold Theorem, cf. Davidson (2002, Theorem 25.5). Specifically, note that (A¢/Ay,)° = (£/m)® as well

as the definition L(L%l)()\j) = wy(A\j)wy(A;), then, for an arbitrary k x 1 vector 1, we may write,

VmAL P F (1,0 - 1)

'Note that for b = 0, FA‘éf;l‘b)(l,K —-1)= ﬁgf{l’b)(l,é — 1), i.e. the approximation is exact.
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1/)127T . A T i
Z f( ) A/’Z%(( I (A )—A()\j,z)J()\j)A()\j,k+1))e( W))Ag’.
b
+ Z ‘”’QW\F ( ) AP Z R (A, DT Ay, &+ 1)) el/2) X = £0) + ).
For the first term, Sibl), we may use summation by parts and Lobato (1999, C.2) to show
’ 1/3 2/3 (2
41 < O sz <> 14 / hl(ﬁ) / —i—ln(é) + W
l Y31 (0)?/3  In(e) (12
=0p ((m> < ml/2 + ml/2 + ml/2nl/4 )

thereby giving Efﬁ) L0 since ¢ /m — 0 as n — oo. Next, for Sfé), we may use the conditions in

Assumptions D1-D3 to invoke the following asymptotic bounds,

/-1 w+b 14w b
(b) Kvy/m . b A7 /m B 14 l
842 S Sup )\l-i-b E ‘qu(Aj7lyk+1)‘Aj —O <m —O W E s (A14)

=1 ]1

utilizing that Gyq(i,k +1) =0 for all i = 1,..., k, thereby concluding the proof. O
Lemma A.2 (Central Limit Theory Errors). Under the conditions for Theorem 1, then

(a) Ny Fga(t.m) = Gl

(b) Vi (C1+ Co+ CF) = 0,(1).

Proof. Before proceeding to the proof, note that £/m — 0 and £'7% /(n®/m)(¢£/m)® — 0 in Assump-
tion T implies \,,'€1 = o, (1) and mx;}-bsfj’) < 0p(1). Moreover, we can write \/m\,;,} €y <
E91 + €99, corresponding to the two asymptotic bounds in Lemma A.1(b). The last two conditions
in Assumption T, then, implies £91 = 0,(1) and €3, = 0,(1) such that by the continuous mapping
theorem and the Cauchy-Schwarz inequality it follows that /mA_ 170, < op(1). Similarly, apply a
decomposition to write \/ﬁ)\;f_bgg < €31 + €39, where

In(n)? /n\b_ In(n)®m¢ /n\b In(n)*n'/2 /n\b
£ =0p (S Go) Y iz () Y vz () ) = 20t0)
31 p( mg  \m mgm/201+¢ \m mgm/202 \m op(1)
trivially by Assumption T, and, similarly,

o (mm2 cnye e [Tm onye et/ onye)
£32_Op< m;/Z (E) v m(11/2 n1/2€1+e (%) v 7ncll/2£ (E) _Op(1)>




by k < o, n®/m!/?** — 0, and (n/mg)"/?/¢ — 0 in Assumption T. Hence, all the derived bounds
in Lemma A.1 are o,(1). Now, proceeding to the proof. For (a), the result follows by Lemmas
A.1(a)-(c) in conjunction with the convergence result in Christensen & Varneskov (2017, (B.4)), see
also Robinson & Marinucci (2003) and Lobato (1997). For (b), (A 1Fa(f,m))™ = O,(1) follows
by (a), Gy, being full rank by Assumption D1 and the continuous mapping theorem. Moreover,
since \/EA;J**’EEZ) (¢,m) = 0p(1) by Lemmas A.1(b)-(c), we readily have that v/mA;,*Cy = 0,(1) by

Slutsky’s theorem. The corresponding result for Co follows similarly. Finally, for C3, we have
C{ = Faa(t,m) ™ (B (6,m) = FY(t,m)) + Faa(t,m) €0 =€) + cff). (A.15)

Hence, since (/\,;blﬁaa(& m))~t = Op(1), as for Cy, it readily follows that /mA;’C32 = o,(1) by

applying results for Sflb) and Slutsky’s theorem. For the last term, ng), use the second-order Taylor

expansion in (A.8), 7 =2,...,k+ 1, to expand the difference as,
Ey)(6,m,i) = FS) (6 m i) = Fyy” (6m, i) + Fo (6m, i),

where ﬁa(%’b) (¢,m,i) and ﬁa(z’b) (¢,m, 1) are the TDAC between &91 (1), respectively, d§2)2(i) and n,gb).
Hence, from the proof of Lemma A.1(c) and Lemma A.8, F\éé’b) (£,m,i) < Op(F, FU )(f m,i,1)) as well
as ﬁéi’b) (£,m,i) < Oy(F, F? )(6 m, 1,1)) follow by the Cauchy-Schwarz inequality. Hence,

VI (Bay(€,m) = Fu(t,m)) = 0p(1)
follows by Lemmas A.1(b)-(c) and, consequently, \/ﬁ)\;bcgb) = 0p(1) by Slutsky’s theorem. O

Lemma A.3 (Central Limit Theory). Under the conditions for Theorem 1, then

G
—1-b 13 (b) nn
vmA,, "F, (1 m) 2N <O,G’uu2(1 +Qb)> .

Proof. Before proceeding, let, again, qul,’])()\j) = Il(ﬁ}l’b)()\j) and ﬁg?(l,m)NE ﬁ%’l’b)(l,m) denote the
periodogram and TDAC for u;—; and nt(b), respectively. Moreover, let Fqgffl’b)(l,m) by the TDAC
approximation in (A.13). Then, it follows by Lemma A.11, for some arbitrarily small € > 0, that
~ ~ €/2] b b
—1-b t,1,b t,1,b m*1In(n) rm n
g B < B 0] 0, (M (1) (')

o (Trjﬁ) . % (;)b) tO (n_(1+b) (1 + ml/21{be[1/2,1]}> \/L%n (:;)b) ’

which is op,(1). Hence, we may work with ﬁég’l’b)(l, m) henceforth. Again, this approximation is exact

SI=

for b = 0. Now, to establish the stated central limit theorem, we will apply the Cramér-Wold Theorem,



cf. Davidson (2002, Theorem 25.5), for some arbitrary k x 1 vector 1. First, use Assumptions D1-D3
to decompose \/m/\;ll_bw’l?’g;l’b)(l, m) as in the proof of Nielsen & Frederiksen (2011, Theorem 2.1),

4

Al FEM (1, m) VmAL! b% 9% (/20 \b =N "y A.16
\/7 'l»b ¢Z ¥l (2
i=1
where the four terms on the right-hand-side are defined as
§jm Allﬁw§:%(< () = A DTG AN K+ 1)) e/2H) 30,

1 Ny T i
%EZmﬁmf“Z%memwaW““V?
i i3
k m n
1 . 1 n T i
Us = Zwi\/m&;l_bg >R ((AO\N) (n > e - I/C+1> AN,k + 1)> el mb) A%,
i=1 j=1 t=1

u4_21/)l A 1- blza% A()\ Z Z EtE/ i(t—s)A; A()\],k—f—l) 6(71'/2)bi Az)

t 1 s=1,s#t

We will now show that U, Us and Us are asymptotically negligible, before establishing central limit
theory for Uy. For U;, we use summation by parts and Lobato (1999, C.2) to show

k
U <0, (Zl@/h)\mn m>/?In(m)*? + In(m) + 1/ =0p /6 + ml/2 + nl/d )
and, hence, U Lo Next, for Us, we may use Assumptions D1-D3 to invoke the bounds
K\/m m . )\%+bm m ml+2w
Z/{ZS Slupk )\mn ;‘qu(Ajalvk+1)‘:O< )\}n+bn > :O< n2w >’

utilizing that Gyq(i, k+1) =0 for all i = 1,..., k. This shows that &2 — 0 by Assumption T. For the

third term, Us, we have €€, — I} 11 being a martingale sequence with respect to the filtration F;_1,

implying that the convergence result n=!' >°" | €€} — Ix11 = 0,(1) readily follows by Assumption D2.
Hence, by Lebesque’s dominated convergence theorem, we have Us < 0, (Us) Lo
Next, the final term in the decomposition (A.16) may be rewritten on the same form as the corre-

sponding term in the proof of Nielsen & Frederiksen (2011, Theorem 2.1, p. 109),

m-Zet Z ZMAM 22%7 ( N, 0) €N AN, & + 1) e(™/2b )es

= s=1,s#t i=1



n

t—1 m
1
/ n n b
= E € E C/ .es, Cl=_—— E )\ij
i—1 =1 2mn/m =

where the sequence coefficients, x;, is defined by
k . . .
X; = DA iR ((A(Aj, i) AN, b+ 1) e 0N 1 AN k4 1) AN, i)’el(t_S)/\j) eW?)bl) .

. . —1 . .
Now, since the components in the sum, M; = €, > ._; C}" €, are martingale difference sequences

with respect to the filtration F;_1, we may establish the final central limit theory by showing

- GGl
> EME|F ] ZZW@ ;”H;bp ZE (A.17)

t=1 =1 p=1

see, e.g., Hall & Heyde (1980, Chapter 3.2). From (A.17), there is no difference between the remaining
arguments and those for Nielsen & Frederiksen (2011, Theorem 2.1), see their pp. 109-111 where we,
in their notation, set d, = d, = 0 and d, = —b as well as invoke the local exogeneity assumption
between u;—1 and 7; in Assumption D1. Hence, we apply their arguments in conjunction with the

continuous mapping theorem and Slutsky’s theorem to establish the final result. 0

A.2 Proof of Theorem 2

To establish the distribution result in Theorem 2, under the additional Assumptions B as well as
the trimming and bandwidth conditions in T-G, it suffices to show consistency of the asymptotic
covariance estimators (A;'m(ﬁg, m¢) and éﬁﬁ(ﬁg, mq) for Gy, and G,y,), respectively, since, in this case,
the result follows by applying Theorem 1, the continuous mapping theorem and Slutsky’s theorem.

As consistency of the two is provided by the following lemma, this concludes the proof. O
Lemma A.4. Under the conditions of Theorem 2,

(a) Gaalla,me) = Guu,

(b) Gaglla,me) < G-

Proof. For (a). Similarly to the proof of Theorem 1, make a decomposition

~

Goo(le,ma) = Gu(la, mea) + (éaa(f@mc) - évv(fcama)) + (Gm(fc,mc) — éaa(fc,mc)>
=G+ G2+ Gs,

noticing, again, that u; is comprised of (lagged) elements of the vector v;. Now, since the convergence

result éuu(fc, ma) E) G, follows by arguments similar to those for Christensen & Varneskov (2017,



Lemma 6), it suffices to show that Go = 0,(1) and G3 = 0,(1). To this end, and similarly to (A.4), let

us first decompose the (i,7)th element of the matrix Gy fori =1,...,k+ 1 as
1 —
Ga(i,i) = e Ze: (R (Taa(Aj,4,9)) + 2R (Loa(X, 2, 7))
j=ta
1 e 1-2d; 1 2< 1/2—d;
:Lizop@ )+ ma 72017 r__
mg—fg-l-lmgj 7 g2—2di mg—ﬂg—klmgj - gli=di
=tG =tG

<0, (2 ()™ 0 (1o ()" 3 )

for some arbitrarily small € > 0, using the same arguments as for (A.5) and (A.6). Hence, by using these
bounds for all ¢ = 1,...,k + 1 diagonal elements in conjunction with the Cauchy-Schwarz inequality

and Assumption T-G, we readily have G = 0,(1). Next, expand G3 similarly to (A.9),

Galii) =~ 5 (?R (25O 0) + R (257 0100) ) + 28 (257 (0. ,9))
j=tc

5
+ 20 (1) (A, ,0) ) + 20 (Ié?(kj,z',z‘))) =3 Gs,(i ).
p=1
Now, for the first term, G3;(i,7), we may use the same arguments as for (A.10) to show

Gurlini) < O, <ln(n)2> ‘o, <n1/2 In(n)2 mG> ‘o, ( nln(n)® ) | (A1

mq mamg élGJre magmgl?

for some arbitrarily small ¢ > 0. Hence, by defining

) nl/2

fallg,mg,n) =1V

m€
Gy

. with  fo(lg,mag,n) — 1,
gt o fa(l,ma,n)

as n — oo by Assumptions T and T-G, we may write G31(i,1) < Op(ln(n)zmglfg(ég, ma, n)) Next,

for the second term, Gso(i,4), and by the same arguments as for (A.11), we have

1/24€ €
Gasliri) < O, (lnr(nn)‘l) Lo, (111(71)52 Mg ) +0, <n1/2 ID(Z)4 m@) +0, (71111(71)‘1) , (A.19)

2 1+e€ 1+e 292
a magmy; EG magmy ZG medEG

using also that In(n)® < In(n)*n'/? and 111(71)/@35/2 < m§ /U5, Since Assumptions F and T readily
imply In(n)? < my for some finite p € N, then we may combine the bounds in (A.18) and (A.19)
with Assumption T-G to show Gsa(i,7) = 0,(G31(i,1)). Hence, by the results for G1, (A.18), (A.19)

in conjunction with the Cauchy-Schwarz inequality and the continuous mapping theorem, we get the

10



following bounds for the cross-product terms of G3(i,1),

Gs3(i,1)/2 < \/G31(i,1)\/Gs2(i, 1) = 0p(G1(i, 7))
G 1)/2 < V/G11,1V/Gor(01) = Oy (“‘(173 fawa,ma,n)) - Gus(i,0)/2 < 0y (Gaa(is1).

my

Since the bounds for G3(i,i) are independent of ¢ = 1,...,k + 1, we may use the Cauchy-Schwarz
inequality and the continuous mapping theorem to show G3 = 0,(1), concluding the proof of (a).
For (b). First, use Lemma A.9(b) to write wg(\;) = wy(\;) + we(A;), where

we(A) = Op (5/m)E"nY/2/5) + Op (Galm, mas ma) ;") | (A.20)

b
with g, (m, my, mg) = TV l\r}% V )‘\/—% Hence, make the decomposition,
G

~

Gﬁﬁ(@@, me) — (E(;, mg) = égg(gg, mg) + Qém@@, m(;).

Since it follows that énn(ﬁg,mg) LN G, using the same arguments as in (a), see also Christensen
& Varneskov (2017, Lemma 6), this implies that if we can show égg(fg,mg) LN 0, then, by the

Cauchy-Schwarz inequality and the continuous mapping theorem,

5 S S P
|Gne(la,ma)| < \/Gm(ﬂ(;,mg)G«(ﬂg,mg) — 0.
To this end, and using the asymptotic bounds in (A.20), write

~

mg me
Cualtoma) < oY 0p (/i) + 3 Oy (s, i, max;)

i=te j=ta
* - % O (?]n(m Mo md)Q(/\i%(j/”)d”l/Q/]’) =851+ S+ Ss.
ma = p ’ ) m
=+tG

First, for Sy, it follows that
norma)2d-b) <X 7\ g ma\ 2(d-b)-1 1
S1<—(— O — =<0 — —
l_mg<n) JZ; P ma g2 = 7F (n) 22,
=ta

which is 0,(1) by n/(mal%) — 0 and d — b > 0 in the event of (fractional) cointegration. Next,

n?b

& 2In(n)?
S, < K25, 2N 0, (i) <o, (220
< mmna? §5.0, (%) <o (80

where, again, m,, = mq A my A m. Hence, Sy < 0,(1) since n?/(mglzm,,) — 0 as well as m¢, (¢ and

11



m,, all exhibiting polynomial growth in n by Assumption T-G. Finally, as |S3| < /8152 5o by the
Cauchy-Schwarz inequality and the continuous mapping theorem, this concludes the proof. O
A.3 Proof of Theorem 4

First, for (a), write I?’aca(é, m) — Faou(l,m) = Fx(,m) + Fax(€,m) + Fx(f,m). Hence, it suffices
to establish bounds for the diagonal elements of the non-trivial & x k& matrices, ﬁgg(& m,i,1) and
l?’ag(ﬂ,m, i,1), since the bounds for the off-diagonal terms of the error matrices will, then, follow by

the Cauchy-Schwarz inequality. Hence, by Lemma A.12(b),

m

. . om 2y o 2mm! T ARR!
Fg(tm,i,0) = — > 0p,(\") € = 15— > Oy | (= ez
=t

j=t
m 1+2di 1
<0, ((n> EH) , (A.21)

for some arbitrarily small € > 0, using Varneskov (2017, Lemma C.4) for the last inequality. Similarly

for the cross-product term, the bounds in Lemma A.12(b) allows us to write

~ L 2T & o & AZinl/2 2 A In(n)nt/?
Fae(t,m,ii) = == 0p(X\f) + 3 0y (”‘7 + 20 R
: g

mitdi 1 m2dite In(n)m%+e 1
<O (n“‘di €1+e> +0p <n1/2+2di gl+e> +0p mcll/2n1/2+di fl+e |2 (A.22)

using the same arguments as above. However, since we can write the scaled bound (A.22) as

1 . m\d 1 my\& n'/2  In(n)n'/?
)‘m Fﬁ’c\(gamvuz) < Op <<n> 61? (1 + (g) m + 1/2 ’
d

m mlfe

the final result follows since n'/2/m — 0 and f’gg(f,m,i,i) < op(l?’ag(&m, iy1)).

For (b), we have ﬁﬁcg(ﬁ, m) — Foe(¢,m) = Fx(¢,m). Hence, it suffices to establish a bound for the
k x 1 cross-product vector ﬁgg((, m). Now, by Assumption C, since ¢;—1 and €; have a non-trivial
spectrum in the vicinity of the origin and satisfy the remaining conditions of Assumption D1-D3, we
readily have 1?’53(5, m) = Op(ﬁgg(ﬁ, m,,1)). Hence, the result follows by (a).

For (c), write C:’%a(ﬁg, mag) — éag(ﬁg, mg) = égg(ﬁg, ma) + C:’a;(ég, ma) + é%(ﬁg, meq), similarly
to the decomposition in (a). Hence, it suffices to establish bounds for the k£ x k matrices C:’gg(ﬁg, ma)

and Gaz(fe, me). First, using the same argument as in (a), we invoke Lemma A.12(b) to show

~ .. 1 ma ‘
Gl ma i) = oy 30 O
i=ta

12



2d mg . 2d;
1 mag\2di 1
>~ n2d Z O << > jl-‘,—e) S Op ((n) eéj_e> s (A23)

using mg/(ma — g + 1) < K and Varneskov (2017, Lemma C.4). Similarly, Lemma A.12(b) may be

used to bound the cross-product term as follows

K K MG )\de 1/2 mg )\dz In(n)nl/2
Gaolla, ma, i, i) <7ZO A +—ZO ( 3 m—Zo 5/2)
G

jéG je i=la

<0, ((W;Gyi €£+6>+Op ((ﬂ:lc)%z mlzle/;gns>+0 ((Tf) 1/2111(/2)£11+6> (A.24)

mamy

Hence, by n'/2/m¢ — 0 and the same arguments as in (a), Gaz(la, ma, i,1) < Op((me/n)% J05€) as
well as é’gg(ﬁg, me,i,i1) < op(é%(ﬁg, mea,i,1)), providing the result.
For (d), make the decomposition 7¢ = & — B (£, m)’ ul =1 — ?t(i)l - At(z)l, where 7; is defined as

n (14) with b =b = 0, and we let :/'\t( )1 = (B.(t,m) — B(¢,m))'u5_, and ’/I'\t(z)l = B((,m)'¢;_1. Hence,

Géillama) — Galle,ma) = G5 (lg, ma) + G2 (g, ma)
—2GW (lg, ma) — 2G2 (L6, ma) + 2GL) (L6, ma),

where the first two terms are the (trimmed) long-run variance estimates for ?t(i)l and ?t(z)l, respectively,

and the last three terms are covariances between Tt( )1, ?t(z)l and 7);. First, for C:’(;TA’I)(Zg, me), write

~

GLLM (tg,me) = (Bo(t,m) — B¢, m))/<é’m(€c, ma) + Ge(la, ma) + Ga(la, ma)
+ Galla, ma) ) (Be(t,m) — B(t,m)). (A.25)

Then, by (a) and (b), B.(¢,m)—B(¢,m) < Op((m/n)d/01F€). Moreover, Gaa(le, me) 5 Gy follows
by Lemma A.4(a). Hence, we may use (A.23), (A.24) and n'/?/mg — 0 to show

~(1, m\ 2d 1 mqg d 1
G

Next, for the second term (A}’(?QTA’Z) (le,ma), we have lg’(& m) BB by Theorem 1, which, together with

(A.23), delivers the bound C:‘(?QT}) (beyma) < Op((ma/n)2/055).

For the covariance term (3’572?) (g, me), use the decomposition, 7y = §; +€;—1 where ¢; = & — B/t
and 1 = (B — B, m))/ﬁt,l. Here, we may invoke Theorem 1 to show B — B({,m) = O, (m~1/2),
such that by (A.24) and the same arguments used for (b),

n

G2 (tg,mg) < O, <<mG)d£11+€> X (1 n m_1/2> . (A.27)
G
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Next, for C:'%ITA) (b, mg), we write ’/7'\t(i)1 = /T\t(i’ll) + /T\t(i’lg) with /T\t(i’ll) = (l%c(& m) — B(ﬁ, m)) ui—1 and,

similarly, /T\t(if ) = (B’c(ﬁ, m) — l§(€, m))'¢;—1, and use these with decomposition of 7; to expand

G (ta,ma) = GEV (g, ma) + G2 (la, ma) + G5V (la, me) + GEP (la,ma),  (A.28)

)
ST €T €T

o . ~ o~ A1 ~(1,2
explicating the covariance terms between G, €1, Tt(il) and Tt(il). By the same arguments as above,

~

~

Hence, by using bounds for B — 3(6, m), %c(ﬂ, m) — B(¢,m), (A.24) and Lemma A.4, we have

~1 m\< 1
G (ta, me) < O, ((n) WE) . (A.29)
For the last term, é(;f) (lg,ma), we, again, apply the decomposition ?t(i)l = ?t(i’ll )y ?t(if ) to write
G (la,me) = GEPY (tg,me) + G (ta, ma), (A.30)

where, using the same arguments as above,

@(??’2’1)(60,7716') =0, (@%(ﬂg,mGD x Op (EC(E, m) — B(E, m)) )

~

G (1, ma) = O, (Ggg(eg, m(;)) % O, (Bc(z, m) — B(¢, m)) :

which, if additionally invoking (A.23), delivers the asymptotic bound

~ mg\2¢ 1 m\d 1
G

Hence, by collecting results, we have

e ~ mag\e 1 m\4 1
G2 (ta,me) — Grglla,me) < O, ((n) £1+6>+op<< ) £1+€>, (A.32)

providing the final result, thereby concluding the proof. O
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A.4 Proof of Theorem 5

Before proceeding to establish the asymptotic bounds in the theorem, note that we can apply the
~1(L)D,(L)#;_1 and only the first k elements are non-trivial.
First, for (a), write F%(ﬁ,m) — Fy(0,m) = Fug(6,m) + Fgp(6,m) + Fyg(€,m). Hence, it suffices

to establish bounds for the diagonal elements of the non-trivial £ x k& matrices, ﬁm(ﬁ,m,i,i) and

decomposition ;1 = IA)m(L)D

1?’%(6, m,,1), since the bounds for the off-diagonal terms of the error matrices will, then, follow by

the Cauchy-Schwarz inequality. Hence, by Lemma A.13,

~ 2T 1 In(n) 21 &
FTME(& m,z,z) S I Zop <j2(5i+1—di+1) (1 + 1/2 > ) ;ZOP < >

7=t 7=t
2 & 1 In(n)
* n ; O (j1+(5i+1di+l) <1 * g1/2 >>
<0y (crimia ) + O "Nyo (— 1 (A.33)
= TP\ 1 +2(0i1—dig1) p €2 nf1+0iv1—diy1) |’ ’

using Varneskov (2017, Lemma C.4) for the last inequality. Similarly, for the cross-product term,
Lemmas A.1, A.2 and A.13 allows us to write

m

In(n 2 —
Fou(t,m, i, i) < n20< s dz+1)<1+ 1/2)) — eop<>

J= Jj=

m me
O <m> +0p (ng1+e> ; (A.34)

IN

~

using the same arguments as above. Hence, since ﬁm(& m,i,1) < op(Fyy(€,m,i,1)), the final result
follows by scaling the bound in (A.34) with A!.

For (b), we similarly have ﬁ%(& m) — ﬁ%(ﬁ, m) = ﬁag(ﬁ, m). Hence, its asymptotic bound follows
by the same arguments used for (A.34).

For (c), write GM(BG,m(;) Gm(ﬁg,mg) = (A;’M(E(;,mg) + éaa(ég,m(;) + éaa(ﬁg,mg), as in
(a). Hence, it suffices to establish bounds for the k x k& matrices Gus (lg,mq) and é’gﬁ(ég, m¢). Using
the same arguments as in (a) and mg/(mg — lg + 1) < K, we have,

~

1 1 1
. i) < - -
Guulle, ma,i,1) < Op <€1G+2(5i+ldi+1)> + 0y <mgﬁé> +Op <mG€gr(5i+1di+1)> ’

~ 1 1
. i) < - - S )
Gaulle,ma,i,i) < Op <€é+(5i+1—di+1)) +0p (mé€£1G+€> (A.35)
Since (A;M(Eg, ma,i,1) < op(éaa(ﬁg, ma,1,1)), this provides the result.
For (d), make the decomposition 7} = & — lgﬁ(ﬁ, m)al | =1 — %t(l) — %t(z)l, where 7; is defined as
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in (14) with b =b = 0, and we let %t(i)l = (By(t,m) — B(¢,m))@?_, and %t(Q)l = B(¢,m)"t;_1. Hence,

GPi(la,ma) — Galla,ma) = GLP (la,ma) + G (Lg, ma)
— 2@%) (la,ma) — 261%27) (bayma) + 2GS (Lg,me),

where the first two terms are the (trimmed) long-run variance estimates for %t(i)l and %t(z)l, respectively,

(1) =(2)

and the last three terms are covariances between 7, 7, 7,7 and 7;. First, for C:’(;Tfl)(fg, me), write

G (tama) = By(t.m) - Bt m)) (Gaalle, ma) + Gaalla, ma) + Gualle, ma)

~

n Gm(zg,mc))(fsﬂ(z, m) — B(¢,m)). (A.36)

Then, by (a) and (b), By(¢,m) — B({,m) < O,(1/£*+) + 0,(1/(m'~<(**¢)). Moreover, by Lemma
A.4(a), (A}’ag(ég,mg) LN G- Hence, we may use (A.35) to show

2
~(1,1) 1 1 1 1
Gty ma) < Oy <<g1+b T m1—651+e> X <€1G+b T mé—%ge : (A.37)

Next, for the second term @5272) (lc,ma), we have ZB(E, m) LB by Theorem 1, which, together with

the asymptotic bound for CAT’M(KG, ma,i,1), which is derived when proving in (c), delivers,

~(2,2) , < 1 1 1 A
G (lg,ma) < O <£1G+2b> + Oy <me%; +0, 7mG£grQ , (A.38)

For the covariance term 6'7(727)(
and 1 = (B — 3(6, m))/ﬁt_l. Here, we may invoke Theorem 1 to show B — B(E,m) = Op(m~1/?),

such that by (A.35) and the same arguments used for (b),

A2 1 1 ~1/2
G- (lg,ma) < Op <<£1+b + mlGeglGJre) X (1 +m~Y )) ~ (A.39)

G

{q,mg), use the decomposition, 7, = ¢ + €1 where ¢ = ¢, — B'uy_4

Next, for é(l)(ﬁg,mg) we write 7" )1 = Vt(i’ll) + Tt(112) with Tt( ’1) (By(£,m) — B(£,m))t_1 and,

similarly, Tt( ’1) (Bg (¢,m) — ( m)) 1, and use these with decomposition of 7; to expand

G (te,ma) = G2V (ta.me) + égﬁ) (bayma) + GLV (g, me) + GLP (tg,me),  (A.40)

1,1)

explicating the covariance terms between G, €;_1, 7V't(—’1

and %t(ll) By the same arguments as above,

GV (tg,ma) = 0, (Gslta ma) ) x O (Bo(t.m) — B(e,m)

G(1 2) (lg,mag) =0, (éaﬂ(gc,mc)) X Op (Eﬁ(& m) — E(ﬁ,m)) )
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G (b, ma) = O, (ém(eg,mc)) x O, (B,g(z,m) - Zs(z,m)) x 0, (B ~ B, m)) ,

~

G2 (16, me) = O, (Gm(eg,mg)) % O, (Eﬂ(e, m) — E(z,m)) x 0, (B —B(, m)) .

Hence, by using bounds for B — 3(& m), 379(67 m) — g(ﬁ, m), (A.35) and Lemma A.4, we have

GU (te, me) < Op(1/61) + 0,(1/(m~<01+°)). (A.41)
For the last term, @9732)(&;, ma), we, again, apply the decomposition %t(i)l = %t(i’ll ) + %t(i’f ) to write
G2 (e, me) = G2 (ta,me) + G2 (ba, me), (A.42)
where, using the same arguments as above,
G (06, ma) = 0y (Gaulla,ma) ) x Oy (By(t,m) - B(t,m)),
G (t6,me) = 0y (Gaalta,ma) ) x Oy (By(t,m) — B(t,m))
which, if additionally invoking (A.35), delivers the asymptotic bound,
G2 (tg,ma) < 0, <££+b + métflg“) x Op <£11+b + m1—151+e> : (A.43)
Hence, by collecting results, we have
G2-(lg,ma) — Gaa(la,ma) < Oy ( 11+b + 1_1 1+5) +Op< 11 ; + 1_1 - ) : (A.44)
057 mg g A A
providing the final result, thereby concluding the proof. O

A.5 Proof of Theorem 3
(a) Consistency of the TELW Estimator

First, define 6((,0,1’7%)) = 9{(¢,ﬁb)) - %(wg,n(b)), recall g = —b and let

= _ Gy S 2(p—¢0)
®(¢7n)_mb_€b+1jze)\j :
=—4£p

Then, following the corresponding consistency proof in Shimotsu & Phillips (2005), we may write

& (0, 7" (o n®
6(90777(17)):111(’{(%7% ), Bleon”)

&(p,1) G

+ (2(¢ — o) — In(2( — w0) + 1))
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mp

2(p — o) +1 9
1 E =)
o my+ 0y + 1 = (G/m)

—%b

mp

1 , B
T 2 M)~ () = )| =4p) = (0

—2(¢ — o)
where U(p) = (2(¢ — o) —In(2(p — o) + 1)) and T(p) capture the remaining terms. The setting
differs from the exact Local Whittle setting in Shimotsu & Phillips (2005) since ﬁt(b) is an estimated
version of nt(b), it is constructed from variables that may have non-trivial mean, or initial value,
components, and since the objective function is trimmed. Next, define the sets ®; = {9 —1/2+ A <
< po+1/2} and ®2 = {p € [A1,00—1/2+ A]U[po + 1/2, As]}, with @2 being possibly empty and
0 < A < 1/2. Then, it follows from Robinson (1995, (11), p. 1634) that

P(13 — ol = p) <P < inf  &(p, ") < 0> +P <inf6(<p,ﬁ“’)) < 0> (A.45)
PEPI\N, ®2

where 0 < p < 1/2 and N, = {¢ : |¢ — 0| < p}. Moreover, since Robinson (1995, (3.4), p. 1635)

shows infeq,\n, U(p) > p?/2, it follows that P(|$ — @o| > p) — 0, if

sup |Z(p)] L3N 0, P <i£f6(<p,17(b)) < 0> — 0. (A.46)
[oF] 2

Robinson (1995, Lemmas 1-2) provides asymptotic orders for the third and fourth term of T(¢p) for the
case £, = 1. Lemma A.14 extends these results to 1/¢, 4+ ¢,/mp — 0 as n — co. Specifically, Lemma
A.14(a) shows that the fourth term is O(¢In(¢y)/mp), uniformly in ¢ € ®;, and Lemma A.14(b)
establishes that,

mp

2(¢ — o) +1 N2 —2A
Séllp mb_&’—'—ljzzeb(ﬂm) (eme0) 1 = O(my,*7).
Hence, letting T3(p) and T4(p) denote the third and fourth term, respectively, of T(¢), then these
results readily establish supg, |T3(¢)| — 0 and supg, |T4(¢)| — 0. As in both Robinson (1995) and
Shimotsu & Phillips (2005), by the fact that P(|InY]) > ¢€) < 2P(]Y — 1| > ¢/2) for any nonnegative

random variable Y and € < 1, we have supg, |ZT(¢)| LN 0, if

& (0, 0) — &(p,m)

&(,n)

W‘ o, (A.47)

B(p)

sup
@,

= sup
@,

where, similarly to Shimotsu & Phillips (2005), we have defined

Q(Sﬁ) - J 20() —20(¢) 7(e+b)
Alp) = ————— E _— . IZ ) —
( ) mp — by + 1 J=Ly (“Lb) [)\J m ()\]) GUU] ,
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B(p) = _9)C % 2) where  g(p) = 2(¢ — ¢o) +1
mp — €y + 1 m ’ ’

J=b

as well as 0(p) = ¢ — . Next, to establish the requisite convergence result, (A.47), we first invoke the

asymptotic bound in Lemma A.14(b) to show supg, |B(¢) — Gpy| < O(m;2A). Moreover, we apply

the decomposition A(p) = A1 () — A2(p) + A3(p), where

A1 (p) = &i EA [’\fze(@)lwb)(’\') -G }
my — Eb +1 st mp J m J ny
fp—1 . 20()
_ gl J —20() 7(o4b) (\ ) _
s (p) = iy — £ 1 ; <mb> [)‘j L™ () Gnn} ;
I )RR N A A SN T S
=£p

Here, 201(p) is simply the object without trimming and estimation errors, which is examined by
Shimotsu & Phillips (2005, p. 1903). Hence, under the stated assumptions,

sup |2 (¢)] = O, (mb_A(ln(n))2> . (A.48)
31

The trimming induced () is similar to 2;(y), albeit with fewer terms in the sum. Consequently,

write
4 0, \ 2@ 9(9) < J —26(¢)
—_ % [ AN J - Jletd) ()
Az (p) my— O+ 1 (mb) 0 jEZl 0 [)\g mn (A7) Grm]7

and use the same arguments provided in the proof of Lemma A.14(b) as well as those for the corre-
sponding 2l (¢) results on Shimotsu & Phillips (2005, p. 1903) to show,

0 A 1-2A B
sup Ba() =t (1) 0, (2o (.49

For the last term, 2A3(¢), we have, by addition and subtraction,

9@ XN ) [ e (p+b) _
™A (p) = e — 0+ 1 z; <mb> Aj [QIﬁ(ﬁ_n)()‘j) + I(ﬁ_n)(ﬁ_n)()‘j)} = As1(p) + As2(¢),
J=%b

Moreover, for 231 (¢), we may use Lemmas A.10(b)-(c) to write
20()—b
(p-+b) B 20()—b (In(n) b PLAEPY
Iﬂc(p'f’]\—ﬂ) ()\]) — Op ()\‘7 s <\/77d V ﬁ + Op ﬁzlﬁ 1{@6[73/2,71/2}} (A50)

0(o)+d—b 1/2 .— .
+ 0, (DT (1 sy + 1050y ) )
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and, similarly, for 2s2(¢), by applying Lemma A.10(b),

b ~
I((;7P+n))(n (A7) = T1(Ag) +T2(8) +T3(5) +Ta(%;),  where (A.51)
0(p)—2b
ln (n) AL NP\ AZb A7
=0p (A F v \F) ) J2(Aj) = Op ( - W 1{pe[-3/2,~1/2)}>
0 .
p( \2(0(e)+d—b) (1{dw>0} e (*+“0)1{d+<p<0})), and

0, (3 mw»w V309 Ts 02V (3200)T500) )

Hence, for 2A31(¢), we apply (A.50) to write

N A .
( Jin ]w) toel-3/2-1/2) + Op (A Tl (1{¢+¢20}+J (d“")l{dwz()}))]'

Now, since 31(y) is decreasing in ¢ and 6(p), we may study supg, [231()| by fixing the parameters
at their lower bounds ¢ = ¢g —1/2 + A and 0(p) = —1/2 + A, respectively, as

< S0 (0 + 2 80, (im0
+ m ib: 0, ((j/mb)ze(w)j*(lf(dfb))(1 _|_j*(d+@)))

J=Ly

i ( 3 /my)? j*(1+b ) Z 0, ( i /mp)? .,(3/2+A)>

mp
1 pl/2-(@d-b) g Z 0, (U/mb)mj—zﬂg—b)(l +j—(g—b—1/2+A)))
J=b

nbm¢ my mp\ d—b —(d—b—1/24A
<Op| = | +0p | =—| + O <n1/2 — 2 (146 /+)),
p <£;+b+€ﬁ> p <f2/2+A\/’I’7L> p < n ) b ( b )

for some arbitrarily small e > 0, using also Varneskov (2017, Lemma C.4) and m/mg — 0 as n — oc.

sup |2As1(p)
31

my

Hence, by Assumption T-B(a), it follows that As;(y) 5 0asn — . Next, for Az2(p), we may use
the decomposition in (A.51) to write Asz2(¢) = As21 (@) + As22(p) + As23(p) + As24(p), corresponding
to its four components terms. As for 231(¢), we can fix ¢ and 6(y) at their respective lower bounds

in ®; when studying the supremum of the four terms. Hence, for 321 (), write

K ()% 2% 1
<= N =26, =
sup [Az21 ()] < o ]z;b <mb> Op ()\] m )

5]
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2b

<n2bK J MO \-12)) < n<’mg
= m Z my P(j )— P €;+2b+em )

K & 2\ 20(¢)
up s ()] < <1jL> 0y (N2 1 572049))
Dy b —l, b
m?K & G\ m2b
< b J —2(1+4)\ < oomy
oom JZZ:; <mb> Op (j ) N Op gb(l'f'A)m '

mp 20(p)
e < 5,3 () on (5 ()
1 —t,

2(A+d—b)

< Kn (ﬂ:lb>2(d—b) g’; (:lb) 0, <] (1+]_2(d b— 1/2+A)))
JI=%b

o n 1_2(d_b)€_ my myp
P\ 4 " pans ) |-

Hence, by invoking Assumption T-B(a), supg, [A321(¢)| 4 supe, [Az22(@)| + supg, [Az23(w)| 2o as

IN

n — oo and, similarly, supg, 2321 (¢)] L) by the derived asymptotic bounds in conjunction with
the Cauchy-Schwarz inequality and the continuous mapping theorem. Hence, by combining results,
we have supg, [Az2(¢)| % 0 and, thus, supg, |A3(p)| %5 0, which, together with (A.48) and (A.49),
establish supg, [A(¢)| 2o and, consequently, the desired convergence result (A.47).

Next, we take care of ®3 = {p € [A1, 90 — 1/2 + A] U [po + 1/2, Ag]}, which implies 0(p) €
{[A1 — o, —1/24+ A]U[1/2, Ay — o). Specifically, to show P (infg, 6(@,1’7\(17)) < 0) — 0, note, as on
Shimotsu & Phillips (2005, p. 1904), that the objective function may be rewritten as,

S (5, 71") = (4, 7") ~ (0. n”) — ¥ fﬁol Z o

L 30N an) o) LS (eosh)
=In—— - DAL 554 Ai)—In——— JACCRRIOW
nmb—fb+1zg:<29m> J mo (M) nmb_gb‘FlZK: )
J=%b J=%b
= lnC‘S(gp) - ln@(cpo), (A.53)

where py, = exp ((my — 0, +1)7! ZJ 2, Inj) ~ my/e. Then, as ¢o + b= 0 and 5(@0) is equivalent to
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the corresponding term analyzed on Shimotsu & Phillips (2005, p. 1904), we have

mp

S 00 =G | | =001 (A.54)
=/

lnﬁ(gpo) —InGy=In |1+ G7777 m
J

Hence, it follows that P (inf¢,2 6((;3, ﬁb)) < 0) — 0 if 36 > 0 such that
P (i(gf D (p) — In Gy < In(1 + 5)) =P <i£f£‘3(cp) — Gy < 5Gm,> — 0. (A.55)
2 2

~

Similarly to 2(¢), we can write D () = D1 () — Da(y) + D3(¢), where

A 1 f’: i " 00) s ern)
Di(p) = —F— > AT (A),
my — by + 1 o P J

fy—1 . 20(p)

0 1 J ) —20(¢) (o+b)

Do) = —— - AT [lotb) (),

2(0) mb—€b+1jz::1<pm J nm (A5)

~ 1 < [ 26(¢) —20(¢) ( 7(p+b) b

D3(p) = el 1 Z <p> AT ( oe(Ag) = It )(Aj)) :
J=Ly m

As él(gp) corresponds to the object examined by Shimotsu & Phillips (2005, p. 1904), it suffices to
show infe, Da(p) + infe, D3(p) = op(1). First, for Dy(¢p), write

b=l N 20(p)
20N b AR ~20(¢) 7(p+b)
D2(p) = my — Oy + 1 <pm> A ]; A Aj L™ (),

which, apart from the scale £y,(£y/pm )2 /(my, — £ + 1) is equivalent to 51(g0) with /¢, in place of the
bandwidth mj, implying that, by the corresponding results from Shimotsu & Phillips (2005),

1 Op—1 -\ 20(¢) 20()
inf — " () AT (N)) = Gy + 0p(1),
=1

and, as a result, we can deduce the asymptotic bound,

- . Oy Oy 26(0) Ly 1282 40)
i Dal) = (G + 0p(1)ipf —— 2 (pm) = (G +0p(1) O (m) ,

which follows by setting 6(¢) = Ag — w9 = Ay + b, i.e. at its upper bound, since 552((,0) is strictly
decreasing in 6(p). The last term, ’}53(@), is similar to A3(¢p), albeit with several terms dropping from
sums including Iéfﬁtb r);)(/\j) and [ ((?fjs))(ﬁfn)(/\j)’ respectively, since ¢ > 0 and 6(¢) > 0 when taking

infimum of the relevant statistics over the set ®. Hence, a very similar analysis of the corresponding
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~

D3(p) terms shows that infg, 53(@) = 0p(supg, QAlg(go)), implying that, by invoking Assumption T-
B(a), we have infg, 353(@) = 0,(1), which is sufficient for (A.55), thereby concluding the proof. O

(b) Asymptotic Normality of the TELW Estimator

The consistency result in part (a) holds under the current trimming conditions and implies with a

probability approaching 1, as n — oo, that the estimator ¢ satisfies,
R (@.0) =% (po. ") + % (2.7”) (@ — o) =0, (A.56)

where ¢ € [$,0]. In analogy with the proof in Shimotsu (2010), who consider a non-trivial mean
extension of Shimotsu & Phillips (2005), the theorem is proven by showing that the results of the
latter carries through when replacing wgb)()\j) with wq%b)()\j). First, fix p > 0 and let M = {p :
(In(n))*|¢ — wo| < p} . Then, note that supg, [A(p)| = o0p(In(n)~'°) still holds by the results from
Shimotsu & Phillips (2005) for () since Aa(yp) and A3(p) both decay with polynomial rates by
Assumption T-B(b). Hence, supg, |2(¢)/B ()| = 0p(In(n)~'Y), as in Shimotsu & Phillips (2005,
(55)) and, thus, P(@ ¢ 9M) tends to zero. Consequently, we assume ¢ € 9 in what follows.

Next, make the decomposition,

m £p—1
&(p i) = ———— ) () (N )— — 1 (e+b) ().
& (o, ) = mb_ng;Im N = )3 I ()
1 . (+b) (p+b) _ = ~ ~
+ mb_gbﬂj%j (Iﬁﬁ (Aj) — Lo (Aj)) = 61(p) — G2(p) + B3(p)
=%b

where, since my > 0, (?51(g0) corresponds to the term covered by Shimotsu & Phillips (2005, pp.
1914-1917), (mb/éb)@g (go) corresponds to the same term, but with the bandwidth, m;, replaced by

the trimming rate, ¢, and the last term is induced by estimation errors. Moreover, define

Go(p) = Bo1 () + (2m/n) ) (—(’32(90) + @3(90))

- o ~ ~
B1(¢) = Bu) + (2m/m) ) - (~8a(e) + Ba(v))
- - 52 ~ ~
B(p) = B () + (2m/m) ) 55 (~8a(p) + Bs(v))
where, as for the decomposition above, we may write

mp

~ . :20() \—20() 7(o+b) (Y .

®o1 () = mb_gbﬂj;g AT (),

Gy L N 000, =200) D (o) (4D
Bul) = g1 20N g (A 0).
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B (o) = LN 200,200 (o) (o)
0521(90) o — G+ 1 ;J Aj 37802 (wn (Aj)wy, ()\j)) ;

corresponding to the terms considered by Shimotsu & Phillips (2005). Hence, as in Shimotsu (2010), we
first have to show R” (¢, ?]t(b)) Ly by establishing (27 /n)~20(¥) (—@2 (¢) +6; (¢))(1,0/0¢,0% /0% =
0,(In(n)~2), uniformly in ¢ € [p, 0] with ¢ € 9. First, by the same arguments on Shimotsu & Phillips
(2005, pp. 1915-1916) in conjunction with the arguments for (A.63) and ¢ € 9N,

Bo2(@) = (21/n) 2@ By (@) = O,(ly/my),

B12() = (%/n)—%(@;p@(@] )

~ _ 2 o~
Baali) = (2m/n) P 2B ()] = Oy(In(n)?ty/ ).

%)
which are all o,(In(n)~2) by Assumption T-B(b). Next, as for 23(p), write

mp

= _ 1 (o+b) [y (p+b) N 5
G3(p) = W]—Ze (2%(1.@%(077777)()‘;)) + I(%Ofn)(ﬁfn)()‘])) = G31() + G32(p).
—*b

In the view of Lemma A.5, adopted from Shimotsu & Phillips (2005), (6/8g0)w,(;p+b)()\j) is no more

than a factor In(n) larger than w#ﬁb) (Aj). Moreover, by Lemma A.9(a), the same holds for w%¢+b) (Aj)

since In(n)j~1/? — 0 and, thus, for w(wrb)()\j) as well. Similarly, @2/84,02(107(7@%)()\]-) + w%@%)()\j) +

(7—m)
(p+b)

w(ﬁ—n)()‘j)) is no more than a factor In(n)? larger, again, as In(n)j~/2 — 0. This implies,

L Baa(@) = /)20 L8, ()

- TN A
B13(p) = (27/n) 29(@%(’53(@) BRI

)

2 2

is no larger than factors In(n)2, respectively, In(n)* than Gg3(p) = (2%/%)_29(@)6\53 (¢), which we turn
to next. Specifically, for ®3;(@) = (21/n) 2P B3, (), we have using the decomposition in (A.50), as
for Asz1 (), together with ¢ € 9, that, with probability approaching one,

m 20()—b 20(p)+d-b_1/2 b 220(8)-b
~ K & 20(3) « —20(5 A N n 1 [ X A

)| < — 5% (@) J T N A _
|831(p)| < -~ j;bj by O, — | +0, ; 055 | T e

K X 20s
< i20()
< >

AT A4t/
_J_ J
> 9 o (G) - (5)
J=L

nbme n 1/2—(d—b) me
<Op ﬁ +0p (> Hib 5
mbﬂb E\/m mp Eb €m

for some arbitrarily small € > 0, using Varneskov (2017, Lemma C.4), the fact that the third term is
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dominated by the first after the first inequality, and supgy |2(¥) — 1| < O(In(n)~3). The asymptotic
&31(p)| < 0p(1), at a
polynomial rate. Next, for B32(@) = (27/n) 2P &34(3), we have using the decomposition in (A.51),

bound mimics the corresponding for 23;(¢). Hence, by Assumption T-B(b),

as for Az2(p) and 6531(@, the together with ¢ € 91, such that, with probability approaching one,

- K &% o ons
|B32(p)| < P Z j29(‘P))\j 26(2)
J=L

)\29(45)—25 )\2(9(@)+d—b)n 1 [ A2 )\29(¢)—2b
J J m "] ~
O ( m ) O ( 72 ) + Op§ ( m j20+9) ) +0p (‘54()‘j))]

m - 2(d—b) € 1-2(d-b)
K 3 26() /\j 2 >\j n nzbmb n = 1
= mp Z 77O m +Op 72 =0 Z;“b“m O <mb) E ’

J=b
since the third asymptotic bound and the cross-product term, O, (J4(;)), is dominated by the first
632(95){ < op(1),
at a polynomial rate. Consequently, by combining results, |3 (gp)| < 0p(1) at a polynomial rate,

two asymptotic bounds after the first inequality. Hence, by Assumption T-B(b),

uniformly in ¢ € [¢,0] with ¢ € 9, and together with the results for Gg (@), G12(@) and Gos (),
this show (27 /n)~20(%) (- &, (¢) + B3 (¢))(1,0/0¢,0%/04%)" = op(In(n)~2), and, thereby, the desired
convergence result, R” (¢, ﬁt(b)) Ly

The proof is completed by showing,

my*R (20, 77) 2 N(0,4). (A.57)

To this end, as in Shimotsu & Phillips (2005) and Shimotsu (2010), let us write

o o " Q;l (Cpo) 9 my 9 -1
/ (b)Y _ _ T )
my "W (o, 1) = my, (‘~50(<P0) mb—€b+1jz:;ln>v+mb—€b+1 ;ln)\]
~ my -~ Zb—l
_ m;/z (’211 (¢0) B 2 | - m;/Q %12 (o) _ 2 Z In \;
Go(po) Mt 1 st Go(po) ™Mb~ +1 =1

® "
g2 S a2 (o, 70) — 900 78) + 0. 77))
G (o)

Now, by the same arguments applied for RR” (@, ?]fb) ) in conjunction with Shimotsu & Phillips (2005,
p. 1918), we have & (¢o) = & (¢0) 5 Gyy- Moreover, since /) (cpo,ﬁgb)) is identical to the term
considered by Shimotsu & Phillips (2005, p. 1918), that is, the series is free of estimation errors, we

have by their arguments, m;/QS‘{’l (gpg,ﬁgb)) D, N(0,4). Since R, (cpo,ﬁgb)) is similar, with £, in place
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of my, we further have,
f;/z(mb — Ly + 1)
m;/Qﬁb

which readily implies E mi/ 2|9‘{’ (npo, ﬁt( )) H =0 ((Eb Jmy)Y/ 2) Finally, we may use arguments equiv-

R (00, 1) 2 N(0,4),

alent to those provided when establishing the asymptotic bound for 63( ) to show,

my? 9% (00, 1") | < O, (” Vi In(n )2m> +0, ((;Zb)lwb) ln(n)2m>,

142b+-€ 2
gb m Eb

which is o0,(1) by Assumption T-B(b). Hence, the asymptotic central limit theory for the trimmed
ELW estimator follows by combining results for R (g, ﬁg )) and R’ ((po,ﬁgb)) and applying these in

conjunction with the continuous mapping theorem and Slutsky’s theorem. O

A.6 Technical Lemmas and Definitions

Definition 1 (Fractional Filters). Let 0 € R be a fized scalar, then the following definitions are used

to derive the (higher-order) periodogram bounds below:

(0) Dn(e;0) = Sh_y 52 e, where (0)p = 552 = (0)(0+1) -+ (0 +k — 1),

(b) Dy(L;0) = Yp_, S0 Lk,

(¢) Dn(e™*L;6) = Zg;é §>\p e PALP . where §>\p = hept1 ( ,f,)k kA
(d) Jn(e?) = Y4z, €k,
(e) jnAj(e*i)‘J’L) = ZZ;S %\jp e PNLP . where j)\jp = ZZZPH ek /k.

Lemma A.5 (Shimotsu & Phillips (2005, Lemma 5.9)). Let the conditions for Theorem 1 hold.
Moreover, let us be the ith element of q, define ¢ = (1 — L)outl{t21} and let 6 € [—1 + €,C] where
€ > 0 is arbitrarily small as well as C € (1,00), then

(a) —Win(1-L)c(Aj) = Jn(ei)‘J)Dn(eiAj;H)wu(/\j) + n_1/2Vn()\j; 0),
(b) —win-1yu(Aj) = Ju(€M)wu(N;) — (2mn) "V2 000, (7N L) A0, 1) € + T (X)),
(C) wln(l—L)ZC(/\j) = Jn(ei)\j)2Dn(ei)\j§ H)wu()‘]) + nil/Q‘Iln()‘j; 9):

where, uniformly in j =1,...,m, with 7t + % =o(1),

Elsup [n? =120V, (s 0)P) = O(n(n)Y),  E[l5?ra(3)%] = o(1) + O ™),

Efsup [n?~1/2§1/270%,,(A;;0)%] = O(In(n)®).
0
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Lemma A.6 (Shimotsu (2010, Lemma B.2)). Let k; = 1y4>1y and C € (1,00). The following results,

then, holds uniformly in j =1,...,m with 7% + % =o(1) and in 6:
(a) wae,(Nj) = O(nl/Q_eje_l)l{azo} + O(nl/Z_ej_l)l{k()};
(b) —win_ryacs = Jn(€™)wao, (Aj) + O(n*2~ In(n) (= Liger—capy + Ligepa)y))
(¢) Win(1—py2a0s = Jn(€29)?wao, (A) + O (020 In(n)2 (i~ Lypei—capy + Lioep,2)}))-

Lemma A.7 (Higher-order Periodogram Bounds). Let the conditions for Theorem 1 hold. Moreover,
define 0,, > 0 such that 6, <n=", p € (0,1) and max;—1 __j4+1 |§l| < 0, with probability approaching 1.
Then, the periodograms of ail_)l (1) and a§2_)2(2', 0;), the two terms in the Taylor expansion (A.8), satisfy

L= o),

n

the following stochastic bounds fori=1,...,k+1 and j =1,...,m, with 7> +
(a) L (g 1:1) = Op ((n)? (14 02/ 41/ %))
() 12D (\,0,0) < 0, (1n(n)4 (1 +In(n);~ /2 + n1/2j*1)2>.
Proof. Before proceeding to the proofs, note that for j =1,...,m with 7 + % = o(1), we have
Jn(e™) = O(n(n)) and A;?D,(e?;0) = e~/ L O(N)) + O 79, (A.58)

uniformly for § € (—1,C] and C € (1, 00), by Shimotsu & Phillips (2005, Lemmas 5.2 and 5.8). These
bounds will be used throughout, sometimes without explicit reference.

For (a). First, use the decomposition of a:(i) to write
() (i) = In(1 = L)uy(i)1 In(1 — L) (i) sy = 002 (0) + i, (i A.59
a; (1) n( Jue (i) {t>1}y + n( )i () {t>1} = 0y 1 (1) + iy (4). (A.59)

and, as a result, the discrete Fourier transform as w((ll)()\j,i) = wél)(/\j,i) + ’wl(ll)()\j,i). Now, by
combining (A.58), Assumptions D1-D3, and Lemma A.5(b), we have

wi (A1) = Op(In()) + 0,(i71/2) + Op (1) + (2mm) 2 Jp, (7N L) A(0, 1) €,

and, moreover, since E[|jn>\j (e N L)A(0,1)€n|?] = O(n/j) follows by applying the results in Shimotsu
& Phillips (2005, (77) and (89)), this readily shows that w(l)(Aj, i) = Op(In(n)). Hence, by using this

bound in conjunction with Lemmas A.6(a)-(b) for wlgl)(/\j, i), it follows that

wM (i) =0, (m(n) (1+ n1/2/j)) , (A.60)

which, together with the Cauchy-Schwarz inequality, establishes (a) for elements i = 2,...,k+ 1, that
is, when v¢(i) = u (i — 1). Moreover, by using the relation (3) with Assumption D2 and the same
arguments, we get an identical bound (A.60) for ¢ = 1, that is, with v:(i) = e;. As this will also hold

true for the remaining arguments given below, we only establish results for i =2, ...,k + 1.
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For (b). First, decompose a( ) 5 (i,0;) similarly to (A.59),

P, (i,0,) = n(1 — L)*(1 — L)% vy(i) g1y + In(1 — L)2(1 = L)% f1e(i) Ly
=505 + i75(0), and wP (V1) = w0 0) +wl (i) (A6L)

Now, using |6;| < |§z| <O, foralli=1,...,k+ 1, Lemma A.5(c) and (A.58), it follows that
w? (i) < 0, (m(n)?Aj—@n) +0, <ln(n)3>\j_9” j—1/2) . (A.62)

Next, to get a simpler asymptotic approximation, we make a second-order Taylor expansion of the

power function of Fourier frequencies )\j_e" around 6,, = 0,

_ 62 g
A0 =140, In(1/);) + 5 In(1/X;)%A;%, (A.63)

for some 6,, € [0,6,], using the mean-value theorem. Hence, since 6, < n™", p € (0,1), this readily
shows that )\;9" = 14o0(1) and, as a result, wéz)()\j, i) < O, (In(n)%(1 + In(n);~*/2)). Moreover, using
Lemma A.6(c) and the fact that ,, — 0 as n — oo, this delivers the bounds

1/2 1/2
w® (A1) < K In(n)? ("j) ((n/j)en + (n)9"> < K n(n)? (”j ) nfn. (A.64)
Now, by combining (A.63) and (A.64) with the bound for wz(f)()\j, i), this shows that
w?(\,i) < 0, (ln(n)2 (1 +1In(n)j =% + n1/2j*1>> , (A.65)
which, together with the Cauchy-Schwarz inequality, establishes (b). O

The following lemma collects various bounds from Shimotsu & Phillips (2005) to state a bound
for the discrete Fourier transform of (; = (1 — L)gctl{tzu,, where ¢; is an element of ¢; satisfying the

regularity conditions in Assumption C as well as 6 € [-3/2,C] and C € (1, 00).

Lemma A.8 (Discrete Fourier Transform Bound for ;). Suppose the conditions of Assumption C
holds and 6 € [-3/2,C]. Then, for j =1,...,m with m/n+1/m — 0, as n — oo,

we (X)) = Me 2y ();)
+ 0,(\ In(n)j7/2) + Op(N; '™ N1 ges/a-1/21 + Op(n™ " 1ipep /a0y

Proof. The proof proceeds by providing separate arguments and asymptotic bounds for different ranges
of the parameter space © = {0 € [-3/2,C]}. First, for ©1 = {0 € [-1/2,1/2]}, use the expansion in
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Shimotsu & Phillips (2005, Lemma 5.1) to make the decomposition,
we(N) = Dn(e™;0)w.(\;) — (271)"2C0 (0, 0),  Cn(A,60) = Dur(e ™ L; ), (A.66)

where D,,(e";6) and Dn,\(e_i)‘L;G) are given in Definition 1. Hence, by Assumption C as well as
applying (A.58) and Shimotsu & Phillips (2005, Lemma 5.3) to the terms in (A.66), we have, uniformly
inj=1,...,mwith 2 + 1 = o(1), that w¢(};) = )\ge_(”ﬂ)giwc()\j) + Op()\? In(n)j~1/?). Next, for
the subspace ©2 = {0 € [-3/2,—1/2]}, use the decomposition in Shimotsu & Phillips (2005, (45)),

AP we () = Du(Aj; O)we(As) — Cu(Aj, 0) + A% (2mn) 712 (1 — €%9) 71¢,, (A.67)
noting that ¢, is I(—6), and where D, ();;6) and C,,();,0) are defined as
Dn(Xj;0) = A;0(1 = %) 7' Dy (€6 + 1),
Cn(Xj,0) = X701 = €%9) 71 (2mn) T2, (A5, 0 + 1).

Now, by Shimotsu & Phillips (2005, (31) and (39)), D,,(\;;8) = e~ /2% 1 O(X\;) +O(5/?) as well as
Cn(Nj,0) = Op(ln(n)j_l/Q), respectively, uniformly in 6. For the last term in (A.67), since it follows
that the terms e = O(1) and (1 — €)™t = O(nj~1) as well as ¢, = O,(n~?"1/2) by applying, e.g.,
Phillips & Shimotsu (2004, Lemma A.5), we have

we(Aj) = )\f-e—(w/Q)eifwc()\j) + Op(Aﬁ In(n);j~/2) + OP()\;ln‘e_l).

For the subspace ©3 = {0 € [1/2,3/2]}, the decomposition in Shimotsu & Phillips (2005, (30)) and the
same arguments give w¢(Aj) = )\ge*(”/mgiwc()\j)%—Op()\? In(n)j~1/2)4+0,(n~01). As these arguments
and steps may be repeated for subsequent subspaces O34; = {6 € [1/2+14,3/2+14]},i=1,..., K for

some finite integer K, this gives the result for some finite C' € (1, 00), concluding the proof. O

Next, the following lemma provides a generic bound for {; = (1 — L)7¢; where 7 L oasn— o
and (¢ = (1 — L)gctl{tzl} is defined as above. This result is used to establish a DFT result for 7;.

Lemma A.9 (DFT of Empirically Estimated Series). Suppose the conditions of Theorem 2 and As-
sumption C. Moreover, let In(n)/j'/?2 = 0 as n — co and 6 € [—1,C], then the following hold.

(a) Define vy, > 0 such that v, <n=?, p € (0,1) and [7| < v, with probability approaching 1, then
we(Aj) = we(A;) (14 Op(vnIn(n)) + O, (v2 In(n)?)) .

n(n n(n b
(b) Define gn(m,mp,mg) = 1\/572 vl 1(713 Vv \/\/7%’ then

ﬁ

wy(\y) = wy(N) + Oy ((G/n) = 72/5) + Op (Gn(m, o, ma) ")
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Proof. First, for (a), use the same Taylor expansion for (1 — L)7 as in (A.7) such that the estimate
¢; may be decomposed similarly to (A.8), G=G—+ ’ynCt(Pl +(v2/ 2)@(3)2(%), where Ct(i)l =In(1—-L)¢
and Ct(z(%) =1In(1 — L)?(1 — L) ¢ with 4, € [yn,0]. Hence, we have,

wa(A) = we () + mmwt () + (12/2)wd? (), (A-68)

where asymptotic approximation results for w¢(A;) are provided in Lemma A.8, and wél)(Aj) as well
as w?)(/\j) are the DFT of the higher-order terms Ct(i)l and Ct(z)l (), respectively. Next, as for
Shimotsu & Phillips (2005, Lemma 5.9), write ¢\ = In(1 — L)¢; = (=L — L%/2 — L3/3 — ...)¢, =
—Jn(L)¢;. Moreover, by applying Shimotsu & Phillips (2005, Lemma 5.7), we have J,,(L) = J,,(e) +

jn,\j (e7NL)(e7N L — 1), implying that, when taking the DFT,

—wél)()\j) = Jn(eikj)wC()‘j) - J Aj (e_i/\jL)Cﬂv (A.69)

since > 1, e (e N L — 1)¢; = (. Next, a bound is established for jm].(e_i’\f L)¢,. To this end, as

in Shimotsu & Phillips (2005), define parameters a;, = 5,\].1,6_”’)‘]' = hept1 h=1elh=P)Ai such that we

may write jn)\j(e_i)‘f L)¢, = Zz é apun—p and, thus, by using summation-by-parts,

n—2 P n—1

~ iy

I, (€7 L)Gn = E (a — apy1) E Un—g + U1 E Un—q;
p=0 q=0 q=0

h—p)A; / — o—ipAj / I _ /
where ¢pp = S0 i1 h(h+1) PP and o, | = e PN /n, ap — @y = Cpp + a;,_1. Consequently, we

use Shimotsu & Phillips (2005, (72)) to make the decomposition jn)\j (e N LY = Jin + Jon,

~ =2 a - A (2rn)1/?
Jln = chngn—py J2n = _71)\]” ZCh i)\' w(()‘j)‘

n
p=0 q=0

Now, by applying Shimotsu & Phillips (2005, (80)), |enp| < K min(|p|7', [p|3*ni 1) with |ply =

-0
max(L,p), and E[(S_oGu-q)?] = (b + 1) Sh__,(1 — lal/(p + D)E[GGq] = O(lpl{*™") follows
using, e.g., Phillips & Shimotsu (2004, Lemma A.5). Hence, by Minkowski’s inequality,

2

E (|5l =0 Z| S T ) | <o (@) o)

p= n/J

and, thereby, E[|.J1,|] < O (n/j)l/Q)\?). Next, since 6 € [—1,C], it follows by invoking Lemma A.8
that E[lw¢(A;)[*] = O(A?) and, similarly, E[| }7; ¢|*] = O(n*/279)) by Phillips & Shimotsu (2004,
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Lemma A.5). As a result,

7 1n 4,5 9 1 ng) _ 1/2.:—1-60 1/2.:~110
E[|J2n|]§O<njn +0 (=2 —O<n j Aj)+o(n j Aj). (A.71)

Hence, by collecting asymptotic bounds for Ji,, and Jop,,
B Vs, (VD] < 0 (w/27-08) 0 (nV2%730) + 0 (w250, (am)

and, since J, () = O(In(n)) by Shimotsu & Phillips (2005, Lemma 5.8) and In(n)/5'/? — 0, we
have
0l 0) = (e )uwc4) (1 + 0y(1)). (A73)

Next, for Ct(z =In(1 — L)2¢ = J,(L)?¢;, we may write its DFT as,

1
V2m™n

By the same arguments used to establish (A.72), and for some ¢ € N,

Win1-02c ) = Jn(@)Puc(A) = o (Ja(e™) + Ja(L)) Jun, (e N LYG,. (A.74)
E |IL%, (7N D)Gl| £ 0 (n2717007) + 0 (n!/257100) + 0 (n'/271/207)). (A.75)

Hence, together with J,, () = O(In(n)), Win(1—r£)2¢(Aj) = Jn(e%9)2we (M) (1+0p(1)) and, by applying

the same arguments as for the Taylor expansion term in (A.63), this shows,
wl (A7) = Ju(e) (M) (1 + 0p(1) (A.76)
¢ \WAj)=Jn ¢\Aj Op . .

The final result, thus, follow by combining (A.68), (A.73) and (A.76).

For (b), let us make the decomposition,

h=1-L) " =D+ &P 4 &9 4 &Y + &), (A.77)

t

whose terms may be expanded as, observing nt(b) = (e; — B'ug_1),

§V=-0", P =a-07@-e). §)=0-L)B (@ -u),
&Y = (1 -0 B-Blt,m) wa, & =01-L)B-Blm) (@ —w1).

First, note that At(z) and a?’) depends on the DFT of (1 — L)_E('ﬁt — v;) and denote ¢ = b— b, which
is O,(1//mp) by Assumption B. Hence, we can further decompose these terms,

&(i) = (1= L) P (@(i) — vii) = (1 — L)V (1 = L), (i) (A.T8)
+ (1= D)% —1)(1 - D)P(1 - L) Pwi(i) = &) + &7 (3),
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for i =1,...,k+1, and where §; = d; — d;. Since d; —b > 0 in the event of (fractional) cointegration,

then we have, by using Lemma A.6(a)-(c) together with the Taylor expansion in (A.63),
1 . . — -
wl(,1) = 0y (/™ /271

Moreover, by applying (a),

wé2)()\j,i)20p<<\/%\/ ;d>1n(n)kjb>,

since my, and my exhibit polynomial growth in n. By combining bounds,

1 1
—V
\/Mp /Mg

Now, by applying this to 52), /;3) and E}S) as well as (a) to 51) and 54), we have

wz()j,i) = O, ((j Jn)% b pt/2 j—l) +0, << ) ln(n))\j_b> . (A.79)

w Oy) = wy () (14 0y (my, () ).

w@0) +u (0) = 0, (G/my 0 n'?7) + 0, ((1 v ) ln(n)/\-_b> ,
3 3 Ve \/Ma J

w () = 0, (m=23,) < 0, (A" (14 m, () ) ),

wP () = 0, (mfl/%;‘n) X (op ((j/n)df”nl/z‘jfl) +0, ((1 Vv — )ln(n))\j_b>> .

The final result follows by collecting asymptotic bounds. O

The next lemma provides DFT bounds for (1 — L)Y (v; — v;) and (1 — L)Vﬁgb) for some fractional
filtering parameter v € [—1,C] and C € (1,00). Moreover, it considers (1 — L)Wn,gb) when taking
supremum and infimum over the sets ®; and ®5, respectively. These are useful for establishing co-

periodogram bounds that are applied in the proof of Theorem 3.

Lemma A.10 (DFT of Scaled Estimated Series). Suppose the conditions of Theorem 3 are satisfied.
Moreover, let In(n)/j/2 = 0 as n — oo and vy € [~1, C], then the following hold.

(a) Define € = (1 — L)Y(vy — vy), then its DFT has asymptotic order,

we() = Oy (mg () A) )40, (G/m)™ n12571) a0y +0p (0™ @012 1) 1y ).

(b) Define the filtered series (1 — L)Wnlgb) = (1— L)y, = 77157“)) and its DFT w7(77+b)()\j), then the
filtered estimated series (1 — L)Vﬁt(b) has a DFT, which obey,

(y+b) _ b In(n) = Ab, A —ae1y-1
wy T 0g) = wiT T 0) + Oy <AZ< g ym) ) TO A ) etz
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+0p (M 0257 (Lazo) + 5~ C 1 a40c0y) ) -

(c) sup,eq, wff”n)()\j) = SUPyeq, Op()\f%) and inf,co, wT(;ern)(/\j) = inf cq, Op()\;.erb).

Proof. First, for (a), we use a decomposition similar to (A.78),

&(i) = (1 — LY/ (i) — we(i)) = (1 — L)% (1 = L)% (i) (A.80)
+ (1= L)% —1)(1 - L)', (i) = eV (i) + &7 (i),

Since the fractional exponent, d; 4+, may be either smaller or greater than zero, we have, by applying

Lemma A.6(a)-(c) in conjunction with the Taylor expansion in (A.63),
wé”@w’) =0y ((j/”)di+7 n1/2j—1) L{g;+4>01 + Op (”_(diﬂ)nmj_l) L{d;+y<0}-
Moreover, by applying Lemmas A.8 and A.9(a),
'wg)(/\j,i) =0, (m;1/2 ln(n))\;’) :

since my exhibit polynomial growth in n. The final bound follows by combining results.

For (b), let us make the decomposition,
(-0 ="+ 8+ 8"+ 87 +&7, (A81)

whose terms may be expanded as, noting nt(b) = (e; — B'ug_1),

' =-om?, §0=0-Ly@-e), & =0-L)B (@1 -w-),
Y =1 -L)B-Bl,m) w1, &7 =0-L)B-Bm) [G1—u1).
First, note that ?2), A}?’) and 55) depends on the DFT of (1 — L)Y(v; — v;), which is studied in (a),
and the DFTs of 51) and 54) are studied in Lemma A.8. By invoking the requisite results,
wg)()\j) = e_(”/Q)(7+b)i)\;Y+bwn()\j) + 0O, <>\]7+b 1n(n)j_1/2>
+0, (N 7O 1 a1y + Op (00T Ly enncy
WD) + 0l ) = 0p (mg 2 mm@)AT) + 0y ((G/n) 702571 ) Lasyz0)
+0p (n 2 N 1 0P ) =0 (P 0) + 0P )

W () = m2N, (op (= /27N wy(Ay)) + O (X] n(m)i~2)
+0p (AJ'_l”ﬂil) Lirei-3/2,-1/23 + Op (n777) 1{76[1/2,0]})-
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The final result follows by collecting asymptotic bounds.

For (c), this follows since ¢ € ®; implies p+b € [-1/2+ A, 1/2] such that by invoking Lemma A.8,
we have supg, w%‘”b)()\j) = SUpg, e_(”/g)(‘p+b)i)\f+bwn()\j) +supg, Op()\;ﬁb In(n)j~'/?) and, moreover,
In(n)/j'/? = 0 as n — oco. For ¢ € ®,, which spans ¢ + b = Ay > 0, we similarly have,

inf w7(7‘p+b)()\J) inf e~ (7/2)(p+b)i /\Wrb n(Aj) +inf Op()\;ﬁb In(n);j~Y?) 4 inf O, (n_(“”er)_l)
@2 ‘132 CI>2 (I)2

since the set ¢ 4+ b ¢ [~3/2, —1/2]} over the infimum operator. Hence, as In(n)/j/2 — 0 and the last
term of order O,(n~3/2) is strictly smaller, this delivers the final result. O]

Lemma A.11 (Orthogonal Components Co-Periodogram Approximation Bound). Suppose that the
reqularity conditions of Theorem 1 hold. Moreover, let S = S(n) be a sequence of positive integers,

which satisfies 1/S + S/n — 0 as n — oo, then, for some arbitrarily small € > 0, it follows

SR (w0 00)) — 3 (s e, ) |

j=1 7j=1

0, ((8/m)" m(n)s2) + 0, <5§/2+b> +0, (7" (14 m 11y ) -

Proof. First, consider the interval b € [0,1/2], where, by Shimotsu & Phillips (2005, Lemma 5.1),

WP (A;) = Du(e™5b)wy(Ag) = (27n) 27 (e7%9,b),  dju(e™9,b) = Dyle ™5 b)ny,

implying that we can make the decomposition,

First, we have that E[Ly] = 0 readily follows by local orthogonality between the discrete Fourier

transforms of w;—1 and 7, when S/n — 0 using Assumption D1. Moreover,

1 S

27n

E [R(I, (Aj))]xE[%(ﬁn(e‘W,b)ﬁ(Wb)} Kt Z < v W)
J=1 =t

o (0 0 (4 ) o3 )

using Shimotsu & Phillips (2005, Lemma 5.3) for the first inequality and the fact that the last sum

VLo =




is a p-series with exponent 1 + ¢ > 1. Hence, E[||£3]|] < K(S/n)bIn(n)m¢?. Next, for £, since
D, (e?i;b) = e_(“/Q)bi)\? + O(/\]Hb) + O(j_l_b)\?) by Shimotsu & Phillips (2005, Lemma 5.2) , we may
write £1 = L11 + L12 + L13, where L7 = Zle s (wz()\j)A?e(“/Q)biwn()\j)) is the target of interest,

Lo-3 R (w. )@y ()0 (A1), L3 = > (20 )w(43)0 (57725 ) -
j=1 =1

Now, using the same arguments as for Lo, E[L12] = 0, E[L;3] = 0, and

g3+26 1 5 j 2(1+b) §3+2b K & Ly o
e <xTmrs3o((5) ) <o(Gmm). iews 0w <o(r),
j=1 J=1

using Robinson (1995, Lemma 1) to show S~! 2]5:1(]'/5)2(1—1—6) < K. Hence, we have the additional
approximation error bounds E[||L12]]] < KS§%/2t0n=0+4b) and E[||L13]] < Kn~?
For b € [1/2,1], let 71,(b) = >"7" nlgb) ~ I(1 —b) and apply Shimotsu & Phillips (2005, (29)),

AP () = Di(e5 0wy () = ifn(e™,b) + AP (2mn) /27, (b), (A.82)

where Dy, (e;b) = A7 (1—€¢™) Dy (93 b—1) and i (€7, b) = AP (1—€V) (2rn) ~1/24,, (e 7, b—1),

to further decompose discretely averaged co-periodogram as,

S
L=L5—Li+Ls, L3=) R (wu(xj)Agbn(e*W; b)wn(/\j)) :
=1

S
£4 = ZéR (wu()‘j)Aﬁﬁn(ei/\j7 b)) )
7j=1

27Tn

i R (wa(y)e ™ (b)

Next, since (1 — €M) = O();), e =14 O()\;) and (b — 1) € [~1/2,1/2], we may apply the same
arguments provided for Ly to establish the bound E[||£4]|] < K(S/n)?In(n)m¢/?. Moreover, once
again, by applying local orthogonality, we have E[L5] = 0, and

S S
Z L) XE[( Szﬁz ( (1/2— b>§0<n—2bm>’

using, e.g., Phillips & Shimotsu (2004, Lemma A.5). Hence E[|Ls]]] < Kn~*m!/2. For Lj, use
Shimotsu & Phillips (2005, (3.1)) to show, D, (¢™i;b) = e~ ("/2¥ 1 O()\;) + O(5~/?), uniformly in b.
Hence, as for £, write £3 = L37 + L33 + L33 where L3; = L7 and

Ly = ES: R ('wu()‘j)wﬁ()‘j)O (A}er)) » Laz= ES: R (w“(/\j)w’?()‘f)o (j_m/\?)) '
j=1
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As for Lo, E[||L32]|] < KS%/2t0n=(140) and, using the same arguments as above, E[£33] = 0,
S\ZEL 5\ . S\%
That is, E[||£33]]] < (S/n)bm</? , and the final result follows by collecting bounds. O

Lemma A.12 (Approximate DFT bound for filtered series). Suppose that the regularity conditions of
Theorem 4 hold. Then, the following bounds hold uniformly in 0 < d; <2,i=1,...,k+ 1.

(a) forj=1,...,m with ™ + L'— 0(1), it follows

n

o d; In(n) In(n) In(n)? In(n)?  In(n)?
we(Aj, 1) = Op (Aj <1 T j1/2 + m¢11/2 * ]'1/2mcll/2 + mq * iYPmg | ]’

) nl/?—di ln(n) nl/? ln(n) In(n) n1/2
w OO <J>+O<m/ e\ )

(b) forj=4,....m with=<xn", m=xn" mg=n?, 0<v<rk<p<1landl/n—0,

. . . nl/2—di In(n)nt/2
we(Aj i) = Op(AF),  ws(Nj,i) = Op(1) + O, <]1d> +0p <(1)/2 :
my "

Proof. First, for (a), write similarly to the proof of Lemma A.1, ¢, (i) = (1 — L)@Q(i) where we define
the series (;(i) = (1 — L)%¢, and let 6; = d; — d; = Op(m;1/2) by Assumption F. Next, by applying
the Taylor expansion of (1 — L)% in (A.7), we may readily decompose wz()\;,i) as

wa(Nj, 1) = we(Ag, i) + Bwl) (N, 4) + éwf)w, i), (A.83)

with wél)()\j,z’) and w?)()\j,i) being the discrete Fourier transforms of Cﬁ)l (1) = In(1 — L)¢;(7) and

gﬁé(@@-) = In(1 — L)2(1 — L)%, (i), respectively, for some 6; € [@-,0]. Now, the bound for wz(\;, 1)
follows by applying Lemmas A.5(a), A.5(c) and A.8 in conjunction with (A.58) and the same argu-
ments used to establish Lemma A.7 ((A.63)-(A.64)). Next, the bound for wg(Aj,) follows by the
decomposition in (A.8), Lemma A.6(a) and the bounds (A.60) and (A.65). (b) follows by (a). O

Lemma A.13 (DFT bounds for @). Suppose Assumptions FC-M, FC-R, FC-F and FC1-FC3 hold.
Then, for j =1,...,m with 7t + % = o(1), the following bounds hold uniformly fori=1,... k,

, 1 In(n) 1
'wa(Ajvl) < OP <]’5z‘+1di+1 (1 + j1/2 >) + Op (]) ‘
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Proof. Decompose the ith element of @ as (9; — 9;)'{(1 — L)‘i‘rl_di“(l — L)%+1; 4}, The result,
then, follows by (9¥; — ﬁz) < Op(ndi+17%+1) using Assumption FC-R, and Lemmas A.8 and A.12(a) in

conjunction with Phillips & Shimotsu (2004, Lemmas A.1-A.2) to establish an asymptotic bound for
the discrete Fourier transform of {(1 — L)‘Z'Jrl_di+1 (1 — L)%+1x;,}, thereby concluding the proof. [J

Lemma A.14. Let 1/6, + y/my — 0, then

(a) my— fb-i-l ZJ =L Inj—(nm,—1)=0 (%7115517)’

(8) sup, nfb ig_:il Z] u (T’;b)2(so—<ﬁ0) B 1' —0 (mb—2A>,

)29(90)

Proof. First, (a) follows as

(c) info, | —7—

1 o Inmy! 1 !
b: .
_— g Inj— (1 -1 — E Inj — (1 -1
mpy — gb‘i‘l 7 D] nmb ) b—gb-i-l mb—gb—f—lj 1 nJ (nmb )
j=Ly =

mp Ly In by Ly In by
= — (1 -1 1 — (1 —1)=
i~ 1 o(1) + 0 () 1) =0 (220

by repeated use of Stirlings approximation.

Next, (b) follows from writing

LN 20—
wp 2(¢_¢0>+1§b:<y> (¢ soo)_l _
P, my — 4y + 1 jrd my -

_ my -\ 2(e—0) _ by— -\ 2(e—wo0)
1

o | my— L +1 =\

b1 -\ 2(e—wo0)
- 2(¢ — o) +1 j
=0 (m™ ) 4sup | m—2 "~ — -1
( ) <I>1p my — fb +1 jz; myg
using the triangle inequality in conjunction with Robinson (1995, Lemma 1). Then,
b1, .\ 2(p—v0) 2(¢—¢0)
2(p — 1 14 14
sup (¢ — o) + Z J 1l<o <£b—2A> sup b Ly
oy | M — b+ 1 Ay o, \mp— b+ 1 \my

using, again, Robinson (1995, Lemma 1). Now, as
0 A 2(¢—¢o0) A my 1-24
sup| ——— | — =— | — ,
) mb—fb-l-l(mb) mb—fb-l-l(fb)
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—2A)

the second term is also O (m and the conclusion follows straightforwardly.

Last, (c) follows by a slight extension of the arguments for Robinson (1995, Lemma 1). Specifically,

note that
1 j 20(¢) 1 & j 2(A2—¢0)
nf | J _ L J
%12 mbz<mb> mbz (mb>

J=1 Jj=1

and define ¥ =14 Ag — ¢ > 1 over ®3. Then, following Robinson (1995), we may write

L3~ () . |
- | 2 ) 1 <o(m ) +0(m).
() =00

Hence, infg, |m; ' > (j/mb)%(‘p)‘ = O(1). Then, as p,, = O(m) and by using the same argument as
the proof of (b) to show the asymptotic negligibility of trimming, this provides the desired result. [J

B Data Construction

We first account for the construction of the high-frequency (HF') return based realized volatility mea-
sure. Here, in particular, we decompose the daily return as ry; = r¢; - +7¢;—71-7, where 7 ; - measures
the open-to-close return for the ¢th trading day in month ¢ of length 7, that is, the return over the
interval [i — 7,4]. Similarly, we denote by 7¢;—r1-, the overnight return from the preceding trading
day, that is, over [i — 1,7 — 7]. We then utilize HF data over the trading day to estimate the quadratic
variation of r; -, denoted by [r,7];;r, with arbitrarily high precision as the number of intra-daily
observations increases. Let ‘_/}” denote a generic estimator of [r,r];; r, then our HF estimator of the

monthly realized return variance is defined as

Nt

Vi=> " (Veir +17imri—r) (B.1)
i=1

that is, with a correction to account for the variation outside the trading window. We use 30-second
observations of S&P 500 futures contracts, traded on the Chicago Mercantile Exchange (CME), for
the computation of (B.1) for the period up and including 2010, and we use one-minute observations
obtained from TickData on the same ticker after 2010. Since the recorded high-frequency prices
are prone to be contaminated by, e.g., bid-ask bounce and asymmetric information effects (or other
market microstructure effects), it is pertinent to use an estimator that accounts for an array of market
frictions. For this purpose, we use the flat-top realized kernel of Varneskov (2016, 2017), which is
robust to general forms of market microstructure noise and has been shown to estimate the quadratic

variation with optimal asymptotic as well as good finite sample properties.
The monthly S&P 500, DS and TB data are obtained from the website of the Federal Reserve Bank
of St. Louis, while the PE data are from Professor Robert Shiller’s website, see Shiller (2000) for
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details on its construction.

C Additional Tables

As robustness checks for the numerical analysis in the main text, we have below included bias, RMSE,
size and power results using the semiparametric ELW estimator for fractional filtering in Tables C.1-
C.2. Moreover, we consider a scenario where the short memory structure is AR(2) in Tables C.3-C.4
for fractional ARMA(1,0) filtering and in Tables C.5-C.6 for ELW filtering.
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Bias and RMSE of the Local Spectrum Estimator: ELW

DGP 1: Bias DGP 2: Bias

n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=02 p=0 p=02 p=0 p=02 p=0 p=02
(v, k) = (0.21,0.749)  0.0006 -0.0027 0.0014 -0.0006 0.0007 -0.0058 0.0017 -0.0035
(v, k) = (0.25,0.749)  0.0003 -0.0028 0.0018 -0.0002 0.0004 -0.0058 0.0020 -0.0031
(v, k) = (0.30,0.749)  0.0002 -0.0028 0.0018 -0.0001 0.0004 -0.0055 0.0020 -0.0029
(v, k) = (0.25,0.65) 0.0004 -0.0046 0.0048 0.0019 0.0004 -0.0074 0.0049 -0.0018
(v, k) = (0.25,0.70) 0.0015 -0.0032 0.0025 -0.0001 0.0013 -0.0058 0.0025 -0.0030

DGP 3: Bias DGP 4: Bias

n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=02 p=0 p=02 p=0 p=02 p=0 p=02
(v, k) = (0.21,0.749)  0.0006 -0.0029 0.0015 -0.0006 0.0008 -0.0060 0.0017 -0.0035
(v, k) = (0.25,0.749)  0.0004 -0.0031 0.0018 -0.0002 0.0005 -0.0060 0.0020 -0.0030
(v, k) = (0.30,0.749)  0.0003 -0.0031 0.0018 -0.0001 0.0005 -0.0057 0.0020 -0.0029
(v,k) = (0.25,0.65)  -0.0005 -0.0055 0.0046 0.0018 -0.0004 -0.0081 0.0048 -0.0018
(v, k) = (0.25,0.70) 0.0009 -0.0039 0.0024 -0.0001 0.0007 -0.0064 0.0024 -0.0030

DGP 1: RMSE DGP 2: RMSE

n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=02 p=0 p=02 p=0 p=02 p=0 p=02
(v,k) = (0.21,0.749) 0.0873 0.0877 0.0631 0.0633 0.0860 0.0869 0.0621 0.0624
(v,k) = (0.25,0.749) 0.0876 0.0877 0.0634 0.0634 0.0864 0.0869 0.0625 0.0626
(v,k) = (0.30,0.749) 0.0881 0.0879 0.0637 0.0637 0.0869 0.0871 0.0629 0.0629
(v, k) = (0.25,0.65) 0.1207 0.1211 0.0893 0.0910 0.1194  0.1205 0.0876  0.0894
(v, k) = (0.25,0.70) 0.1022 0.1027 0.0760 0.0775 0.1013 0.1021 0.0749 0.0765

DGP 3: RMSE DGP 4: RMSE

n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=02 p=0 p=02 p=0 p=02 p=0 p=02
(v,k) = (0.21,0.749) 0.0873 0.0874 0.0633 0.0633 0.0860 0.0865 0.0623 0.0623
(v,k) = (0.25,0.749) 0.0877 0.0875 0.0635 0.0635 0.0865 0.0866 0.0626  0.0626
(v, k) = (0.30,0.749) 0.0882 0.0877 0.0639 0.0638 0.0870  0.0868 0.0630 0.0629
(v, k) = (0.25,0.65) 0.1205 0.1213 0.0894  0.0909 0.1191 0.1210 0.0879 0.0893
(v, k) = (0.25,0.70) 0.1019 0.1027 0.0760 0.0774 0.1010 0.1023 0.0748 0.0763

Table C.1: Bias and RMSE of the LCM estimator. This table displays the bias and RMSE of the local
spectrum estimator, B(¢,m), for p = {0,0.2} as a function of the trimming and bandwidth parameters, { = n”
and m = n”, respectively. As described in Section 6, the tuning parameters are fixed according to the asymptotic
theory and the DGPs are simulated as in Hong (1996) and Shao (2009). Two fractional ARMA(1,0) processes
are simulated with ¢, = ¢, = 0.2 and varying fractional integration orders d, and d,. DGP 1 is configured with
memory parameters (dy,d,) = (0.30,0.45); DGP 2 with (dy, d.) = (0.30,0.80); DGP 3 with (dy,d,) = (0.55,0.45);
and DGP 4 with (dy,d,) = (0.55,0.80). The fractional filtering in the first step of the local spectrum procedure
is based on ELW estimates of the memory parameter, where the bandwidth is implemented as [n?] with ¢ =
(0.75,0.75,0.75,0.71,0.71)’, corresponding to the five respective sets of tuning parameters for the second stage
MBLS regression; see Shimotsu & Phillips (2005) and Shimotsu (2010) for implementation details. Two sample
sizes are considered, n = {300, 650}, corresponding well with the respective sizes of the subsample and full sample,
see Tables 1 and 2. The simulations are carried out with 1,000 replications.

40



Size and Power of the Local Spectrum Test: ELW

DGP 1 DGP 2
n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=0.2 p=0 p=02 p=0 p=02 p=0 p=02
(v, k) = (0.21,0.749)  5.60 65.50 5.00 89.50 5.20 63.30 4.20 88.50
(v, k) = (0.25,0.749)  5.60 65.40 5.20 88.90 5.20 63.10 5.10 88.30
(v,k) = (0.30,0.749)  5.60 65.60 5.10 89.50 5.20 63.10 4.90 88.50
(v, k) = (0.25,0.65) 6.50 42.30 5.00 64.50 6.30 41.30 4.80 62.90
(v, k) = (0.25,0.70) 6.10 54.00 5.10 76.60 6.30 52.80 4.80 74.90
DGP 3 DGP 4
n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=0.2 p=0 p=02 p=0 p=02 p=0 p=02
(v, k) = (0.21,0.749)  5.70 66.20 5.00 89.10 5.50 63.80 4.00 88.30
(v, k) = (0.25,0.749)  6.00 66.10 5.20 89.10 5.30 63.50 5.10 88.30
(v,k) = (0.30,0.749)  6.00 66.60 5.30 89.20 5.40 63.80 4.90 88.50
(v, k) = (0.25,0.65) 6.40 42.30 5.50 64.90 5.80 40.50 5.00 62.70
(v, k) = (0.25,0.70) 7.00 53.50 5.30 75.70 6.50 52.30 4.90 74.40

Table C.2: Size and power of the LCM test. This table displays the size (p = 0) and power (p # 0) of the
proposed local spectrum test from Theorem 2, LCM(¢,m), as a function of the MBLS trimming and bandwidth
parameters, defined by £ = n” and m = n", respectively. As described in Section 6, the tuning parameters are fixed
according to the asymptotic theory and the DGPs are simulated as in Hong (1996) and Shao (2009). Specifically,
two (possibly, correlated) fractional ARMA(1,0) processes are simulated with ¢, = ¢, = 0.2 and varying fractional
integration orders dy and d,. DGP 1 is configured with memory parameters (dy,d,;) = (0.30,0.45); DGP 2 with
(dy,dz) = (0.30,0.80); DGP 3 with (dy,dz) = (0.55,0.45); and DGP 4 with (dy,ds) = (0.55,0.80). The fractional
filtering in the first step of the local spectrum procedure is based on ELW estimates of the memory parameter, where
the bandwidth is implemented as [n?] with ¢ = (0.75,0.75,0.75,0.71,0.71)’, corresponding to the five respective sets
of tuning parameters for the second stage MBLS regression; see Shimotsu & Phillips (2005) and Shimotsu (2010) for
details. All tests are implemented with vg = 0.25 and kg = 0.9. Two sample sizes are considered, n = {300,650},
corresponding well with the respective sizes of the subsample and full sample, see Tables 1 and 2. All tests are
implemented with a nominal size of 5%. The simulations are carried out with 1,000 replications.
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Bias and RMSE of the Local Spectrum Estimator: Robust to AR(2)
DGP 1: Bias DGP 2: Bias
n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=0.2 p=0 p=02 p=0 p=02 p=0 p=02

(v,k) = (0.21,0.799) 0.0033 -0.0092 0.0026 -0.0004 0.0033 -0.0083 0.0025 0.0002
(v,k) = (0.25,0.799) 0.0029 -0.0095 0.0028 -0.0002 0.0030 -0.0086 0.0028 0.0005
(v, k) = (0.30,0.799) 0.0033 -0.0093 0.0028 -0.0001 0.0033 -0.0083 0.0028 0.0005
(v,k) = (0.25,0.70)  0.0045 -0.0072 0.0034  0.0006 0.0045 -0.0064 0.0033 0.0014
(v,k) = (0.25,0.75)  0.0034 -0.0088 0.0029 0.0000 0.0034 -0.0080 0.0028 0.0007
DGP 3: Bias DGP 4: Bias
n = 300 n = 650 n = 300 n = 650

Implementation: p=0 p=0.2 p=0 p=02 p=0 p=02 p=0 p=02

(v,k) = (0.21,0.799) 0.0024 -0.0114 0.0028 -0.0010 0.0026 -0.0111 0.0027 -0.0003
(v,k) = (0.25,0.799) 0.0023 -0.0113 0.0030 -0.0006 0.0024 -0.0110 0.0029  0.0000
(v, k) = (0.30,0.799) 0.0028 -0.0109 0.0030 -0.0005 0.0032 -0.0104 0.0029 0.0001
(v,k) = (0.25,0.70)  0.0037 -0.0098 0.0036 -0.0003 0.0036 -0.0099 0.0035 0.0005
(v,k) = (0.25,0.75)  0.0026 -0.0111 0.0031 -0.0006 0.0027 -0.0110 0.0029 0.0001
DGP 1: RMSE DGP 2: RMSE
n = 300 n = 650 n = 300 n = 650

Implementation: p=0 p=0.2 p=0 p=02 p=0 p=02 p=0 p=02

(v, k) =(0.21,0.799) 0.0782 0.0848 0.0546 0.0564 0.0786  0.0848 0.0548 0.0560
(v,k) = (0.25,0.799) 0.0789 0.0853 0.0547 0.0564 0.0793 0.0852 0.0549 0.0559
(v, k) = (0.30,0.799) 0.0782 0.0845 0.0550 0.0566 0.0787 0.0845 0.0552 0.0563
(v,k) =(0.25,0.70)  0.1113 0.1176 0.0786 0.0806 0.1113 0.1176 0.0789  0.0805
(v, k) = (0.25,0.75)  0.0934 0.0997 0.0644 0.0664 0.0934 0.0995 0.0647 0.0661
DGP 3: RMSE DGP 4: RMSE
n = 300 n = 650 n = 300 n = 650

Implementation: p=0 p=0.2 p=0 p=02 p=0 p=02 p=0 p=02
(v,k) = (0.21,0.799) 0.0829 0.0866 0.0546  0.0568 0.0833 0.0870 0.0549 0.0564
(v,k) = (0.25,0.799) 0.0836 0.0869 0.0547 0.0565 0.0840 0.0873 0.0550  0.0561
(v, k) = (0.30,0.799) 0.0826 0.0859 0.0550  0.0569 0.0829 0.0861 0.0553  0.0566
(v, r) = (
(v, k) = (

=(0.25,0.70)  0.1189 0.1202 0.0786 0.0804 0.1190 0.1206 0.0790 0.0804
=(0.25,0.75)  0.0993 0.1019 0.0644 0.0663 0.0994 0.1022 0.0647 0.0661

Table C.3: Bias and RMSE of the LCM estimator. This table displays the bias and RMSE of the local
spectrum estimator, B(¢,m), for p = {0,0.2} as a function of the trimming and bandwidth parameters, { = n”
and m = n”, respectively. As described in Section 6, the tuning parameters are fixed according to the asymptotic
theory and the DGPs are simulated as in Hong (1996) and Shao (2009). Two fractional ARMA(2,0) processes
are simulated with ¢;, = ¢, = 0.2 for lags | = 1,2 and varying fractional integration orders d, and d,. DGP
1 is configured with memory parameters (d,d.) = (0.30,0.45); DGP 2 with (dy,d;) = (0.30,0.80); DGP 3 with
(dy,ds) = (0.55,0.45); and DGP 4 with (dy,ds) = (0.55,0.80). The fractional filtering in the first step of the local
spectrum procedure is based on ARFIMA parameter estimates of the memory parameter, where one AR lag has
been included; see Hualde & Robinson (2011) and Nielsen (2015). Two sample sizes are considered, n = {300, 650},
corresponding well with the respective sizes of the subsample and full sample, see Tables 1 and 2. The simulations
are carried out with 1,000 replications.
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Size and Power of the Local Spectrum Test: Robust to AR(2)

DGP 1 DGP 2
n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=0.2 p=0 p=02 p=0 p=02 p=0 p=02
(v, k) = (0.21,0.799)  6.60 74.60 5.80 95.90 7.60 74.50 5.70 96.20
(v, k) = (0.25,0.799)  6.90 74.60 5.40 96.20 7.50 74.50 5.70 96.40
(v,k) = (0.30,0.799)  7.10 73.60 5.50 95.90 7.50 73.90 6.00 96.20
(v, k) = (0.25,0.70) 8.80 52.30 5.90 76.20 9.10 52.90 6.10 76.30
(v, k) = (0.25,0.75) 7.90 63.50 5.90 88.80 8.10 63.60 5.70 88.90
DGP 3 DGP 4
n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=0.2 p=0 p=02 p=0 p=02 p=0 p=02
(v,k) = (0.21,0.799)  7.10 73.80 5.60 95.80 8.10 73.40 5.80 96.10
(v, k) = (0.25,0.799)  7.40 73.90 5.20 96.20 7.80 73.00 5.40 96.30
(v,k) = (0.30,0.799)  7.80 73.20 5.20 95.80 8.20 73.20 5.50 96.00
(v, k) = (0.25,0.70) 9.20 51.60 5.80 75.80 9.30 51.60 6.10 75.70
(v, k) = (0.25,0.75) 8.50 62.70 5.80 88.50 8.70 62.20 5.70 88.30

Table C.4: Size and power of the LCM test. This table displays the size (p = 0) and power (p # 0) of the
proposed local spectrum test from Theorem 2, LCM(¢,m), as a function of the MBLS trimming and bandwidth
parameters, defined by £ = n” and m = n", respectively. As described in Section 6, the tuning parameters are fixed
according to the asymptotic theory and the DGPs are simulated as in Hong (1996) and Shao (2009). Specifically,
two (possibly, correlated) fractional ARMA(2,0) processes are simulated with ¢;y = ¢, = 0.2 for lags { = 1,2 and
varying fractional integration orders d, and d;. DGP 1 is configured with memory parameters (d,, d) = (0.30, 0.45);
DGP 2 with (dy, d.) = (0.30,0.80); DGP 3 with (dy,d.) = (0.55,0.45); and DGP 4 with (dy, d.) = (0.55,0.80). The
fractional filtering in the first step of the local spectrum procedure is based on ARFIMA parameter estimates of the
memory parameter, where one AR lag has been included; see Hualde & Robinson (2011) and Nielsen (2015). All
tests are implemented with vg = 0.25 and ke = 0.9. Two sample sizes are considered, n = {300, 650}, corresponding
well with the respective sizes of the subsample and full sample, see Tables 1 and 2. All tests are implemented with
a nominal size of 5%. The simulations are carried out with 1,000 replications.
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Bias and RMSE of the Local Spectrum Estimator: ELW, Robust to AR(2)

DGP 1: Bias DGP 2: Bias

n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=02 p=0 p=02 p=0 p=02 p=0 p=02
,k) = (0.21,0.749)  0.0010 -0.0025 0.0022  0.0005 0.0006 -0.0048 0.0027 -0.0002
0.25,0.749)  0.0008 -0.0026 0.0024 0.0007 0.0004 -0.0049 0.0029 0.0001
0.30,0.749)  0.0008 -0.0025 0.0024 0.0008 0.0004 -0.0047 0.0029 0.0002
0.25,0.65)  -0.0001 -0.0041 0.0049 0.0039 -0.0006 -0.0057 0.0060 0.0012
0.25,0.70) 0.0012 -0.0026 0.0029 0.0019 0.0009 -0.0048 0.0035 -0.0017

DGP 3: Bias DGP 4: Bias

n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=02 p=0 p=02 p=0 p=02 p=0 p=02
,k) = (0.21,0.749)  0.0011 -0.0015 0.0022  0.0009 0.0007 -0.0038 0.0027  0.0001
0.25,0.749)  0.0009 -0.0016 0.0024 0.0011 0.0005 -0.0039 0.0029 0.0004
0.30,0.749)  0.0008 -0.0016 0.0024 0.0011 0.0005 -0.0038 0.0029 0.0005
0.25,0.65) 0.0009 -0.0024 0.0049 0.0041 0.0004 -0.0040 0.0060 0.0014
0.25,0.70) 0.0019 -0.0014 0.0029 0.0020 0.0015 -0.0036 0.0035 -0.0015

DGP 1: RMSE DGP 2: RMSE

n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=02 p=0 p=02 p=0 p=02 p=0 p=02
(v, k) =(0.21,0.749)  0.0875 0.0873 0.0645 0.0642 0.0873  0.0883 0.0656 0.0681
(v,k) = (0.25,0.749) 0.0879 0.0875 0.0647 0.0644 0.0877 0.0884 0.0659 0.0681
(v,k) = (0.30,0.749) 0.0833 0.0878 0.0650 0.0646 0.0881  0.0885 0.0661 0.0682
(v, k) = (0.25,0.65) 0.1212  0.1220 0.0914 0.0915 0.1222  0.1238 0.0924 0.0971
(v, k) = (0.25,0.70) 0.1026  0.1038 0.0778 0.0782 0.1025  0.1046 0.0780 0.0817

DGP 3: RMSE DGP 4: RMSE

n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=02 p=0 p=02 p=0 p=02 p=0 p=02
(v,k) = (0.21,0.749) 0.0879 0.0879 0.0644 0.0642 0.0878  0.0887 0.0656  0.0680
(v,k) = (0.25,0.749) 0.0883  0.0880 0.0647 0.0643 0.0881  0.0888 0.0659 0.0681
(v, k) = (0.30,0.749) 0.0886 0.0882 0.0649 0.0646 0.0885  0.0889 0.0661 0.0682
(v, k) = (0.25,0.65) 0.1215 0.1219 0.0911 0.0912 0.1227  0.1237 0.0922  0.0968
(v, k) = (0.25,0.70) 0.1029  0.1040 0.0777 0.0783 0.1031  0.1048 0.0780 0.0817

Table C.5: Bias and RMSE of the LCM estimator. This table displays the bias and RMSE of the local
spectrum estimator, B(¢,m), for p = {0,0.2} as a function of the trimming and bandwidth parameters, { = n”
and m = n”, respectively. As described in Section 6, the tuning parameters are fixed according to the asymptotic
theory and the DGPs are simulated as in Hong (1996) and Shao (2009). Two fractional ARMA(2,0) processes
are simulated with ¢;, = ¢, = 0.2 for lags | = 1,2 and varying fractional integration orders d, and d,. DGP
1 is configured with memory parameters (d,d.) = (0.30,0.45); DGP 2 with (dy,d;) = (0.30,0.80); DGP 3 with
(dy,ds) = (0.55,0.45); and DGP 4 with (dy,ds) = (0.55,0.80). The fractional filtering in the first step of the local
spectrum procedure is based on ELW estimates of the memory parameter, where the bandwidth is implemented
as [n?] with ¢ = (0.75,0.75,0.75,0.71,0.71)’, corresponding to the five respective sets of tuning parameters for the
second stage MBLS regression; see Shimotsu & Phillips (2005) and Shimotsu (2010) for details. Two sample sizes
are considered, n = {300,650}, corresponding well with the respective sizes of the subsample and full sample, see
Tables 1 and 2. The simulations are carried out with 1,000 replications.

44



Size and Power of the Local Spectrum Test: ELW, Robust to AR(2)

DGP 1 DGP 2
n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=0.2 p=0 p=02 p=0 p=02 p=0 p=02
(v, k) = (0.21,0.749)  6.10 65.60 5.90 89.40 6.40 63.40 7.00 87.50
(v, k) = (0.25,0.749)  6.40 65.10 5.50 89.60 6.30 63.60 7.10 87.90
(v,k) = (0.30,0.749)  6.50 65.10 6.20 89.10 6.50 63.70 6.90 87.20
(v, k) = (0.25,0.65) 6.00 42.30 5.90 65.80 7.30 41.70 6.90 61.40
(v, k) = (0.25,0.70) 7.00 54.50 6.20 76.80 6.60 52.20 5.80 74.70
DGP 3 DGP 4
n = 300 n = 650 n = 300 n = 650
Implementation: p=0 p=0.2 p=0 p=02 p=0 p=02 p=0 p=02
(v, k) = (0.21,0.749)  6.00 66.90 6.10 89.60 6.30 63.50 7.10 87.90
(v, k) = (0.25,0.749)  6.10 65.80 5.60 89.50 6.20 64.30 7.20 87.80
(v,k) = (0.30,0.749)  6.20 65.70 6.10 89.10 6.40 64.00 6.90 87.20
(v, k) = (0.25,0.65) 6.50 43.60 6.00 65.40 7.60 41.80 6.90 61.20
(v, k) = (0.25,0.70) 7.40 54.50 5.80 76.80 6.80 52.70 6.10 74.30

Table C.6: Size and power of the LCM test. This table displays the size (p = 0) and power (p # 0) of the
proposed local spectrum test from Theorem 2, LCM(¢,m), as a function of the MBLS trimming and bandwidth
parameters, defined by £ = n” and m = n", respectively. As described in Section 6, the tuning parameters are fixed
according to the asymptotic theory and the DGPs are simulated as in Hong (1996) and Shao (2009). Specifically,
two (possibly, correlated) fractional ARMA(2,0) processes are simulated with ¢;y = ¢, = 0.2 for lags { = 1,2 and
varying fractional integration orders d, and d;. DGP 1 is configured with memory parameters (d,, d) = (0.30, 0.45);
DGP 2 with (dy,d.) = (0.30,0.80); DGP 3 with (dy,d.) = (0.55,0.45); and DGP 4 with (dy,d.) = (0.55,0.80).
The fractional filtering in the first step of the local spectrum procedure is based on ELW estimates of the memory
parameter, where the bandwidth is implemented as [n?] with ¢ = (0.75,0.75,0.75,0.71,0.71)’, corresponding to
the five respective sets of tuning parameters for the second stage MBLS regression; see Shimotsu & Phillips (2005)
and Shimotsu (2010) for details. All tests are implemented with vg = 0.25 and k¢ = 0.9. Two sample sizes
are considered, n = {300,650}, corresponding well with the respective sizes of the subsample and full sample, see
Tables 1 and 2. All tests are implemented with a nominal size of 5%. The simulations are carried out with 1,000
replications.
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