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Abstract

In this paper, we develop the first formal nonparametric test for whether the observation errors
in option panels display spatial dependence. The panel consists of options with different strikes
and tenors written on a given underlying asset. The asymptotic design is of the infill type — the
mesh of the strike grid for the observed options shrinks asymptotically to zero, while the set of
observation times and tenors for the option panel remains fixed. We propose a Portmanteau test
for the null hypothesis of no spatial autocorrelation in the observation error. The test makes use
of the smoothness of the true (unobserved) option price as a function of its strike and is robust to
the presence of heteroskedasticity of unknown form in the observation error. A Monte Carlo study
shows good finite-sample properties of the developed testing procedure and an empirical application
to S&P 500 index option data reveals mild spatial dependence in the observation error, which has

been declining in recent years.
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1 Introduction

Option prices embed important information about the risks in the underlying asset and the compensa-
tion for those risks demanded by investors. Consequently, option data may serve both to complement
and enhance inference regarding dynamic asset pricing models from underlying asset returns. The
inclusion of option data results in more efficient inference and, if the return data by themselves do
not identify all the parameters associated with the risk pricing, the option prices typically resolve the
issue, rendering full identification and estimation feasible. For example, in the Black-Scholes model,
Black and Scholes (1973), in which the continuously-compounded asset returns are i.i.d. normally
distributed, all parameters are identified, yet a single option on the underlying asset suffices to deter-
mine the volatility parameter of the model, thus supplementing the standard return-based volatility
estimator and enhancing the efficiency of the inference. In contrast, for a more general setting with
time-varying volatility, such as the well-known Heston model, Heston (1993), the price of volatility risk
cannot be identified from return data alone without auxiliary assumptions. Here, option prices provide
the necessary information for both identifying and pricing the model’s volatility risk component.

Prior work uses a variety of parametric and nonparametric methods to extract information from
options. The earlier empirical option pricing literature typically relies on only a small number of
options on the underlying asset to complement the return data, see, e.g., Bates (1996, 2000), Pan
(2002), Pastorello et al. (2003), Eraker (2004) and Gagliardini et al. (2011). The reason is twofold.
One, there are often limitations in the strike coverage, stemming from a lack of liquidity in the option
markets. Two, using a large number of options can be challenging, because option prices usually are
known only in semi-closed form, as for the popular exponential-affine model class of Duffie et al. (2000),
necessitating numerical techniques for computation. In these circumstances, the asset returns remain
the primary source of information, and options are included for estimation of parameters that are not
identifiable from return data and/or provide information about state variables, which are latent from
the perspective of return data alone, such as stochastic volatility.

Over the last several decades, however, the liquidity in option markets has improved greatly,
implying that much more option data may be utilized for inference. Specifically, in our empirical
application, using options written on the S&P 500 index over 2007-2014, we have, on average, in
excess of 70 end-of-day option quotes with different strikes for each fixed short maturity. Inspired by
this trend, Andersen et al. (2015) develop parametric option inference methods in an infill asymptotic
setting, for which the cross-sectional dimension of the option data, for a given day and written on
the same underlying asset, increases asymptotically while, simultaneously, the mesh of the strike
grid shrinks to zero.! In such a setup, one may consistently estimate both the parameters and the
concurrent state variable realizations from a cross-section of options recorded at a given point in time.

Infill asymptotics are also at work for various nonparametric measures based on the following

!Their inference method has been extended in various directions by Andersen et al. (2019a,b), who, however, maintain
similar cross-sectional infill asymptotic frameworks.



general option spanning result due to Carr and Madan (2001),
EX(f(Xisr) = f(Fip) + ™77 /0 O1(log(K)) f* (K) dK , (1)

where f is some twice-continuously differentiable function, E2(-) denotes the expectation under the
risk-neutral measure, X; is the date t price of the underlying asset and F;; is the date ¢ price of a
futures contract written on the asset and expiring at ¢ + 7, 7, is the annualized risk-free rate for
[t,t + 7], and O ,(k) denotes the out-of-the-money (OTM) option price written on the underlying
asset at time t with strike e¥ and expiring at time ¢ 4+ 7. All of these quantities are formally defined
in Section 2 below. The integral on the right-hand side of the equation can be approximated via
a Riemann sum using the available options at date ¢, expiring at date t + 7. By supplementing
this approximation with f(F; ), we readily obtain a nonparametric estimator of E?( f(Xi4r)). For
this to constitute a consistent estimator, the mesh of the strike grid of available options must shrink
asymptotically to zero, i.e., consistency can be established in an infill asymptotic setup. A leading
example of this type of nonparametric estimator is the VIX volatility index computed by the Chicago
Board of Option Exchange (CBOE). The VIX corresponds to setting f(x) = log(x) in equation (1), see,
e.g., Britten-Jones and Neuberger (2000) and Carr and Wu (2009). Other examples include the risk-
neutral moments of Bakshi and Madan (2000) and Bakshi et al. (2003), the tail measures of Bollerslev
and Todorov (2011) and Bollerslev et al. (2015), the corridor volatility estimators of Andersen et al.
(2015), the characteristic function portfolios used in Qin and Todorov (2019) and Todorov (2019), the
divergence portfolio of Schneider and Trojani (2019), etc.

To develop feasible inference procedures based on options, one must take a stand on the nature of
the associated observation errors, see Renault (1997) for an early discussion of the subject. Absence
of arbitrage implies that the fundamental option value lies within the bid-ask spread posted by the
brokers, dealers and trading firms operating as market makers. The liquidity provision offered by
market makers induces random variation in their holdings of individual options - reflecting whether
customers are buying or selling. In particular, investor groups may follow hedging or trading strategies
that involve shifts in positions across a limited segment of the strikes, because the price and payoff of
any option is similar to those for options with nearby strikes. This can generate clientele effects, where
the market makers experience an unbalanced order flow across a limited set of options. They typically
seek to mitigate such exposures through their own hedges but, in particular, out-of-the-money options
can be difficult and costly to insulate against abrupt shifts (jumps) in asset prices. Therefore, the
size of the spreads across distinct regions of the strike range may well fluctuate with the developing
inventory positions and perceptions of the future asset price variation, reflecting compensation de-
manded by market makers for handling their risk exposures. A natural implication is a certain degree
of dependence among mid-quote prices for options with similar strike prices. However, as markets
grow increasingly liquid and attract a more diverse set of customers, it is also natural to expect such

hedging and trading costs as well as the impact of random demand imbalances to decline.



One extreme approach is to assume that options are observed without error as, for example, in
Pan (2002). However, option bid-ask spreads are sizable, see, e.g., Figure 1 in Andersen et al. (2015),
suggesting that observation errors are non-negligible. If such errors are acknowledged, consistent
estimation of option-related quantities requires the imposition of assumptions regarding the error
dependence. The exact conditions will depend on whether the analysis is parametric or nonparametric,
and whether the asymptotic design is applied to the time series and/or the cross-section. In particular,
for the infill asymptotic setting, the dependence in the observation errors across neighboring strike
prices must be limited. Henceforth, we label this feature spatial dependence, with the spatial dimension
referring to the range of option strikes for a given tenor and date. Most existing studies, e.g., Carr
and Wu (2007), Bakshi et al. (2008), Andersen et al. (2015) and Todorov (2019), assume option errors
are uncorrelated. A rare exception is Bates (2003), who relies on an asymptotic setting with a fixed
set of option strikes per maturity. At each date and tenor, he invokes perfect correlation in the option
observation error across certain strike ranges. Such errors cannot be mitigated by integrating option
prices across strikes and, therefore, cannot be separated from the true latent option prices in an infill
asymptotic setting. The only possibility to mitigate such errors is through intertemporal averaging,
i.e., by resorting to large T asymptotics, with 7" representing the time span of the option panel. In other
words, for any given date, these errors are indistinguishable from pricing errors and, indeed, Bates

”

labels them “specification errors.” Accordingly, for inference procedures exploiting a cross-sectional
asymptotic scheme, we deem errors, that are highly persistent across a broad, fixed range of strikes,
as “true” pricing errors stemming from model misspecification rather than observation errors.

Even excluding perfect, or very high, spatial error dependence from the category of observation
errors we may still, as discussed previously, expect a host of institutional features to generate weak
spatial dependence in the observation errors. To formally account for this type of dependence within
parametric and nonparametric inference procedures, we need a spatial infill asymptotic counterpart to
the long-run variance in the time series setting. No such statistic has been developed in the literature,
so a natural first step is to establish whether this type of extension is empirically relevant. The
goal of the current paper, therefore, is to develop a nonparametric test for the presence of cross-
sectional dependence in the option observation error within an infill asymptotic setting where, for
the option prices recorded on a given date with fixed tenor, the mesh of the strike grid shrinks
asymptotically to zero. Specifically, we derive consistent estimates for the spatial autocorrelation
in the option observation error, and we derive a feasible central limit theory for these autocorrelation
coefficients under the null hypothesis of no spatial dependence. This new limit theory enables us to
devise a simple Portmanteau test for spatial autocorrelation.

The basic intuition behind our estimates for spatial autocorrelation is as follows. Under general
conditions for the data generating process, the true (unobserved) option prices are smooth functions of
their strikes. Therefore, by applying a suitable second-order difference to the observed (noisy) option
price in the strike domain, we can eliminate the true latent price component and “isolate” the option

observation error, subject only to an asymptotically negligible error due to our infill asymptotic setting.



This is analogous to the removal of fixed effects in classical panel data. The resulting estimates of
the option observation errors are correlated in the strike dimension, even under the null hypothesis
of no spatial error dependence, because a set of adjacent options are employed in estimating the
error. However, this dependence arises from an overlap involving only a few options, and is readily
accounted for. Therefore, we can test for the presence of spatial error dependence by comparing the
sample spatial autocorrelation of the estimated option observation errors with their asymptotic limit
under the hypothesis of no spatial dependence.

Our feasible CLT for spatial correlation of the option observation errors is derived under the null
hypothesis of no error dependence. The limit distribution is mixed Gaussian due to the heteroskedastic
observation errors. The latter feature is important, because the option bid-ask spread displays pro-
nounced heterogeneity and heteroskedasticity, both across the strike range and over time. On the basis
of the limit theory we develop, we propose a Portmanteau test, akin to the one of Box and Pierce (1970)
and Ljung and Box (1978), for the null hypothesis of no spatial dependence in the observation error.
However, because we do not impose an i.i.d. assumption for the process under the null hypothesis,
we must scale our test statistic appropriately to account for heteroskedastic observation errors. The
limit distribution of our Portmanteau test for spatial dependence is pivotal, but it is not chi-squared
because the limiting covariance matrix of the spatial autocorrelation vector is non-diagonal.

Our paper is related to a large econometric literature dealing with spatial dependence. Conley
(1999) develops GMM estimation techniques for cross-sectional dependence. Jenish and Prucha (2012)
derive general limit results for processes with spatial dependence. Kuersteiner and Prucha (2013)
consider estimation for panel models with spatial dependence in the error term. Delgado and Robinson
(2015) and Robinson (2008) derive tests for spatial dependence in the error term of regressions. Kelejian
and Prucha (2007, 2010) and Robinson and Thawornkaiwong (2012) propose HAC asymptotic variance
estimators in settings with spatial dependence. There is also a large literature on inference for spatial
autoregressive models, see, e.g., Gupta and Robinson (2015, 2018), Kelejian and Prucha (1999), Lee
(2002, 2003, 2004), Lee and Liu (2010), Robinson (2010), Su and Jin (2010) and Xu and Lee (2015).
The major distinction between this body of work and our contribution lies in the asymptotic setup.
We can only obtain consistent nonparametric estimates for the spatial autocorrelation of the option
observation errors within an infill asymptotic design. That is, as we gather more option observations,
the distance between consecutive strikes shrinks to zero. This has a number of implications. First,
since the latent option price is similar for nearby strikes — a direct consequence of virtually all asset
pricing models — it is natural to assume that market participants quote them similarly, implying
the existence of spatial dependence in the observation errors, and this effect will diminish as the gap
between the option strikes widens. Second, and more importantly, the infill asymptotic setup is crucial
for our nonparametric inference procedure. We exploit this feature by differencing consecutive option
observations, ordered in terms of their strike prices, to annihilate, asymptotically, the unobserved true
option price, generating a “direct” estimator of (differences of) the latent observation error. That is,

unlike existing econometric work for regression models, we do not need a model for the latent option



price to obtain an estimate for the observation error. This is attractive from an applied point of view,
given the extensive evidence for misspecification of standard option pricing models. Finally, unlike
most of the work on spatial dependence — with the notable exception of Kuersteiner and Prucha (2013)
— our limit distributions are mixed Gaussian. This arises from the generality of allowing for stochastic
heteroskedasticity of unknown form. This feature is crucial for the applicability of our analysis because
financial data are known to exhibit pronounced conditional heteroskedasticity.

Our paper is also related to the recent work of Dalla et al. (2019) on testing the null hypothesis
of white noise for time series exhibiting heteroskedasticity and, possibly, general forms of serial de-
pendence. In particular, they show that the sample autocorrelations may have a limiting distribution
that is non-standard for general white noise time series. As a result, the conventional tests of Box and
Pierce (1970) and Ljung and Box (1978) for testing for presence of autocorrelation may no longer be
valid if the process under the null hypothesis is a white noise, but not an i.i.d., sequence. Dalla et al.
(2019) use their limit results to design a test for white noise, with chi-squared limiting distribution,
which works in general settings. As in their case, we allow for general forms of heteroskedasticity
in the option observation error. Moreover, and similarly to them, the sample autocorrelations of the
estimated option observation error have a limiting covariance matrix that is not diagonal. The deter-
mining factors for the latter, however, differ. In our case, it is due to the differencing of the observed
option price, which is done to account for the true, unknown, and latent option price. In Dalla et al.
(2019), the limiting covariance of the sample autocorrelation vector might be non-diagonal due to
general forms of dependence in the underlying (white noise) time series.

Upon implementing our new testing procedures for options written on the S&P 500 index, we
find evidence for correlation in the option observation error across strikes. This dependence vanishes
quickly, as the gap between the option strikes increases. In addition, the spatial dependence in the
observation errors exhibits a strong time series and maturity pattern. In particular, it is weakest for
the short-dated options and substantially stronger for more long-dated ones. In addition, we find that
the spatial dependence for the short-dated options has declined over time across our sample period
2007-2014. This is consistent with the fact that short-dated options are relatively more liquid, and
this liquidity has increased notably over time, see, e.g., Andersen et al. (2017).

The rest of the paper is organized as follows. We first introduce our setup and the option observation
scheme in Section 2. We next state our assumptions in Section 3. Section 4 provides our nonparametric
estimators for spatial dependence in the observation error, and Section 5 presents the associated
feasible limit theory for the estimators and related tests for the presence of spatial dependence in
the observation error. Section 6 contains a Monte Carlo study of the finite sample properties of the
proposed estimator and its associated test. Section 7 provides an empirical application of the developed
inference procedures on options written on the S&P 500 index. Finally, Section 8 concludes. The proofs

of the asymptotic results are relegated to Section 9.



2 Setting and Option Observation Scheme

Our inference is based on options written on an underlying asset whose price is denoted by X. The
asset and option price series are defined on the probability space (Q(O), FO), IP(O)), with (]_-t(o))tzo being
the associated filtration. We rely on “plain-vanilla” European call and put options. A call option gives
the owner the right to buy the underlying asset at a pre-specified strike price on the future maturity
date of the option, while the put option, similarly, gives the owner the right to sell at the strike price
at maturity. For each strike, we use either a call or a put price, since the put-call parity relation, which
holds in the absence of arbitrage, implies an exact linear functional relationship between these option
prices and the spot price of the underlying asset. Specifically, for each strike, we rely on the so-called
out-of-the-money (OTM) option price — the cheaper of the call and the put for the given strike — which
would be worth zero, if the option were to expire today. We denote OTM option prices by Oy - (k),
where t is the time the option prices are recorded, 7 is the tenor, or time to expiration, and k is their
log-strike price. The OTM option price, Oy -(k), is a call if & > log(F} +), and a put, if k& < log(F} ),
where F} ; is the time ¢ futures price of the asset with expiration date ¢ + 7.

Our data consist of options observed at time ¢ € T and expiring at time t+ 7, for 7 > 0 and 7 € T;.
Here, T denotes a finite set of observation times and, for each t € T, 7; represents the set of option

tenors available at that time. For each pair (¢,7), we observe N options with log-strikes given by,
kiy = kir(1) < kr(2) < - ko (N]) = ke (2)

The gap between the log-strikes is denoted A (i) = k¢ (i) — ki (i — 1), for i = 2,...., NJ. The log-
strike grid need not be equidistant, i.e., A; - (i) may differ across i’s. The asymptotic theory developed
below is of infill type, i.e., we keep the observation times, option tenors and associated strike range
fixed, while the mesh of the log-strike grid, sup;—y _ nr Ay (i), shrinks towards zero, as N] — oc.
Following common practice, we convert the option price into a Black-Scholes Implied Volatility,
or BSIV. The BSIV corresponding to Oy (k) is labeled x: (k). We note that x; (k) is a (known)

"7 O,r (k)
X

. . e . . . .
nonlinear transformation of , where r; - is the continuously-compounded risk-free interest

rate over [t,t+ 7|, and r; ; and X; are observed. We stress that we do not assume the Black-Scholes
model is true, but simply use BSIV as a convenient way of quoting the observed option prices.?

Finally, we allow for observation error, i.e., instead of observing r¢ (k¢ -(j)) directly, we observe,

71\t,7'(k3t,7'(j)) = K/t,T(kt,T(j)) + Ez{YT(j)ﬂ 61{,\,[7—(.7) = Ut,T(kt,T(j)) Ct],\:—(j% J= 17'”7NtT7 (3)

where oy (k) is an Ft(o)—adapted process, the sequence {Cé\;(j)}jzl is defined on a space Q) =

t>’<]I‘ >§_RR, and N refers to the cross-sectional infill sampling scheme. The space Q) is equipped with
el reTt

the product Borel o-field F!)| and transition probability PO (w(o) , dw(l)) from the original probability

2Similarly, coupon bonds are often quoted in terms of their annualized yield to maturity without the need to reference

any formal term structure or bond pricing model.



space Q) on which X is defined, to Q). We further define,
Q=00xo®  F=7O0xFO  PEw® do™) = PO(dw®)PD (w® dw®).

The observation error consists of two parts. The first component, ot (k¢ (7)), is .7-"t(0)—adapted and

)

captures the ]_-t(o - conditional heteroskedasticity of the observation error. The second component, Ct{VT,
is assumed independent of F(©) and has mean zero, but may be spatially dependent in the strike
domain. Specifically, for every t € T and 7 € T;, the sequence {CtNT () }j=1,...n7 is a stationary process,
when viewed as a random function of j. Furthermore, the observation errors {Ct’]\;(j)}jzl,m, Ny are
independent across different tenors and days, i.e., the errors are independent for (¢,7) # (¢, 7).
Since {¢{(j)}j=1,..n7 is stationary, we have, for any pair (t,7), that Cov(¢(/(j), ¢P(j — h))

depends on h, but not j, for h,j € N. The autocovariance function of {CtNT( J)}j=1,..,n7 is given as,

Ve (h) = Cov(C (4), Grw (G — 1)), h,j €N. (4)

Stationarity of the observation error component CtNT( j) implies that its covariance structure depends
only on the distance between the strikes (in terms of number of strikes on the observed strike grid), not
on the location of the points within the strike domain. This assumption may be weakened by allowing
the dependence in the observation error to be a function of the given region of the strike domain. We
also note that, in this asymptotic design, for any two fixed points in the strike domain, the dependence
between the observation errors of the corresponding option prices converges to zero, as the mesh of
the strike grid shrinks. Of course, in practice, we have a fixed strike grid, and the asymptotic setup
serves only as an approximation to this configuration for a fixed INJ. The situation is analogous to
the modeling of dependence in the microstructure noise, contaminating asset prices at high frequency,
see, e.g., Jacod et al. (2017) and Varneskov (2017).

In the current setting, our primary objective is to design a nonparametric test for the null hypothesis
of ¢ - (h) being identically equal to zero for any integer h # 0, i.e., that the observation errors feature

no spatial correlation.

3 Assumptions

Our theoretical results require assumptions for the true latent option price, the observation scheme

and the observation error. These assumptions are stated below.
Al. We have
|K/t,7’(kl) - Kt,T(k2)| S Ct ‘kl - k2‘7 k17k2 S [Etﬂw%t,TL te TJ T E 7;7 (5)

where Cy is a finite-valued ]__t(o)_ adapted random variable.



A2. The log-strike grids {k:(j)) ;»V:gl are ]__t(o)_ adapted, and we have,

C/A < Ap(j) < CiA, j=1,..,N/, teT, 7€T, asAL0, (6)

where 0 < C, < Cy are finite-valued ]__t(o)_ adapted random variables, and A is a deterministic sequence.
In addition, for some arbitrary small { >0 as well as t € T, and 7 € Ty, as A |0,

sup Airlg) _ btk ()| = 0p(AY?2),  [NTA — 97t = o,(AY?), (7)

§=2,..,NJT A

where Yy ; and Y . (k) are }'t(o)-adapted variables and functions, respectively, that are bounded from

above and below for allt € T and T € Ty, and Yy - (k) is continuously differentiable in k.

A3. The function o, .(k) is continuously differentiable in k, for t € T and 7 € T;. The sequences
{Q,]\[T(j)}jzl,...,N{ are defined on QW) are independent from F) and for different pairs (t, 7). More-
over, B(CI()) = 0, E(GY.(7)%) = 1, and E(CX.()|*) < oo, for some s > 0.

A4. For every (t,7) and N] € Ny, we have C{YT(]') = D e 0o Byt (j — g), where the sequence
{vi.+(9)}gez is defined on QW s independent of F©), is i.i.d. across t, T and j, and has moments
E(vir () = 0, E@Z,(7)) = 1 and E(v{,(j)) = n < oc. Finally, 22 ___ |¢,] < oc.

We briefly discuss these assumptions. Assumption A1l imposes Lipschitz continuity on the true
option price. Note that Cy in equation (5) is a random variable and, therefore, A1 is satisfied, whenever
the density of the conditional (risk-neutral) return distribution is continuous. Assumption A2 concerns
the asymptotic behavior of the strike grid. In stating this assumption, we introduce a reference
deterministic sequence A — 0, which may be interpreted as the “average mesh” of the log-strike grid.
We note, however, that A does not appear in the feasible versions of the limit results, we develop
below. Assumption A2 allows for a non-equidistant strike grid, and the function v - (k) controls the
sampling frequency in the strike domain (for given ¢ and 7) relative to the benchmark grid. Similarly,
¢ captures the relative sampling frequency across maturities on a given day. Assumptions A3 and A4
concern the observation error. In Assumption A3, we assume the error is F(©)- conditionally centered
at zero and that F(©)- conditional moments above four exist. In Assumption A4, we require that
CtNT( j) is an infinite moving average, viewed as a process in j, with absolutely summable coefficients.
This assumption can likely be relaxed to cover all stationary processes, but such an extension seems
inconsequential from a practical point of view, as measurement errors in derivatives data, typically,
have limited spatial dependence, readily accommodated through Assumption A4.

We note that Assumption A4 implies the dependence between two observation errors on the ob-

servable strike grid depends not on the distance between strikes, but on the number of available strikes



between them. When the strike grid is irregular, the dependence between observation errors with the
same distance in terms of strikes can differ due to the different denseness of the strike grid in separate
regions of the strike domain. A possible extension of Assumption A4, in this case, would be, similarly
to Robinson (2011), to let the moving average coefficients ¢, in Ct{VT (j) = Z;’;_Oo &g Vt,+(j —g) depend
also on j. This extension adds a layer of complexity to the analysis since stationarity of (; is no
longer preserved. We do not pursue such a generalization of Assumption A4 here because the strike

grids are approximately equidistant for the option panels typically available.

4 Nonparametric Recovery of Spatial Dependence in the Error

We are now ready to develop our inference techniques for measuring the spatial dependence in the
observation error. We do not observe the true (theoretical) option price directly, and we prefer to
avoid imposing potentially misspecified parametric assumptions for it. Therefore, we instead exploit
the infill sampling scheme along with Assumption A1l ensuring smoothness of the true option price

ki (k). In particular, we rely on the following estimate of the option error,

) = \/g(wkmu»—g(@t,xkt,T(j—1>>+@t,7<kt,T<j+1>>)), j=1,, N — 1,

2 (N 1 ®)

~ \/; (et,kau)) — 5 (e Crer (G = 1) + e e (G + 1)))),

where the approximation above makes use of Assumption Al, with the precise statement of this type
of relation provided in the proofs. The scaling by 1/2/3 in equation (8) is just a normalization of &)
ensuring that we have Var(’e}JYT (HFO) ~ 07, (ki7(j)) in the leading case of no spatial dependence in
the option observation error. Of course, @NT (7) is not a consistent estimator for the observation error at
a given point in the strike domain. It is rather a consistent estimate for the second-order difference of
the observation error (viewed as a function of the strike of the option it is attached to) for a given strike.
Nonetheless, cross-sectional averages involving EI{YT (j) can form the basis for consistent estimation of
the spatial dependence in the observation error. Specifically, using E}]YT (j), we form estimators of the

covariance in the option error, across the strikes, via,

NP1

- 1 N N

Xt,r(h) = NT_h_3 Z (e (j—h), heN. 9)
b j=hy2

In the next section, we establish the following convergence in probability,

~ 2 (3 1 1
Xtﬂ'(h‘) L g <§ ’Yt,T(h) - FVt,T(h + 1) - FVt,T(h - 1) + Z'Ytﬂ'(h - 2) + Z’yt,T(h + 2)>



The autocovariances 7 -(h £ 1) and v ,(h = 2) appearing in the probability limit of X ,(h) reflect
the second-order differencing of the option price in the construction of E}NT(]) The quantities ¥y ,
and v - (k) naturally impact the limiting value, because they capture the relative denseness of the

strike grid, as formalized through Assumption A2. Generally, ¥J;, and f,f((tt:)) Y- (k) o7 (k) dk are

random, as they may differ from one day to another and across different option tenors. Nevertheless,

the following correlation coefficients have scale-free and nonrandom probability limits,

—~ X\tT(h)
- = L 11
pt7 (h) Xt,T(O) ( )
with
Sqir(R) = (h+1) —yr(h—1) + Ly (h—2) + Ly (W +2
o) B oy = A et D — b= D) 4 e =2 e htD)

’ 3 97(0) = 279+ (1) + 5 71,-(2)

where 27, -(0) — 2.+ (1) + 37,,-(2) equals Var (e7-(j) — 0.5el(j — 1) — 056 (5 + 1)|]:(0)) > 0 up to
a proportionality factor given by an F(?)- measurable random variable.

The second-order differencing of the option price induces spatial dependence in the estimate @NT (9),
even if the option observation error is independent across strikes. Specifically, under the null hypothesis

of no spatial F(©)- conditional dependence in the observation errors, Pr.r(h) takes the form,

-2, if h =1,
pd(h) = L ifh =22, (13)
0, ifl|h|>2.

Hence, deviations of p; (k) from p™?(h) are indicative of spatial dependence. Given the normaliza-
tions in Assumptions A3 and A4, the null hypothesis of no spatial dependence implies that ¢(L) =

Z;‘;_ oo $gL9 = ¢g = 1. Consequently, we may characterize our null hypothesis as follows,
Ho: (L) =1 <<=  p..(h) =p™(h), for heN. (14)

Remark 1. In the estimation strategy outlined above, we draw inference for the dependence in the
option observation errors based on the second-order difference of the latter. This is carried out to
account for the unknown k- (k) in the observed option price but, naturally, leads to a loss of informa-
tion when compared to the infeasible case, where inference is based directly on the option observation
errors. Qur choice of second-order differencing of the observed options implies that we rely on a linear
approximation for the true option price between the two surrouding observations in the strike domain.

Alternatively, inference may be drawn based on first-order differencing, which will lead to a smaller
loss of information about the option errors relative to second-order. However, it also implies that
a larger bias will impact the estimation, stemming from the changes to the true option price as a
function of its strike. This feature arises since the first-order differencing of observed options rests on

an approximation that the true option price is constant over two consecutive strikes.

10



Remark 2. An alternative to the differencing approach adopted in this paper is to construct a kernel-
based estimate of the true option price al a given strike from neighboring option prices. When the
estimate is subtracted from the observed option price, we may work, asymptotically, as if the option
error is directly observable since the estimation error for the kernel-based estimate of the true option
price will be of higher order (due to the local averaging).

However, for such an inference strategy to work well in practice, i.e., to generate an inconsequential
bias from the estimation of the true option price, we require the latter to be approximately constant
over the local window from which it is recovered. Empirically relevant option pricing models, including
the one used in our Monte Carlo experiments, typically generate a lot of movement in the true option
price across nearby strikes (particularly around the money) given the strike grids available in existing

derivatives markets. For this reason, we rely on the second-difference approach developed above.

5 Inference for the Nonparametric Estimators

This section provides theoretical results regarding the inference for the spatial autocorrelation in the

option observation error, and it introduces our Portmanteau test for spatial dependence.

5.1 Limit Theory

In order to design a test for spatial dependence, it is necessary to derive limit theory for p; -(h). To

this end, we first present a consistency result for the spatial autocorrelation estimator.

Theorem 1. Under Assumptions A1-A4, it follows that,

Prr(h) = Pro(h), VhEN, (1)

fort and T fixed, and A — 0.

We next present a Central Limit Theorem (CLT) associated with this convergence in probability
under the null hypothesis of no spatial dependence in the observation error, i.e., when the observation

error is F(O)- conditionally independent across strikes.
Theorem 2. Under Assumptions A1-A4 with ¢(L) = E;O:_oo ¢gL9 =1, it follows that,

1 ~ in —$ in
7A ({pt,r(h)}hzl,...,H —{p d(h)}hzl,...,H) £ (Mf; H2 %Y, (16)

fort and T fized, and A — 0. Y, . is an H x 1 vector of standard Gaussian random variables, defined
on an extension of the original probability space, independent from F. The asymptotic covariance

matrixz Mf T’md is provided in equation (43).

11



The (random) covariance matrix MH yind depends on the F(©)- conditional volatility of the obser-

vation error as well as limiting features of the sampling scheme (¢ -(k) and ¥ ») through the ratio,

Q! ) fk(tr Vir (K)ot (k)dk B fk( 1/;” J”(/.C)dk. -

2 \2
(Qt’T) (ﬁt,T kk(tt: th T( )Ut T(k)dk) ( ]f((tt i ¢t T O-t T(k)dk)

This term does not feature in the limiting distribution of estimators for the autocorrelation of stationary
time series with conditionally homoskedastic errors, see, e.g., Theorem 7.2.1 in Brockwell and Davis
(1991). It appears in the asymptotic variance MtH T’ind, because the option observation errors display
FO)_conditional heteroskedasticity. This feature is important, as the magnitude of the observation

error varies with the volatility of the underlying asset, and fluctuates significantly across time.

5.2 Towards Feasible Inference and Testing

The fact that MH nd is random implies that the limiting distribution for the autocorrelation estimator
is mixed Gaussian. Feasible implementation of the CLT in Theorem 2 requires that we construct a

consistent estimate of MH ind

and utilize the fact that this convergence result holds stably. The latter
allows to use Slutsky’s theorem, even if the convergence in probability is to a random variable.® To
estimate MH yind

spatial dependence in the observation error. For the denominator, we may simply use X¢ -(0). For the

, we must estimate the ratio in equation (17). This is carried out under Hy of no

numerator, we make use of the following class of estimators, as a function of h,

N -1
Lol = i Wpmrs O 0 @G- (18)

The intuition behind this estimator is as follows. First, if A = 0, then for any k € Z, and under H,,

N7-1 \
1 o ] .
N —h-2 ;2 Gt & E ((g{i(k:) =) Mk —1) - 5@{1(;{; n 1)> f(o>>

k(t,7)

<t [ ) o () dk,
E(t7)

and from Assumptions A3 and A4, we note that, under Hy, the random variables Ct’NT(j) are i.i.d.

The constant E ((CtNT( ) —0.5¢ (G —1) = 0.5¢Y.(j + 1 )4 |]—'(0)) depends on the unknown fourth and

cross-product moment of ¢ N (j). To avoid these terms, we consider products of second powers of € €, N (4)

for different values of j, and exploit the smoothness of oy (k) from Assumption A3, plus the fact that
2E ((CtNT(j) -G -1 -3¢ G+ 1))2 \,7:(0)) = 1, due to ¢/.(j) having unit FO)_ conditional

3In Slutsky’s theorem, X, £, X and Ya BLE 7 implies X, Yx - XY, provided Y is non-random. If X, £ X,
then the Slutsky theorem can be extended to the case where Y is random.
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variance by Assumption A3. Specifically, under H,

Ny -1 "
1 t , b R(t.7)
s O @@ -n? D v [ ol Bdk b2 (9)
t ]:h+2 E(tﬂ—)

By imposing h > 2, we avoid overlap between the options entering into ?ﬁYT(j) and E\é\g(j — h).
Hence, they are F(©)-conditionally independent under Ho. Now, equation (19) follows by apply-
ing the conditional moment results for X -(h) in Lemmas 3 and 6 as well as Assumption A2 to show
1/(A(N] — h—2)) LN V¢ r. Thus, by collecting results, it follows that, under Hy,

2(0) 5 Q2 Li-(2) 5 o, (20)

and, hence, the ratio in equation (17) may be estimated via EALT(Q) /X#-(0). Utilizing this relation, we

— H,ind
define Mt Tm = {./\/lmd(h, g)}f g1 With elements given by,

- Ly (2
FM2h,g) = Wi(hg) x S5 (1)
Xt,T(O)
—~ H,ind
where W4 (h, g) is a matrix of constants, provided in equation (43) of the proofs, and Mt Tm is our

H,ind

consistent estimator of M, ™" under H, of no spatial dependence in the observation error.

5.3 Bias Correction

Before stating the feasible CLT, we bias-correct our estimator. Specifically, p; - (h) is biased due to the
variability of X -(0) and Xt ,(h) as well as the nonlinear transformation of these quantities in forming
pi+(h). Although the bias is asymptotically negligible and has no effect on the CLT, it affects the

estimation in small samples. Hence, we construct the bias-corrected estimator of p; . (h),

Xt T(h‘) — 1 —_—
2 0F Acovi+(0,0) + =——= Acov;-(0,h), (22)

~BC o~
P (h) = prr(h) —
b ( ) b ( ) XtT(O)

where Pfc-aft;(h,g) A/caf(it;(h),@;(g)) is a consistent estimator of the asymptotic covariance

~

between X -(h) and Xy (g), defined as,

AT Reovie(hyg) = (i =3 % Lir(2)) 9™ (R) p™(g) (23)
+ Lir(2) Y {dE) s+ h—g) + P s+ h) s — )}

and for which the fourth moment of the observation error is estimated via,

ot
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5.4 The Feasible CLT

We are now in a position to state a feasible CLT result. To this end, let 0z and I'y be an H-dimensional

vector of zeroes and an H x H identity matrix, respectively.
Corollary 1. Under the conditions of Theorem 2, it follows that,

e (M) (B Wbt — (0 mrat) SN Q). (29

Importantly, Corollary 1 shows that the bias-correction has no first-order impact on the central
limit theorem and that the consistent estimator of the conditional asymptotic covariance matrix, in
conjunction with the scale 1/v/A, normalizes the statistic. Moreover, despite the reference mesh of
the strike grid A appearing, when defining the bias correction and the conditional variance estimator,
it cancels from the relevant expressions when constructing test statistics using equation (25). To see
this, note that Et,T(h) depends on A1, thus vanishing when computing @w(h, g) in equation (22)
as well as when using the unnormalized variance estimator, A .//\\/lf ;ind. Hence, for feasible inference,
A is not needed. It merely represents a convenient way of conveying the convergence rate for our

estimator.

5.5 Tests for Spatial Dependence in the Observation Error

This section leverages the (feasible) limit theorem and presents our test for the null hypothesis of no
spatial dependence in the option observation error. Given the limit result in Corollary 1, a natural

candidate test for this hypothesis, based on the first H autocorrelations, is given by,

. Iy~ Hji -1 .
L (FPCOML, — o™t ) (M™) (GECMYL ~ (™ L) . (26)
This self-normalized test statistic may be considered an option analogue of the corresponding statistic
in Dalla et al. (2019) for examining the null hypothesis of white noise in time series, that can exhibit
heteroskedasticity and general forms of dependence. Importantly, from Corollary 1, equation (26)
converges in law to a x?(H) distribution, rendering it readily implementable in practice.

However, the finite sample performance of a test based on equation (26) depends on the sample
correlations between the elements of the vector {ﬁtBTC (h)}n=1,..n being well approximated by their
asymptotic counterparts. In particular, for the relatively small sample sizes available in a typical
application to option data, including the sample of S&P 500 options considered below, this type of
approximation may be inadequate due to a non-trivial impact of higher-order biases.

As a result, we suggest working with an alternative test, that does not depend on the cross-products
/’)\tl?f(h) ﬁf’f (g), for h # g. Our test can be viewed as a heteroskedasticity-adjusted Box and Pierce test.
That is, it is defined as the sum of squared differences between the estimated spatial autocorrelations

/’)\tl?f(h) and their asymptotic limits under the null hypothesis of no error dependence, adjusted by a
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scaling factor to account for heteroskedasticity in the series. More specifically, the proposed test takes

the following form,
~ 1 551&27—(0) z ~BC ind 2
Q= L3k PEC(h) — p™(h))?, 27
‘ A7) };( tr (h) (h)) (27)

where p"d(h), defined in equation (13), equals the probability limit of ﬁgic(h) in the absence of F()-

conditional spatial dependence in the observation error. By Corollary 1 and equation (21),
Q1L L y'wiindy, (28)

where Y is an H x 1 vector of standard Gaussian random variables and W#ind = fyyHind(p_ g)}hH g=1
with Wind(h, g) being a matrix of constants, provided in equation (43). The limiting distribution of
@t{i is time invariant and known. We denote its (1 — ¢)’th quantile by,

qr(¥) ={z e Ry U0 : P(Y' WY > 4y > 9,

which can be easily computed via simulation. We have the following formal size and power result.
Theorem 3. Under Assumptions A1-A4, it follows that for t and T fixed, as A ] 0,

(a) If Ho : ¢(L) =1 holds, P(QF > qu(9)|F®) — .

(b) If Ha: ¢(L) # 1 holds, IH > 1 sufficiently large, so that ]P’(CA?,{{T > qH(19)|f(0)) — 1.

Implementation of the test (27) requires a choice of H, which involves a size-power tradeoff. Specif-
ically, from equation (13), we have non-trivial theoretical predictions for the first two autocorrelations
under Hg. Hence, to ensure proper size of the test, we must choose H > 2. However, the addition
of, possibly many, insignificant higher-order autocorrelations will reduce test power. Consequently, we
may want to restrict H to only exceed two slightly. We implement the test with H = 4 in a numerical

exercise below and find that it has excellent finite sample properties in empirically realistic settings.

5.6 Extensions

The estimation precision and the power of the spatial dependence test may be increased by pooling

option data across tenors and dates, leading to the following set of correlation coefficients,

Z)\’]I‘ ’T(h) — ZtGT ZTG'Tt 5<\t77(h)
7 Zte’ﬂ‘ ZTeTt 5&,7(0)

(29)

Then, to draw feasible inference, we utilize the fact that, per Assumption A4, we have F(©)- conditional

independence between observation errors for options with different tenors and /or recorded at different
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times. Hence, we may define the aggregated bias-corrected estimators analogously,

~ Z Z’T + X\t T
prr(h) = prr(h) — e 72 2 Acovis(0,0)
(Zte’]l‘ ZTeTt Xt, (0 ) teT 7€T;

+ L Y Reovis(0h), (30)

(ZteT ZreTt Xt,~(0 ) teT 7€T;

and the associated estimate of the asymptotic variance by,

_ i > ter 2rer; L1,7(2)
b - ~ 2 ?
(ZteT ZreTt Xtﬂ'(o))

— H,ind

Wiind = (yyHind(p g H (31)

With this notation, applying Corollary 1 and exploiting the F(©-conditional independence in the

observation errors across time and tenors, we have, under no spatial dependence in observation errors,

VA

Finally, we may similarly extend our test statistic as,

(M) (b~ b ) S NOa T ()

A (ZteT 2767 Xt T O) 2 Z d
QH 1n h , 33
B ZtET ZTE T ~t 7(2 h=1 ( ) ) ( )

with its limit distribution being the same as that of @tHT

Remark 3. Our pooling together of cross-sections of options across different time periods and tenors
is based on the premise that the associated errors are uncorrelated. Following Dalla et al. (2019), we

can also construct a cross-correlation test of such a hypothesis.

6 Monte Carlo Study

This section provides simulation evidence focused on the finite-sample performance of the spatial

correlation estimator defined in equation (30) and the Portmanteau test statistic in equation (33).

6.1 Setup

The numerical experiments rely on the double-jump stochastic volatility model introduced by Duffie
et al. (2000) and studied empirically in Broadie et al. (2007). Specifically, the risk-neutral dynamics

of the stock price in this model obey the stochastic differential equations,

dXi

- = (re — 0)dt + /VidWy +dLyy,  dVi = kq (T — Vi) dt + 0q/VidB; + dLy, (34)
t—
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where (W;, By) is a two-dimensional Brownian motion with corr (B, W;) = pg, (Lg ¢, Ly +) is a bivariate
compound Poisson process with intensity A;, and L, ; is demeaned, making it a jump martingale. The
marginal distribution of volatility jumps, Z,, is exponential with mean p, , while jumps in the log-price,

log(Z; + 1), are Gaussian with mean p, + p;Z, and standard deviation o,, conditional on Z,.
Although our inference procedure only requires a characterization of the data generating process
under the risk-neutral measure, the dynamics of the state variables must be generated from the true
(statistical) probability measure in the simulation experiment. For simplicity, we assume X belongs to
the same parametric model class under the statistical (P) and risk-neutral (Q) measures. In addition,
following Broadie et al. (2007), we impose p; = 0. Finally, for convenience, we also let r, = §; = 0.

Table 1 reports the full set of parameter values used in our numerical experiments.

Under P Under Q
Parameter Value Parameter Value | Parameter Value Parameter Value
0d —0.4600 Aj 1.0080 0d —0.4600 Aj 1.0080
T 0.0144 Ly —0.0284 T 0.0144 Ly —0.0501
Kd 4.0320 O 0.0490 Kd 4.0320 O 0.0751
o4 0.2000 Loy 0.0315 o4 0.2000 Lo 0.0930

Table 1: Parameter Setting for the Numerical Experiments

In the simulations, we price options on an equispaced log-moneyness grid, covering the range
[—4,1] - cATM /7, where 0T is the at-the-money Black-Scholes implied volatility (ATM-BSIV) on a
given day. This results in a time-varying range of moneyness, depending on the level of volatility, which
mimics the corresponding trait in actual option data. For the volatility of the option error, we follow
Andersen et al. (2015) and set ot (k) = 0.5¢ ke - (k)/Qo.995, with ¢ denoting the estimate from a
kernel regression of the relative bid-ask spreads of SPX options used in our empirical application against
their volatility-adjusted log-strike, and Qq.g95 signifying the 0.995-quantile of the standard normal
distribution. This specification of oy (k) allows for significant time-variation of the (conditional) noise
variance, depending on both the level of volatility and the moneyness. The errors {CtNT (j)}j=1,...n7 are
generated as jointly normally distributed variables with mean zero and variance one. When studying
dependence under the null hypothesis, they are independent. In addition, we consider two alternative

specifications that accommodate spatial dependence in the observation errors,
e Alternative (A1l): For V(t,7), Ct’NT (7) is an MA(1) process with moving-average parameter 0.5.

e Alternative (A2): For V(t,7), (/.(j) is an AR(1) process with autoregressive parameter 0.5,

17



Finally, we consider three different scenarios for the option observation scheme,
e Scenario 1: |T| =1, |T;| =1, N =500 and 7 = 15 days,
e Scenario 2: |T| =1, |T¢| =1, N =50 and 7 = 15 days,

e Scenario 3: T consists of 21 consecutive days, |7¢| = 1, N/ = 50 and 7 = 15 days.

6.2 Simulation Results

We start by assessing the finite-sample performance of the feasible CLT for ﬁ%g—(h) under the null
hypothesis. Figures 1, 2, and 3 show the histograms of (ﬁ%g-(h) — pind(h)))/\/A Mﬁ’i;ld(h, h), for
h =1,---,4 on the basis of 1,000 Monte Carlo replications under the null hypothesis of no cross-

sectional dependence in the observation error. Figure 1 shows that the feasible CLT for ﬁ%g—(h) works
very well in the setup of Scenario 1, for which we have a lot of option data on a single day. For Scenario
2, Figure 2 reveals a slight upward bias at lag 1 and a downward bias at lag 2. Relative to Scenario
1, Scenario 2 has a much coarser strike grid, so the quality of our asymptotic expansions worsens
somewhat, as the true option price displays more variability across adjacent strikes, rendering the
underlying approximation in equation (8) less accurate. Finally, Figure 3 shows there is an upward bias
at lag 2 under Scenario 3, contrary to a slight downward bias at that lag under Scenario 2. Scenarios
2 and 3 have the same denseness of the strike grid, but Scenario 3 utilizes data across multiple days,
corresponding to different realizations of the latent stochastic volatility, leading to additional variation
in the true option price. Hence, the pooling of option data across volatility regimes will naturally
generate a different behavior for the correlation coefficients under Scenarios 2 and 3.

Overall, the finite-sample performance of our feasible inference for the spatial autocorrelations is
very good. This conclusion is further corroborated by comparing empirical coverage rates for the
confidence intervals of these quantities, reported in Table 2, with their nominal levels. In all the cases
we consider, the empirical coverage rates are very close to their nominal counterparts.

We next explore the finite-sample behavior of our Portmanteau test for cross-sectional dependence
in the observation error. We set H = 4 in our implementation, i.e., we use the first four autocorrela-
tions. The results are reported in Table 2. In all three scenarios, the rejection rates of the test under
the null hypothesis are very close to the nominal size. The test appears only mildly undersized for the
5% and 1% size under Scenario 3. In terms of power, not surprisingly, Scenario 2 is the weakest. This
scenario relies on a single cross-section of 50 options on one day. For the identical denseness of the
strike grid, we gain significantly more power in detecting spatial dependence in the observation errors
by pooling data across days, as evident from the results for Scenario 3. Of course, by pooling option

data across days, we can make inference only about the average correlations across the days used in
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Figure 1: Finite-sample distribution of (ﬁ%g—(h) - pind(h))/\/A X/l\qlr{’i;d(h, h) under Ho for Scenario
1. The solid line corresponds to the pdf of the standard normal distribution, while the dashed vertical
line originates at zero. The histograms are computed from 1,000 Monte Carlo replications.

the test. This seems, however, to constitute a reasonable compromise in settings for which we may
not have enough option data available each day to obtain sufficient test power.

Finally, we repeated the above Monte Carlo study with the identical setup, except that we replaced
7 = 15 days with the longer maturities of 7 = 90 and 7 = 250 days. The performance of the test for
the longer-dated options is very similar to the one for the short-dated options reported in Table 2.

These results are omitted for brevity.

7 Empirical Application

We now apply our newly developed inference techniques to study the dependence in observation errors
for options written on the S&P 500 index. These options are European style and trade on the CBOE
with ticker SPX. The data consist of closing bid and ask quotes and are obtained from OptionMetrics.
We take the mid-quote as our observed option price. The sample covers January 2007 — December
2014. We apply standard filters. First, we retain only options with a tenor below one year, as longer

maturity contracts are less liquid. We do, however, retain very short-maturity options, as they become
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Figure 2: Finite-sample distribution of (ﬁTBg—(h) - pind(h))/\/A X/l\qlr{’i%ld(h, h) under Ho for Scenario
2. The solid line corresponds to the pdf of the standard normal distribution while the dashed vertical
line originates at zero. The histograms are computed from 1,000 Monte Carlo replications.

very liquid in the recent part of the sample, see, e.g., Andersen et al. (2017). Second, for each day and
maturity, we compute the implied futures price on the underlying index using put-call parity. For this
purpose, we retain only cross-sections with, at least, five put-call contracts with the same strike price.
We then extract the futures price from the full set of put-call pairs with identical strikes.

Table 3 provides summary statistics for our final dataset. Importantly, the moneyness range,
expressed as standard deviations from the futures price, covers on average the interval [—5, 2] and the
average number of available options per maturity is between 37 and 96. This resembles the setup for
our numerical experiments in Section 6.

In our empirical application, we pool all options within a month, corresponding to the sampling
scheme described by Scenario 3 in Section 6. Moreover, we explore short- (7 < 31), medium- (31 <
7 < 180), and longer-dated (180 < 7 < 365) options separately to examine features of the option
surface. This categorization of the maturities is standard within the broad option pricing literature;
see, e.g., Christoffersen et al. (2012) and Babaoglu et al. (2017), among many others.

The results from our test for spatial dependence in the option observation errors are reported in

the last panel of Table 3. We draw several conclusions. First, there is evidence of spatial dependence in
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Figure 3: Finite-sample distribution of (ﬁ%g—(h) — pmd(h))/ \/ A M\{r{ ’iTnd(h, h) under Hy for Scenario
3. The solid line corresponds to the pdf of the standard normal distribution while the dashed vertical
line originates at zero. The histograms are computed from 1,000 Monte Carlo replications.

the option observation error. It is weakest for the short-dated options and strongest for the long-dated
ones. Second, the dependence has declined over time for short- and medium-dated options, while it
remains largely unchanged for longer-dated options. These patterns are visualized in Figure 4 which
plots the time series of the test statistics along with the corresponding 5% critical values.

To further assess the evolution of the spatial dependence in the option observation error over time,
Figure 5 depicts the first two autocorrelation coefficients centered around their value under the null
hypothesis of spatial error independence, p; (1) — p™4(1) and p;(2) — p™4(2), as well as an estimate
for the average (across strikes) absolute value of the option observation error. Consistent with our
evidence from the test reported above, the spatial dependence in the option observation error has
declined markedly over time for the short- and medium-maturity options, while it appears roughly
constant for the ones with long tenor.

To provide a context for the reported figures we note that, in the case of spatial MA(1) dynamics
for the observation errors with MA coefficient of 6, we have,

70 —4 1—46 - 0

(1) = —— and p,.(2) = — where 0 = ——.
pt,T( ) 6 — S0 pt,T( ) 6 — S0 92+1
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Scenario 1 Scenario 2 Scenario 3

90%  95%  99% |  90%  95% = 99% | 90%  95%  99%
Under the Null
N1 90.80 94.90 99.20 87.90 93.20 98.20 90.30  95.80  99.20
P2 91.00 95.70 99.10 94.00 98.30 99.90 91.30  96.00  99.80
03 91.40 95.20 99.30 91.00 96.20 99.50 91.60  97.20  99.60
D4 91.20 95.50 98.50 90.80 95.10 98.60 92.20  96.80  99.50
Test Size 870 4.80 1.00 9.70 4.30 040 9.40 3.10 0.50
Under the Alternative
Power A1 (MA 0.5) 99.70 99.40 95.90 35.30 16.70 1.70 100.00 100.00 100.00
Power A2 (AR 0.5) 49.40 32.20 8.10 15.10 7.00 0.70 83.00 66.30 31.90

Table 2: Simulation results for short-maturity options. Rows 1-4 provide coverage rates for two-sided
confidence intervals for the autocorrelation coefficients under the hypothesis of no spatial dependence
in the observation errors. Rows 5-7 give rejection rates of the non-central Chi-square test for no spatial
dependence in the option errors, under the null hypothesis (test size), and the alternatives Al and A2
(test power), respectively.

Therefore, the reported autocorrelations for the short-maturity options are consistent with an MA(1)
model with 6 around 0.45 for the first half of the sample and 6 around only 0.03 for the second half,
reflecting the significant decline in the persistence of the observation error. In contrast, the evidence
for the long-dated options cannot be rationalized with an MA(1) model, as the latter is incompatible
with a large value for p; (1) — p™4(1) and, simultaneously, a small value for p; -(2) — p™4(2). Hence,
the dependence structure for these options is more complex. We further note the fairly dramatic drop
over time in the size of the observation error for short- and, to a lesser extent, medium-dated options.
A possible explanation is the strong improvement in the liquidity of the market for shorter dated
options over the latter part of our sample. As discussed in Section 1, improved liquidity should lower
the exposure of the market makers to inventory risk and—all else equal-reduce the size of the bid-ask
spreads. Consistent with this prediction, Figure 6 documents a sizable drop in the spreads for the
short-dated options over the sample period, while the decline is more modest for the medium-dated

options, and barely noticeable for the longer-dated ones.

8 Conclusion

In this paper, we develop the first procedure for nonparametric inference regarding spatial dependence
of option observation errors. It is based on a panel of option prices with different strikes and tenors
written on a given underlying asset. The asymptotic design is of the infill type — the set of times and

tenors at which the options are observed remains fixed, while the strike grid mesh becomes finer. In
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2007-2010 2011-2014 2007-2014

Q05 moneyness short -5.85 -7.06 -6.45

Q05 moneyness medium -5.11 -7.05 -6.07
Q05 moneyness long -4.06 -6.29 -5.17
Q95 moneyness short 2.19 1.86 2.03

Q95 moneyness medium 2.00 1.70 1.85

Q95 moneyness long 1.68 1.44 1.56

# maturities short 21.49 62.52 41.78
# maturities medium 88.57 137.00 112.53
# maturities long 65.91 87.50 76.59
# options short 74.03 79.46 78.05
# options medium 65.60 90.50 80.59
# options long 36.98 49.71 44.17
Test rejection rate short (%) 38.30 19.57 29.03
Test rejection rate medium (%) 97.87 78.26 88.17
Test rejection rate long (%) 93.62 97.83 95.70

Table 3: SEP 500 index option data description and test results. The table reports: (i) the time
series average of the 5th and 95th monthly quantiles of the moneyness range, measured in units of
Black-Scholes Implied Volatility from at-the-money, in rows 1-3 and 4-6, respectively; (ii) the average
number of maturities per month in rows 7-9; (iii) the average number of options per maturity in rows
10-12; and (iv) the 5% rejection rates for our Portmanteau test in rows 13-15. Short, medium, and
long refer to options with maturities less than 31, between 31 and 180, and more than 180 calendar

days, respectively.
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Figure 4: Tests for spatial dependence in observation error for S&P 500 index options. The shaded
area represents the acceptance region of the test at the 5% critical level, while dots indicate the value
of the test statistic. The left panel corresponds to options with maturity up to 31 calendar days, the
middle panel to options with maturities of 31-180 days, and the right panel to options with maturities
of 181-365 days. The value of the test and the test critical level are reported on a logarithmic scale.

this setup, we develop estimators for the spatial autocorrelation of the observation error by using a
second-order difference of the option price as a function of its strike. We derive a feasible CLT for
the spatial autocorrelations, with the limit distribution being mixed Gaussian. Exploiting the newly
developed limit theory, we propose a Portmanteau test for the presence of cross-sectional correlation
in the option observation errors. The proposed inference procedures are evaluated on simulated data
and used to study the spatial dependence in the observation errors for S&P 500 index options. We
find evidence of limited dependence, but also note that the spatial dependence at short tenors has

declined sharply in recent years, as the liquidity of trading in short-dated options has improved.

9 Proofs

This section contains definitions of various quantities given in the main text as well as the proofs of
the theoretical results. Before proceeding, however, let us introduce some general notation to be used
throughout the proofs. First, denote by K a generic constant, which may take different values from
line to line and from (in)equality to (in)equality. Similarly, we let K; denote a generic finite-valued
and Ft(o)—adapted random variable that can take different values in different places. Finally, we will

be using shorthand notation e,{YT(k:t,T(j)) = eéYT(j) and,
_ . 2 . Eé\,[T(j - 1) + 6277'(]. + 1)
6115\,[7'(]) = \/;<6i\,77(]) - < 9 )
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Figure 5: Autocorrelation coefficients and size of observation errors for SEIP 500 index options. The
top panels display the differences p; (1) — p'"4(1) and p; - (2) — p4(2). The bottom panels display the
average absolute value of the option observation errors across strikes. The left column covers options
with maturity up to 31 calendar days, the middle one covers options with maturities of 31-180 days,
and the right panel covers options with maturity of 181-365 days.

N7 -1 N7 -1
_ _ 1 — N . B 1 e N N v
Xt,r(h) = N —h-2 Z e (e (i —h), @ir(h) = N —h-2 Z - (0)en-(J — h),
j=h+2 j=h+2
2/(3 1 1
Yir(h) = < < Yer(h) =y (h+1) =y (h—1) + Z’)’t,r(h —2)+ Z’)’t,r(h + 2)> 3
N AN (G- + G+
\/7Ct7' UtT ] ) Ct],\:'(j) = Ctj,\/;'(]) - ( - 92 d >7
N7 -1
= — - N —
Y (h) = 7 _h_2j§+2etT<a> (G—h). heEN,

k(tT)

E(t,T)
0t =i, [ e (bodi k. QL= [ (0ol )k

E(t,7) k(t,T)
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Figure 6: Average bid-ask spreads for SEP 500 index options. From left to right, the panels display the
average size of the percentage bid-ask spread for short-, medium- and long-dated options, respectively,
as a function of log-moneyness. The bid-ask spread is measured in units of implied volatility, with IV,
and IV, being the Black-Scholes Implied Volatility computed at the ask and bid prices. Each panel
displays the results for 2007-2010 and 2011-2014 separately.

9.1 Moment Definitions

For any h,g € N, define the F(©)-conditional asymptotic covariance between @ +(h) and @ - (g),

Ct,T(h7g) = Vt,T(hag) X Q?,T? with (35)

oo
Vir(h, 9) = (n = 3)y,- (W), (9) + Z {’Yt,r(S)’Yt,T(S +h—g)+v(s+h)y-(s - 9)}
s=—00

Note that the structure of (35) is reminiscent of the corresponding asymptotic covariance for depen-
dent, yet stationary processes, given in Proposition 7.3.4 of Brockwell and Davis (1991). The main
differences between their expression and the asymptotic covariance in (35) is that we estimate spatial,
not time series, autocovariances, the variances of the individual observations are F (0)—conditionally het-
eroskedastic, and the option “error” observations, whose dependence we are interested in estimating
and testing for, are measured with “noise”; namely, the latent BSIVs.

For the asymptotic covariance between Xt r(h) and Xt ,(g), define @ = (3/2, -1 —1,1/4,1/4)',
@i,r(h) = (@t (h), Brr(h = 1), e (h+ 1), Brr (b — 2), Der (b +2)), (36)
as well as the 5 x 5 matrix,

Btﬂ—(h,g) = (37)
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Vt,T(hag) VtT(h g — ) VtT(h 9+1) Vtr(h,Q—Q) Vtr(h,9+2)

Vir(h=1,9) Vir(h—=1,9—1) Vir(h—1,9+1) Vi;(h—1,9—2) Vi;(h—19+2)
Virh+1,9) Vir(h+1,9-1) Vi (h+1,g+1) Vi(h+1,9—2) Vi (h+1,g+2)
Vir(h=2,9) Vir(h=2,9-1) Vir(h—2,9+1) Vir(h—2,9-2) Vi;(h—2,9+2)
Vie(h4+2,9) Viz(h+2,9—1) Virz(h+2,9+1) Vir;(h+2,9-2) Vir(h+2,9+2)

) ) )

Moreover, let us define the estimated version of V; -(h, g), as

]}t,T(h‘?g) = (77 - 3)’715,7'(}1)%5 T Z {’Yt T ’Yt T(S +h— g) + ’Yt T(S + h)% T(S - 9)} (38)
§=—00

By noting that Y 500 - ($)v-(s+h—9g) = o0 Yr(s+ g)n-(s+ h) as well as the compos-

ite variance a’B; ;(h, g)a being linear and symmetric in its leads, lags and loadings, it follows that

the expressions V- (h, g) and a'By ;(h, g)a are exactly equivalent, implying that the F (0)_conditional

asymptotic covariance may be defined as
ét77(h7 g) = f}t,T(hag) X Q?ﬂ" (39)

Next, to define and derive the F(©-conditional asymptotic covariance matrix between the correspond-

ing correlation estimates, let

—pe-(1) 10 ... 0
) | eme@ 010

Dl = (3+(0) x QF,) : . (40)
—p(H) 0 1 ... 1

be an H x (H + 1) matrix of partial derivatives, with p;-(h), h = 1,..., H, defined in (12). Hence,
we may, then, define the H x H covariance matrix M{?T = {M;.(h, g)}hH g=1> With elements given by,

4
Mz (h,g) = Wis(h,g) x —5", with (41)
(Qt,T)
Wir(h,g) = Y | Prr(B)prr(k+ 1 — g) + prr(k + B)prr(k — g) + 201+ (B) pr.- (9)07 - (k)
k=—o00
- Qﬁt,T(h‘)ﬁt,T(k)ﬁt,T(k - g) - Zﬁt,ﬂ'(g)ﬁtﬂ'(k)ﬁtﬂ'(k + h) . (42)

When invoking the null hypothesis, Ho : ¢(L) = 1, the asymptotic variance of the correlation estimates
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H,ind

may be written as M, 27" = {Mmd(h, g)}hH g1, With elements defined as

d(, ind Q-
Mm (h,g) = W™ (h, g) x (Q%;)Q’ with (43)
Wi g) = 3 |0k + b — )+ k4 Bk — g) + 20 (h)o" (g) (" (1)?
k=—00
— 29" (R) " (k) p™ (K — g) — 20 (9)p™ (k)™ (k + 1) | (44)

9.2 Technical Lemmas

(0)

Lemma 1. Under Assumptions A1-A4. Then, for some F; "’ -adapted random variable Ky,

(a) |€{YT( etT( )| < KA, forj=2,...,NJ.
(b) 1Xt;r () = Xer (h)] < Op(A).

(¢) |&n(7) — &) < K AU = DI+ 1602 + D), for j=2,... . NT.

Proof. For (a). First, let us make the decomposition,

2
|€t7'( ) eiNT(])| = \/;

< Kt(lkt,T(j) — k(G — 1)+ |ker (5) — ke (5 + 1)|>

|

<Kt<AtT()+AtT(]+1)> ]:277Nt7—_17 (45)

using Assumptions Al. The result, then, follows by Assumption A2, equation (6).
For (b). First, by addition and subtraction as well as the triangle inequality,

Xt,r (h) = Xt,(R)| <
N[ -1
NT _Kh_2 Z <‘6t7 HetT h)‘+‘61{\,[7—(.7)H/6\1{/\,[T(]_h)_ei\;’(]_h)‘> (46)
¢ j=h+2

The result, then, follows as by (a) since E|&),(j)| < K, j =1,..., N7, by Assumption A4.
For (c). First, let us decompose &, (j) — &, (j) for j =2,..., N7,

|6t7 EtT )‘ \/*‘(O-tT() UtT( - ))CtT ‘—I_\/—‘(O-tT() Jt,T(j_‘_l))Ct,T(j_‘_l)"

The result, then, follows by Assumption A2, equation (6) and Assumption A3 (specifically, the con-

tinuous differentiability of o, (k) as a function of k). O
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Lemma 2. Under Assumptions A1-A4. Then, for h € N and some Ft(o)—adapted variable K,
(a) supj_y, . nr |0tr() = 0 (j — h)| < Ki|h|A.
(b) supj_y,_ ny |07-(5) = oF, (5 — h)| < KifhlA.

(c) |NT = QZ] h+2UtT() ‘<0p (AY?) and ‘NT - QZJ h+2 fr(j)_ﬁgi f,7| Sop(Al/z)-

Proof. For (a). First, by the triangle inequality,

h—
‘O-t,ﬂ'(]) Utr]— Z‘Jtﬂ']_g —Utr(]—9—1)| (47)
g=0

Next, since oy (k) is continuously differentiable in k& by Assumption A3, we may use the mean-value

theorem in conjunction with Assumptions A1-A2, as for Lemma 1(a), to show
0t7(J) =01l = DI S Kildi 2 (), G=2,..., N/ (48)

Hence, since vy - (k) is Ft(o)—adapted, finite-valued and continuously differentiable in & € [k; ., ki +] by
Assumption A2, we may combine the latter with (48) and A3 to establish the stated bound.
For (b). First, by addition and subtraction and the triangle inequality,

‘U?,T(j) - 0,5277(]' - h)‘ < Ut,T(j)|Ut,T(]) — Ot,r (G — ! + ot (j— )|Ut,r(j) - Ut,r(j - h)| (49)

The results, then, follows by Assumptions A2-A3 in conjunction with the bound in (a).
For (c). We only establish the first convergence below as the second follows by identical arguments.

First, write
N7—1

A 2 . 2
m j:zh;z Utﬁ(j) — Qi =&+ &2+ s, (50)

where the three error terms are defined as:

N7—1

_ 1 B 2 (s

gt,T,l =A <m 19tﬂ'> j:zh;_Q Ut,T(j)7
N7-1 A

Eiro =0 3 2. ()0 >< — <>>>,
j:zh;r2 ' Atr(7)
N'r 1

Errs = Vs Z Vi (ke (7))07 2 () Aer () — QF 1
j=h+2

By Assumptions A2 and A3 and the continuous mapping theorem, we have & ;1| < op(Al/ 2) and
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E ol < 0,(AY/2). Next, by continuous differentiability of oy (k) and vy (k) in k, uniformly on the
9 K p b b

interval finite-valued interval ky - (j) € [k; ,, ke.], it follows that

JA-(5)

Yer (ke ()02 (5) Ar (7 )—/ iz (R)oi - (k)dk| < Op(AF (7)), (51)

(=DAwr(5)

implying that, by invoking Assumption A2, |& 3| < Op(A). Hence, by combining the three bounds
with the triangle inequality and (50), this provides the stated bound in the lemma. [

Lemma 3. Under Assumptions A1-A4,
(a) [E(@r(M|FO) = 4,7(h)Q7 .| < 0,(AY?), for h € N.
(b) ATICOV (&1, (h), @17 (9)| FO) 5 Cirhyg), for hyg € N.
(¢) [E(xer(W)|FO) = 3,.7(h)QF ;| < 0p(AY?), for h € N.

(d) A_I(C(@V(Xtﬂ'(h)?Xt,T(g)LF(O)) E} Ct,T(h7g)} fOT’ hag eN.

Proof. For (a). By Assumption A3 and stationarity of (; N (), we may write

N7 -1
N Ve (h . .
B(E (01F) = s 3 oo =
j=h+2

The result, then, follows by applying Lemmas 2(a) and 2(c).
For (b). Before proceeding, define z; ,(j) = o¢,(j)vt,-(j) and observe that,

o, (1) if j1 = j2 = js = ja
E (21,7 (1) 21, (2) 20,7 (53) 2, Ga) | FO) = S 02 (j1)02, (ja) it 1 = jo # Jis = Ja (52)
0 if j1 # Jo,J1 # J3.J1 # Ja

by independence of v -(j) from F () as well as the spatial properties of v.+(7) by Assumptions A3

and A4. Moreover, by standard quadrature distribution expectations,

IEl(eN (Detr (G = Wz (el (i = 9)|FV) = B (el (1 = WIF?) x E(el()efl: (i — 9)| F©)

t,T t,T t,T

+E (e (§err ) F Q) x E(ep (5 — h)ep (i — )| FO)
+E(ef(7)epr (i = )IF ) x E (e (j - h)ei\,fT(i)\}"(O)) + K4(i — j, h, g — h|FO),

with K4(i — j, h, g — h|F©) being the fourth conditional cumulant. Hence, by applying these decom-
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positions and conditional expectation results, we may write
E(atﬂ'(h)atﬁ(g”]:(o)) = At,T(h‘7 9, 1) + At,T(h‘7 9, 2) + At,T(h‘) 9, 3) + At,T(h‘) 9, 4)’ (53)

whose components, with N/, = N/ —h —2 and N{, = N — g — 2, are defined as follows:

Asr(h,g,1) = E(af <h>|f<0>> x E(am )IFO,
—1 N

At T(h g, )

= N 0)FO) < B — hel (i - 9)lF ),
t,h tg] =h+2i= g+2
;1 NN
A 9,3) = == D 5 B 016l - 9IFO) B - Wl (1),
t.h =g j—h+2 i=g+2
~1 N7 -1

At,T(h‘)g’4) - ja hag - h|*7:(0))

N fg] =h+2i=g+2

Now, as COV (&, (h), @17 (9)|FQ) = E(&1.r ()&t (9)| F ) — Ay 7 (h, g, 1), it suffices to analyze the

three remaining terms. First, for A; -(h, g,2), using Assumption A3, it follows that

-1

At,T(hagJ 2) = NT NT Z Z V7 ’Ytr(l—g ]+h)0t7( )UtT(Z)Ut,T(j_h)o't,f(i_g)- (54)
4.9 j=h+2i=g+2

Next, by a change of variable i — j = s, Assumption A2 and Lemmas 2(a)-2(b),

N7—1

1 . S
Atﬂ'(hagv ) NT NT Z 0-21,7'(]) Z <1_ N7|— | 1)715,7’(8)%5,7(5_9"1'}1) (55)
th g jopto |s| <Ny —1 L
I s
S 2 o) D (1= g ) (s — g+ W)l (Il + [l + Is — gl ) KA
AN S |s|<N7—1 t
K N~ s
< R S ) Y 1A (1 ) (s g+ 1)
tLh* g j=pyo |s|<N7—1 t

Hence, when taking limits over j and using Lemma 2(c) in conjunction with absolutely summability
of the dependence parameters in Assumption A4, the dominated convergence theorem, the uniform

convergence conditions for the sampling scheme in A2 and the continuous mapping theorem,

N1
At 4 (s 1
N 2 o) 2 1oy ) we@mas—g+ )
t.h™'t9 j—py2 ls|<N7 -1 '
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E) Q?,T Z IYt,T(S)FYt,T(S —g+ h)v (56)

S§=—00
and, by another application of the dominated convergence theorem and Assumptions A2 and A4,

N7 -1

ATTK . s P
D D HUND DR (R P O A R N
LT j=ht2 |s|<NT—1 t
As a result, we have
AT A (9.2 Z Ve (8) e, (s — g + h), (58)

S=—00

and, by the same arguments, A~1A; -(h, g, 3) B, Q e (8= 9)y- (s + h). Next, for the last

term in the covariance decomposition, A; -(h, g,4), we may similarly write

=1 N/

At (h,g,4 NTh Z Z o (j) Z G Poti—jOoti—j—g- (59)
t

tg] =h+2i=g+2 z=—00

Hence, by the same arguments used to establish (56) and (57),

(e}

A_lAt,r(hyg74) i (n—3) Qiq— Z Z G202 hPrtsPars—g = (N — 3)Q§,T’Yt,7'(h)7t,7(g)’ (60)

S§=—00 2=—00

The covariance result follows by combining limits for Ay -(h, g,2), A¢+(h,g,3) and A ;(h,g,4).
For (c). First, note that by collection terms and Assumptions A2-A4, we have

N7 -1
_ 1 N AN
Xt,r(h) = N _h_2 Z e (e (7 — h) (61)
t )
j=h+2
2 (3 _ N 1. 1.
= g Ewt,T(h) — Wtﬂ—(h — 1) — Wtﬂ—(h + 1) + Zwt,T(h + 2) + ZWt’T(h — 2) + Op(A),

uniformly. The result, thus, follows by repeated application of (a).
For (d). First, write (61) in vector form, ¢ (h) = 2a'@(h) + Op(A) , with the 5 x 1 vectors

a and @ ;(h) defined in Section 9.1. Hence, we can rewrite the conditional covariance as,
ATICOV (e, (h), Xer (9)|F Q) = A1(2/3)2a/COV (@ 1 (h), Tt (9) | F V) a + O, (AY?). (62)

The result, thus, follows by applying (b) to each element of COV (@ (h), @ - (9) | F (0)) as well as
the variance definitions in (37)-(39), concluding the proof. O

Lemma 4. Suppose Assumptions A1-A4 hold. Moreover, let f(-) be a function mapping from RH+!
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to RY | defined by
fzo,z1,. .. zH)) = [x1/z0, -,z /20)'s 0 #O0. (63)

Then, for & -(h, H) = (&.0(h),&r(h+1),...,&-(H)), € = {x,7}, write f(F-(0,H)) and let Dt{{T
be its associated H x (H + 1) matriz of partial derivatives defined in (40), it follows:
A™'DILCOV (x0.,(0, H), X0, (0, HY |[FO) (DY B ML

Proof. The result follows by Lemma 3(d), by applying the definitions (37)-(39), observing that

M (h ) Q?,T
t,T y9) = T~
(7(0)Q7,)?
X (ét77(h7 g) - p_tT(h)ét,T(O) g) - ﬁt,T(g)ét,T(h7 0) + ﬁt,T(h)ﬁt,T(g)ét,T(07 0)) (64)
and by rewriting the expression on correlation form, noticing that the cumulants cancel. [

Lemma 5. Suppose Assumptions A1-A4 hold with ¢(L) = 1. Then, for some H € N,

(a) {72 (@, (h) = 72 (M) Q2 ) Yhe, it 5 {Ver (W) Y i,

(b) {AY2 (s (h) = Ao (B Q2N Ynertt 53 (Vi (W)Y nr, i1,

where {Yi+(h)h=1.. .1 and {Y;+(h)}h=1. u are defined on an extension of the original probability
space, and are F-conditionally zero-mean H x 1 Gaussian vectors with E(Y; - (h)Y; -(9)|F) = Ci.+(h, 9)
and E(Y; () Yz (9)|F) = Ci.-(h,g), for hyg=1,...,H.

Proof. For (a). First, let us denote
ZN () = ATV &y r(h) — e (h)QF,), h=1,.. H.
Then, given the product structure of F, we need to prove

E (Zg({Z](W)}n=r,...w) — E(Zg({Yer (W)} n=1,.11)) (65)

for a continuous and bounded function ¢ : R¥” — R and Y being a bounded random variable, which is
either F (0)—adapted or is a function of a fixed number of the error terms {e; - (j )}jzl,...,Ntf. Given the
F_conditional H-dependence of the summands in @ (h) (recall, we are in the case ¢(L) = 1), this

convergence will follow if we can establish the following, stronger, result

(0)
(A2 (&, (h) = e (D2 ) b hertt 2 (Vi (B Ynmr, i, (66)
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where L|F () means convergence in probability of the conditional probability laws when the latter are
considered as random variables taking values in the space of probability measures equipped with the
weak topology. For this, it suffices to show that every subsequence of {Zt’NT(h)}h:17...7 g has a further
subsequence, which converges to {Y; -(h)}n=1, . g for every w® e FO Since F (0)—conditionally, the
summands in @ ,(h) are H-dependent, we may apply a CLT for H-dependent sequences, see e.g.,
Berk (1973). Hence, taking into account that ZY.(h) —E(Zt{\;(hﬂ}"(o)) = 0,(VA) by Lemma 5(a), the
proof will be completed by showing;:

E(ZY (02 (9)| FO) — BN (0| FOEEZN(9)| FO) = Corlh,g), hog=1,... H, (67)

S E(ZN(h)2HFO) B0, for some > 0.
First, since the spatially (and time-) varying volatility oy ,(j), j =1,..., N/, is F, (0)—adapted and the
respective sequences of observation errors ei\fT(j), j=1,...,NJ, are independent for (¢,7) # (¢',7'),

the first result in (67) follows by successive conditioning in conjunction with the conditional moment

(0)

results in Lemmas 3(a) and 3(b). Next, for some F; ’-adapted bounded constant K; > 0,

NT—1

E (16 (5) ¢ = BPT) loer () oer- (5 — h)PH

j—h+2

. K A—I—L/2
B2 (WP < S
t

KA~ 1—¢/2 1
< N T e llousti = P
Ny j=h+2

using the triangle inequality for the first inequality, and the fact that E (|CtNT( | F (0)) is bounded
by a finite positive constant, for some ¢ > 0, by Assumption A3 for the second inequality. Next, by

applying Lemma 2(a) in conjunction with the triangle inequality,
06,7 ()ot,r (7 = )P < Kilonr ()P (low, ()P + (R]1A)*T).

Moreover, since we may write |h| < N/ for all finite samples, without loss of generality, it follows that
(Jh|A)*T < K + 0,(AY/?). Hence, it suffices to establish that the sum (N7 )~ Nth_+12 oy - ()| HF2 =
O,(1) since the corresponding stochastic bound for the second term in the decomposition will, then,
follow by the dominated convergence theorem. Now, since oy ,(j) is continuously differentiable, we

may use the same arguments as for Lemma 2(c) to show

Nt k(t,7)
Z o0 (D2 5 0, Uyr (K)ot T2 (k)dk.
] h+2 E(tﬂ-)
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Hence, by combining results, this shows E(|Z£(h)|2+L|.7-"(O)) < Op((AN7)~1=4/2 /(NT)¥/2), which, by
invoking Assumption A2 and the continuous mapping theorem, provides the final result in (67) and
thereby (a).

(b) follows by applying the decomposition in (61), the moment results of Lemma 3(c) and (d) in
conjunction with successive conditioning, as for (a), the stable central limit theory in (a) for each

h € N and a stable Cramér-Wold theorem, see, e.g., (Varneskov, 2017, Lemmas C.1(d)-(e)). O
Lemma 6. Under the conditions of Theorem 2, then,

(a) Etﬁ(h) N Q;{T, for some finite integer h > 2.

(b) L1r(0) = ((5/9)n +14/9) Q1.

(¢) Ntr N nQj .,

Proof. For (a). First, by addition and subtraction of 622(]') in (18) together with the triangle in-

equality,
Eur(h) = L4020 < 5= 537 Z @) — @62 @G — )2
j=h+2
N -1
MO h o Z NP ENG—h)? = @G —h)?],  (68)
j=h+2

where £, +(h) = A(NT ) N7 L Z;VTHZ( e (7)) (e, (j — h))*. Next, using addition and subtrac-

tion, once again, we have

‘(657(]))2_@4 ‘ <2|€t7' HetT EtT ‘+2|€t7' 6?;(])‘ ) (69)

as in (49). From here, we can make use of Lemma 1(a) and Lemma 1(c), the F(®)-conditional inde-
pendence of (t{\;(j) and CtT( "y for j # j', to conclude that |£tT( ) — Et77(h)| < Op(A). Hence, we
may analyze Et,T(h) henceforth.

Next, to establish the stated convergence result, we have, for A > 2 and under H,

A 2/3)>
E (Et,f(hﬂ]-‘(o)) — A(thi e ]Zh;r2E NGB — h)2) o, ()o2 (G — h)
31,7(0))? &
B A(E\Zi —( ;1)_ 2)N7 —h—2 > ot()ot (i —h) = QL

j=h+2
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using ;,+(0) = 1 under Ho, independence of ¢/ (j) and ¢fY.(j — h) for h > 2, and Assumption A2 for
A(N] —h —2), Lemma 3(c) and the continuous mapping theorem. Moreover, by the same arguments
as well as N7 /(N] — h —2) < K, we have

V(Etﬂ'( )|]: ) <(A]ff{: NT) Z Z EtT(]_h)zgt]\,fr(Z)QEiVT(z— )2|}_(0))
j=h+2i=h+2
K2\ N2
§3<W> j;HQE(EfT( DIFOEE( - ' FO)

using, again, independence between ftNT (j) and @JVT( j —h) for h > 2, in conjunction with the Cauchy-
Schwarz inequality. Hence, since oy -(j) is continuously differentiable by Assumption 3, the integration
bounds, k € [k; ., l;:w] are JF, (0)—adapted and finite valued by Assumption A2, QTtNT have a finite fourth
moment by Assumption A3-A4, and since the same arguments for E(Zt77.(h)|]: ©) apply, it follows
that V(/:'tﬁ(hﬂf(o)) = Op(A), thereby showing convergence of Zw(h) in L2,

For (b). By the same arguments provided for (a), it follows that |Et77 (0)—£~t77 (0)| < Op(A) where,
as above, Zt,T( 0) = m NT 5 Z _lEtNT(j) , and we may, thus, analyze ENw(O) henceforth.

Next, to establish the stated convergence result under Hg, note first that
&) = 2 (67 - OG- 1) - GGG +1)
QNG =D+ GG+ DA+ G - VGG 1 /2)0R ) (70)

such that, by utilizing (52) and independence of (; T( /) across j, we may write

E (&0)1FO) = 2/3)% (B (GNG)) + E (GG = 1Y) /42 + B (GG + 1Y) /42+
+(3/2)E (¢ (7)) E (G176 — 1)) + 3/2)E (¢ (1)) E (¢ +1)?)
+E (NG E (NG +1?) /2)0t ()
= (2/3)° ((5/4)m + 7/2)0t-(j) = ((5/9)n + 14/9) 7} . (j)- (71)

Using this decomposition in conjunction with Assumption A2 for A(N; — h — 2), Lemma 3(c) and the

continuous mapping theorem, this provides

E (Lo (0)|FO) = ((5/9)n +14/9) Q. (72)

Now, by noticing that EtNT(]) and E{YT(]" ) are F(©-conditionally independent whenever |j — j/| > 1,
making use of Burkholder-Davis-Gundy inequality, for some ¢ € (0,¢/4), with ¢ being the constant in
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Assumption A3, we have,

1+

E <(Zm(0) ~E (L) 7))

N7 -1

f(o>>

@0~ E (@) F)[

K 1
E
ANtT)l—i-L (NtT)l"rL ;

<7 FO (73)

K; 1
§ T\1+¢ T\¢
(AN)H (NT)

sup_ (o~ (k)7 v 1),
ke[ktﬂ"%tﬂ'}

where we, additionally, utilized the boundedness of the (44<)th moment of ¢/, (j) from Assumption A3.

|4+4L

Since oy (j) is continuously differentiable, SUD gk, Forr] loe,- (k) is finite almost surely. Moreover,
Ky 7Rt

by Assumption A2, we have AN = O,(1). Therefore, altogether, we get
£17(0) = E (£07(0)| FO) = 0,(1).

By applying this bound together with the convergence result in (72), this provides (b).
For (c). It readily follows by (a) and (b). O

9.3 Proof of Theorem 1
First, by Lemmas 1(b), 3(c), 3(d) and the law of iterated expectation, Xy r(h) converges to 7 (h) Q7 ,
in 2. The consistency result for pt+(h), thus, follows by the continuous mapping theorem. O
9.4 Proof of Theorem 2

The stable CLT readily follows by combining the delta method with the moment result in Lemma 4,

the stable central limit theorem for autocovariances in Lemmas 5(b) and Slutsky’s theorem. g

9.5 Proof of Corollary 1

The feasible limit result follows by combining the stable central limit theory in Theorem 2 with
Theorem 1, Lemma 6 and the continuous mapping theorem to establish consistency of the asymptotic

covariance matrix and bias correction, respectively, and Slutsky’s theorem. [

9.6 Proof of Theorem 3

For (a). First, by Theorem 1, Lemma 6 and the continuous mapping theorem, we have, under the null
hypothesis Ho, X7, (O)ZtT(Q) 5 (Q7,)%/Qt ., thus eliminating the heteroskedasticity of the statistic.

Hence, the result follows by combining Theorem 2, Corollary 1 and Slutsky’s theorem.
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For (b). By Theorem 1, we have p; (h) 5 pt.+(h), Yh € N. Hence, the proof proceeds in three
steps. First, we show |/’)\E$(h)—ﬁt77(h)\ < 0p(A), Vh € N. Second, we establish )?%77(0)/2”(2) = 0p(1).
Finally, we show that when H 4 holds, p;.-(h) # p™4(h) for some h € 1,..., H, for sufficiently high H.

For the first part, since X7, (h) 5 Yi,-(h)Q3F ., Vh € N, by Lemmas 1(b), 3(c)-(d), it suffices to
study the properties of ZtJ(O) and Zt77(2) under H 4. As for Lemma 6(a) and 6(b), this simplifies by
the bounds |£At77.(0) — ZLT(O)\ < Op(A) and \Et,T(Z) — Zt77(2)| < Op(A) such that we may analyze,

Ny -1 N7 -1

Et,T(O)E tT 2 Z EtT 47 Et,T(Z) = tT 2 Z 6tT etT(]_Q))
Jj=

in the following. By Assumption A3 and the Cauchy-Schwarz inequality, we have

E (|Zt,7(2)“F(O)) 2/3_ 2 Z E CtT CtT(] - 2)) )O-t2,7’(j)0-t2,7’(j - 2)

;{3_ ! Z VE (GO E (GG - 20002, ()o?, (G — 2)

w32K'ZW_

< NT 2 ZUtT Utr]_Z)

Next, by Assumption A2, the continuous mapping theorem, Lemmas 2(b)-(c) and the dominated
convergence theorem, we have A~H(N] — 4)~2 Z;Ejl ot (), (G —2) 5 Qih. Hence, this implies
that £;,(2) < O,(1), uniformly, and similar arguments provide 1£,+(0)] < Op(1). Together with
consistency of )?iT(h), Vh € N, and the continuous mapping theorem, this establishes that the bias
correction in ﬁ?g(h) is, uniformly, O,(A), thus providing the first result.

For the second part, we may use the same arguments for X7, (h) and Et,T(Q) with the continuous

mapping theorem to show )?%T(O) /L7 (2) < O, (1), uniformly, under the alternative H 4.
For the third part, note that this is equivalent to establishing that, if

7

1, ifh=0,

B —2, if h =41,

Firlh) =4 (74)
G lf h = Zl:2,
0, if|h| > 2,

this necessarily implies ;- (h) = 0 for |[h| > 0. In the following, without loss of generality, we will show
this assuming that v - (h) = v~ (—h), as the arguments apply correspondingly to positive and negative
lags. Moreover, define (L) = %(3/2 —(L+ LY+ (L2 +L72)/4) = %(L — 1)*/(4L?), that is, the lag
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polynomial describing the autocovariance structure of 4 ,(h) in terms of 4 r(h). Next, let us define
Yerk(h) = (L—1)%y +(h). Then, using (74), (L —1)*y;,(h) = 0, for |h| > 5, which further implies that
(L = 1)v,r,3(h) = 0 and, thus, v, 3(h) = v:-3(h —1). Moreover, by utilizing absolute summability
of the autocovariances, v; -(h), in Assumptions A3-A4, we must have v 3(h) = v,-3(h — 1) = 0 for
|h| > 5, that is, v¢,3(h) for |h| > 4. We may, thus, continue and use similar deductions to show
that v¢ r3(h) = 0 implies (L — 1)y ,2(h) = 0 for |h| > 4, further providing 7 r2(h) = 0 for |h| > 3,
Yer1(h) = 0 for |h| > 2, and 7 -(h) = 0 for |h| > 1. Hence, under H4, 3H > 1 that is sufficiently
high such that p; - (h) # p"d(h) for some h € 1,..., H. Together with the first and second parts, this
shows that g, (¥) = O,(1) and @fﬂ = O,(A™1), thus providing the final result. O
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