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Abstract

This thesis is the result of my PhD studies at the Department of Finance and the Pension
Research Center (PeRCent) at Copenhagen Business School.

The thesis applies methods from empirical asset pricing to study the payoffs of non-traded
assets, specifically private equity funds, relative to the payoffs of public market assets. Assessing
the risk and return characteristics of private equity funds presents unique challenges due to the
absence of quoted market prices and consequential lack of return data. This thesis addresses some
of these challenges. The thesis consists of three essays, which are self-contained and can be read
independently.

The first essay provides empirical evidence that the risk-adjusted value of buyout fund pay-
offs decreases significantly relative to current performance measures if investors account for time-
varying risk prices and interest rates. The results suggest that buyout funds do not improve the
risk-return trade-off of a myopic investor with time-varying required compensation for bearing risk.

The second essay shows how a variant of the widely used Public Market Equivalent measure
of risk-adjusted fund performance relates to portfolio choice problems. I use the relationship to
estimate the optimal allocation between buyout funds and a benchmark of publicly traded stocks
directly from fund cash flows. The empirical results show that both log-utility and power-utility
investors should allocate an economically significant fraction of wealth to buyout funds.

The third essay (co-authored with Nicola Giommetti) proposes a modification to existing meth-
ods for risk-adjusting private equity fund cash flows based on a decomposition of excess private
equity performance. We apply and evaluate the method by studying the value of buyout, venture

capital and generalist funds to CAPM and long-term investors.
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Summaries in English

Conditional Risk Adjustment of Buyout Funds

The first essay studies the risk-adjusted performance of buyout funds. Economically valid measures
of private equity fund performance can be expressed in terms of stochastic discount factors. The
stochastic discount factors defining past performance measures, however, do not appear sufficiently
flexible to account for the time-varying risk prices and short-term interest rates characterizing
financial markets. This essay examines the value of buyout fund cash flows to investors with
time-varying required compensation for bearing risk.

I propose a general stochastic discount factor with time-varying coefficients which can account
for investors’ required compensation for bearing risk changing with time. The stochastic discount
factor specification is motivated by the literature on conditional performance evaluation of mutual
and hedge funds. The specification takes into consideration how stock market predictability and
time-varying market risk affect investors’ marginal utility of receiving a cash flow. The proposed
stochastic discount factors imply heterogeneous required returns for individual buyout funds de-
pending on the economic environment during a given fund’s lifetime, which is not the case for past
performance measures.

I specify several models which impose different restrictions on conditional expected market
returns and conditional market risk and apply the stochastic discount factors to discount buyout
fund cash flows. I find that buyout funds, on average, exhibit negative or zero abnormal profits.
This result is in contrast to the positive risk-adjusted performance found in studies not accounting
for time-varying risk prices and interest rates. The results suggest that the value of buyout fund
payoffs are significantly lower than implied by previous performance measures when investors’
required compensation for bearing risk varies as a function of market valuations. Altogether, the
time-varying coeflicient stochastic discount factor specifications imply that buyout funds do not
improve the risk-return trade-off of a myopic investor with time-varying required compensation for

bearing risk.
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Private Equity Performance: Implications for Portfolio Choice

The second essay examines the applicability of a particular Public Market Equivalent (PME)
measure, of risk-adjusted performance, for portfolio choice problems. Despite the widespread use
of PMEs among academics and practitioners, applicability for portfolio choice has only attracted
little scrutiny.

I set forth a simple portfolio choice problem and show a relation between the allocation problem
and performance evaluation using PMEs. Specifically, I consider an investor maximizing expected
utility of terminal wealth. The investor allocates between a buy-and-hold investment in a public
market benchmark and a private equity strategy. The allocation problem’s first-order conditions
reveal that the expected PME can be interpreted as a log-utility investor’s marginal expected
utility obtainable from a marginal allocation to the PE strategy, given that the investor has no
initial private equity allocation. The portfolio choice problem also reveals that the distribution
of excess private equity performance, represented by the PME, provides sufficient information
to determine a log-utility investor’s optimal private equity allocation. I furthermore provide an
analytical expression for the log-utility investor’s optimal allocations by solving an approximate
expected utility optimization problem.

The optimal private equity allocation for investors with general power-utility preferences and
relative risk aversion larger than one, on the other hand, does not depend exclusively on PME
moments. The solution to an approximate problem reveals that power-utility investors should
also consider the covariance between excess private equity performance and benchmark strategy
returns.

I exploit the empirical tractability of the simple allocation problem to estimate optimal buyout
fund allocations relative to several public benchmarks. I estimate allocations directly from fund
cash flows and benchmark returns using an expected utility maximization criterion, thereby by-
passing the need to estimate buyout fund alphas and betas. Empirically, I find that both log-utility
and power-utility investors should allocate a significant fraction of wealth to buyout funds when
the alternative investment is a broad portfolio of public equities. Log-utility investors, however,
refrain from investing in buyout funds when the benchmark is a portfolio of small-value stocks.
Buyout allocations generally decrease in risk aversion such that power-utility investors allocate less
to buyout funds than log-utility investors.

I furthermore estimate optimal allocations conditional on the state of the economy at fund
inception and find that the public market valuation level is the most important determinant of

conditional allocations. Finally, I modify the expected utility framework and show that investors
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with fund selection skills should allocate a considerably larger fraction of wealth to buyout funds
than investors randomly selecting buyout funds. Investors with limited access to top quartile funds

should allocate less to buyout funds.

Risk Adjustment of Private Equity Cash Flows

with Nicola Giommetti

The third essay proposes a modification of existing stochastic discount factor-based methods for
risk-adjusting private equity fund cash flows. Existing methods do not explicitly distinguish be-
tween the two operations performed by stochastic discount factors, (1) risk adjustment and (2)
time-discounting. We propose a modification based on a decomposition of excess private equity
performance, which differentiates between time-discounting and risk adjustment, thereby provid-
ing a theoretical foundation for a set of additional restrictions on stochastic discount factors used
to risk-adjust fund cash flows. Specifically, our implementation restricts investors’ subjective term
structure of interest rates such that it is determined by market data. The additional restrictions
ensure that the term structure is constant across different stochastic discount factor models, which
allows for a more accurate comparison of performance across models.

We apply and evaluate our method empirically by examining the value of buyout, venture
capital and generalist funds to log-utility and CAPM investors. We furthermore provide a new
perspective on fund performance by considering the risk-adjusted value of private equity cash flows
to long-term investors distinguishing between permanent and transitory wealth shocks. We find
that certain stochastic discount factor specifications, estimated using existing methods, lead to
economically implausible performance estimates due to unrealistic time-discounting. Specifically,
the inclusion of an additional risk factor in the long-term investor’s stochastic discount factor
leads to particularly unrealistic time-discounting and implausibly high risk-adjusted performance
for long-term investors. In contrast, our implementation effectively fixes the term structure of
interest rates which ensures time-discounting in line with market data. Fixing the term structure
furthermore ensures that differences in performance across models arise exclusively from differences
in cash flow risk adjustment. We moreover find that the additional restrictions our method imposes
reduce cross-sectional variation in fund performance, even though it does not use information about

private equity cash flows.
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Summaries in Danish

Conditional Risk Adjustment of Buyout Funds

Det forste essay undersgger kapitalfondes risikojusterede afkast. (Dkonomisk valide mal for fondes
risikojusterede afkast kan udtrykkes igennem stokastiske diskonteringsfaktorer. Stokastiske diskon-
teringsfaktorer, der definerer tidligere mal, afspejler dog ikke kapitalmarkeds karakteristika sasom
tidsvarierende risikopriser og korte renter. I artiklen undersgger jeg derfor veaerdien af kapitalfondes
pengestrgmme for investorer med tidsvarierende afkastkrav for at beere markedsrisiko.

Jeg specificerer en generel stokastisk diskonteringsfaktor model, hvor underliggende risikofak-
torer indgar med tidsvarierende koefficienter. Modellen tager hgjde for at investorers afkastkrav,
for at beere risiko, varierer over tid og den er inspireret af modeller der, ofte benyttes til betinget
risikojustering af investeringsforeningers og hedge-fondes afkast. Specifikt afspejler modellen, at
forudsigelige markedsafkast og tidsvarierende markedsrisiko pavirker investorers marginale nytte
og derved veerdien af pengestromme til/fra kapitalfonde. I modseetning til tidligere mal for fondes
risikojusterede afkast paleegger modellen, med tidsvarierende koefficienter, kapitalfonde forskellige
afkastkrav afheengig af gkonomiens tilstand i lgbet af fondenes levetid.

Empirisk anvender jeg stokastiske diskonteringsfaktorer, der pa forskellig vis begraenser, hvorledes
det betingede markedsafkast og den betingede markedsrisiko varierer over tid, til at tilbagediskon-
tere kapitalfondes pengestrgmme. De empiriske resultater indikerer, at kapitalfonde i gennemsnit
udviser negativ eller ingen overnormal profit. Dette resultat star i modsaetning til tidligere studier,
der finder overnormal profit for kapitalfonde. Disse studier tager dog ikke i samme grad hgjde
for tidsvarierende risikopriser og renter. Resultaterne viser saledes, at den risikojusterede vaerdi
af kapitalfondes pengestromme er betydelig lavere end tidligere mal antyder, safremt investorers

afkastkrav for at beere risiko varierer over tid, som en funktion af markedets prisfastssettelse.
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Private Equity Performance: Implications for Portfolio Choice

Det andet essay analyserer, hvorledes et specifikt Public Market Equivalent (PME) mal, for kapi-
talfondes risikojusterede afkast, kan anvendes til at lgse portefglje allokeringsproblemer. P& trods
af PME-maélets udbredelse blandt bade forskere og praktikere, er malets anvendelighed med hensyn
til at lgse portefglje allokeringsproblemer kun i begreenset grad blevet undersggt.

Jeg opstiller et simpelt allokeringsproblem og viser en sammenhaeng mellem problemet og risiko-
justering af kapitalfondes afkast via PME-malet. Allokeringsproblemet er karakteriseret ved, en
investor der maksimerer den forventede nytte af hans slutformue ved at allokere mellem en invester-
ing i et noteret benchmark og en strategi, der investerer i kapitalfonde. Optimeringsproblemets
fgrsteordensbetingelser viser, at kapitalfondes forventede risikojusterede afkast, repraesenteret ved
den forventede PME, kan fortolkes som en log-nytte investors forventede nytte forggelse ved en
marginal allokering til kapitalfondsstrategien givet, at investoren ikke har en eksisterende alloker-
ing til kapitalfonde. Allokeringsproblemet viser derudover, at marginalfordelingen for kapitalfondes
risikojusterede afkast er tilstraekkelig til, at en log-nytte investor kan bestemme optimale allok-
eringer. Lgsningen pa et approksimativt allokeringsproblem fgrer desuden til et analytisk udtryk
for den optimale allokering til kapitalfonds strategien for en log-nytte investor. For investorer med
isoelastisk nyttefunktion, og relativ risiko aversion stgrre end én, afheenger den optimale alloker-
ing til kapitalfonde ikke kun af den marginale fordeling for kapitalfondes risikojusterede afkast.
Et approksimativt allokeringsproblem viser, at denne type investorer ogsa bgr tage hensyn til
kovariansen mellem kapitalfondes overnormale profit og afkast pa benchmark strategien.

Empirisk anvender jeg allokeringsproblemet til at estimere den optimale allokering til kap-
italfonde, relativt til forskellige portefgljer af noterede aktier. Jeg benytter et forventet nytte
maksimerings kriterium til at estimere optimale allokeringer direkte fra fondes pengestrgmme og
benchmark afkast, hvorfor estimering af kapitalfondes alfa og beta ikke er pakraevet. Jeg finder,
at bade log-nytte investorer og investorer med isoelastisk nytte bgr allokere en signifikant andel
af deres formue til kapitalfonde, safremt alternativinvesteringen er en bred portefglje af noterede
aktier. Investorer med log-nytte preeferencer bgr derimod afholde sig fra at investere i kapital-
fonde, safremt alternativinvesteringen er en portefglje af sma aktier med lave veerdianssettelser.
Derudover viser jeg, at den optimale allokering til kapitalfonds strategien typisk er faldende i inve-
storens risiko aversion. Investorer med isoelastisk nyttefunktion allokerer saledes en mindre andel
af deres formue til kapitalfonde relativt til investorer med log-nytte. Jeg estimerer desuden en
log-nytte investors optimale allokering til kapitalfonds strategien betinget pa gkonomiens tilstand

pa fondenes starttidspunkt. De empiriske resultater viser, at veerdiansaettelsen af noterede aktier
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er den vigtigste tilstandsvariabel med hensyn til at bestemme optimale betingede allokeringer.
Afslutningsvis viser jeg, at investorer med kompetencer til at udveelge fonde med de hgjeste risiko-
justerede afkast bgr allokere en betydelig stgrre andel af deres formue til kapitalfonde, relativt til
investorer der udvalger fonde tilfeeldigt. Investorer med begranset adgang til de bedste fonde bgr

til gengeeld allokere en betydelig mindre andel af deres formue til kapitalfonde.

Risk Adjustment of Private Equity Cash Flows

med Nicola Giommetti

Det tredje essay introducerer en modifikation af eksisterende metoder der anvender stokastiske
diskonteringsfaktorer til at veerdianssette kapitalfondes pengestresmme. Nuvaerende metoder skel-
ner ikke eksplicit mellem stokastiske diskonteringsfaktorers to funktioner, (1) risikojustering og (2)
diskontering af tid. Vi foreslar en modifikation, der differentierer mellem risikojustering og tids-
diskontering. Den modificerede metode dekomponerer veerdien af kapitalfondes pengestrgmme,
hvilket resulterer i et seet ekstra, teoretisk begrundede, begraensninger pa stokastiske diskonter-
ingsfaktorer, der anvendes til at risikojustere pengestrommene. Specifikt begraenser vores metode
den stokastiske diskonteringsfaktors implicitte rentekurve saledes, at rentekurven er i overensstem-
melse med markedsdata. De ekstra begreensninger garanterer saledes, at rentekurven er konstant
pa tveers af forskellige modeller for den stokastiske diskonteringsfaktor, hvilket foranlediger en mere
praecis sammenligning af pengestrgmmenes veerdi pa tveers af modeller.

Vi implementerer og evaluerer vores metode empirisk ved at undersgge veerdien, for log-nytte
og CAPM-investorer, af at investere i forskellige typer kapitalfonde. Derudover giver vi et nyt per-
spektiv pa kapitalfondes risikojusterede afkast ved at undersgge veerdien af fondes pengestrgmme
for en langsigtet investor, der skelner mellem permanente og transitoriske formuestgd. Vores resul-
tater viser, at visse stokastiske diskonteringsfaktor modeller resulterer i gkonomisk usandsynlige
risikojusterede afkast, som fglge af urealistisk diskontering af tid, hvis eksisterende metoder anven-
des. Inklusionen af en ekstra risikofaktor i den langsigtede investors stokastiske diskonteringsfaktor
resulterer i usandsynlig tidsdiskontering, hvilket leder til en usandsynlig hgj veerdi af kapitalfondes
pengestrgmme for langsigtede investorer. Vores implementering sikrer derimod, at den langsigtede
investors tidsdiskonteringen er i overensstemmelse med markedsdata. Vores metode medfgrer, at
forskelle i veerdien af pengestrgmme péa tveers af modeller, alene skyldes forskelle i risikojusteringen
af kapitalfondenes pengestrgmme. De empiriske resultater viser derudover, at de ekstra begraen-
sninger, vores metode foreskriver, reducerer tvaersnitsvariationen i risikojusterede afkast, pa trods

af at metoden ikke anvender information om fondes pengestrgmme.
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Chapter 1

Conditional Risk Adjustment of
Buyout Funds

Rasmus Jgrgensen™

Abstract

This paper studies the risk-adjusted payoffs of buyout funds in the presence of time-varying risk
prices and interest rates. Using a sample of buyout funds from Preqin, I risk-adjust fund cash flows
using stochastic discount factors (SDF's) with time-varying coefficients known from the literature
on performance evaluation of mutual and hedge funds. I find positive risk-adjusted performance of
20-30 cents, per dollar of committed capital, for constant market price of risk SDF models. Letting
the SDF implied market price of risk and short-term interest rate vary over time, such that they are
consistent with market data, results in a significant decrease in the risk-adjusted value of buyout
fund cash flows. The results suggest that investing in buyout funds do not improve the risk-return

trade-off of investors with time-varying requirements for bearing risk.

The author is affiliated with Pension Research Center (PeRCent) and the Department of Finance, Copenhagen
Business School, Solbjerg Plads 3, DK-2000 Frederiksberg, Denmark as well as ATP. Thanks to Nicola Giommetti,
Jesper Rangvid and Paul Whelan for helpful comments.



1 Introduction

Assessing the risk-adjusted performance of private market assets, such as private equity (PE)
funds, has proven to be challenging due to the nature of these assets’ payoffs. PE funds are
privately held and fund shares rarely trade in secondary transactions. As a result, quoted returns
are generally not available. Returns constructed from fund valuations (Net Asset Values) are
furthermore not representative of true fund returns because NAVs typically are stale and prone to

1 The absence of reliable return data means that the methods, usually applied to

manipulation.
risk-adjust the returns of publicly traded assets, such as linear factor models, cannot immediately
be applied to PE fund payoffs. These issues have resulted in numerous performance measures
derived from fund cash flows. Recently Sorensen and Jagannathan (2015) and Korteweg and
Nagel (2016) relates the widely used Public Market Equivalent (PME)? measure of risk-adjusted
fund performance to performance evaluation with stochastic discount factors (SDFs). SDF-based
methods for risk-adjusting PE cash flows are generally valid provided that (1) an SDF exists
which correctly risk-adjust the returns of a set of publicly traded assets, (2) PE fund payoffs are
spanned by the traded assets and (3) the law of one price holds. The PME provides the correct
risk adjustment of cash flows for log-utility investors while the Generalized PME (GPME) with
the public equity market as the underlying risk-factor, proposed by Korteweg and Nagel (2016),
amounts to valuing payoffs using a log-return CAPM.? Both measures specify the required returns
and risk-free interest rates that PE cash flows are evaluated against through restrictions on the
underlying SDF's.

The restrictions imposed by those SDF's are, however, not necessarily consistent with stylized
facts of capital markets. In this paper, I propose a general SDF specification that can accommo-
date time-varying market price of risk and variation in short-term interest rates and that generates
prevalent features of financial markets such as counter-cyclical conditional maximal Sharpe ratios.
I apply the SDF to examine the risk-adjusted performance of buyout funds in the presence of
time-varying market prices of risk and interest rates. I consider a time-varying coefficients SDF

specification well-known from the literature on stock market predictability and conditional perfor-

! Jenkinson, Sousa, and Stucke (2013) and Brown, Gredil, and Kaplan (2019) study manipulation of reported
returns.

2PME measures are constructed by either (1) replicating fund cash flows in a benchmark of publicly traded stocks
and comparing PE and benchmark performance or (2) by discounting cash flows with benchmark returns.

3The GPME introduced by Korteweg and Nagel (2016) discounts cash flows with a general SDF. Referring to
the GPME in this paper, I refer to the specific exponentially affine SDF specification with constant coefficients and
a single public market benchmark as the underlying risk factor.



mance evaluation of mutual and hedge funds:

M1 = exp(a; — by fiy1) (1)

The time-varying coefficient SDF resembles the linear models often used to risk-adjust hedge fund
returns in the presence of time-varying expected returns, see for example Ferson and Schadt (1996)
and Farnsworth, Ferson, Jackson, and Todd (2002).

I study average buyout fund performance by discounting fund cash flows with SDF realiza-
tions. I denote the average value of fund cash flows, discounted using an SDF with time-varying
coefficients, as Conditional PMEs (CPME) to distinguish this performance measure from previous
(G)PME measures. The CPME nests both the PME and GPME. The PME is defined by the ex-
ponentially affine SDF, with coefficients a; = 0 and b, = 1, corresponding to a log-utility investor’s
SDF. The GPME is defined by a; and b; being constant over time. Restrictions on the SDFs
ensure that the SDF coefficients characterize the underlying risk factor’s conditional moments and
the return on a conditionally risk-free asset. The log-utility SDF imposes a factor risk premium
corresponding to the risk factor’s log return variance. The GPME enforces a constant market price
of risk. Empirically the equity market premium implied by the log-utility model appears too low,
and the literature on equity market predictability suggests that expected market returns, and po-
tentially the market price of risk, vary over time.? The time-varying coefficients SDF incorporates
these stylized facts into the risk adjustment of fund cash flows.

I operationalize the time-varying coefficients SDF by modeling coefficient dynamics in different
ways. In a preliminary analysis, I consider a semi-parametric approach to construct a; and b; from
SDF coefficients estimated in short windows within a larger sample. The main analysis considers
three parametric models. Two log-normal models in which conditional risk factor moments deter-
mine the SDF coefficients. The log-normal models exploit predictability in public equity market
returns and specify conditional expected log market returns as a function of the market valuation
level. The first log-normal model imposes constant conditional market variance such that changes
in the expected excess log market returns lead to changes in the market price of risk. The sec-
ond specification models the conditional variance as a GARCH process such that the conditional
market price of risk also changes with variation in conditional market risk. Lastly, I consider an
instrumental variables model, along the lines of Cochrane (1996) and Lettau and Ludvigson (2001),

which relaxes the log-normality assumption and directly models coefficients as affine functions of

4See for example, Keim and Stambaugh (1986), Fama and French (1989), Ferson and Harvey (1991) and Lamont
(1998), among others.



state variables.

In the empirical analysis, I use buyout fund cash flows from Preqin, S&P 500 returns as the risk
factor and the dividend to price ratio as the state variable governing expected log market returns.
I find a positive risk-adjusted performance of approximately 20 cents per dollar of committed
capital using the PME, consistent with previous studies. Evaluating cash flows using the GPME,
which imposes a constant market price of risk, also results in positive risk-adjusted performance. I,
however, find that GPME estimates are sensitive to the method used to estimate SDF coefficients.
Specifically, the GPME depends critically on the SDF coefficients’ ability to accurately reflect
average market returns and short-term interest rates in periods with the most buyout fund activity.
Despite differences in GPME point estimates, the estimates are positive regardless of the estimation
method.

To assess the relevance of using time-varying SDF coefficients, I construct time-varying co-
efficients from constant coefficients estimated in shorter windows within the sample period. The
short-window coefficients display significant variation across time, suggesting that SDF coefficients
should vary over time to conform with market data. Constructing an aggregate stochastic discount
factor from the semi-parametric coefficients results in risk-adjusted performance decreasing relative
to the constant coefficients (GPME) specification. The semi-parametric method produces average
abnormal buyout profits of -2 to 3 cents per dollar of committed capital.

The conditional log-normal SDF specification, with constant conditional market variance and
modeling expected log market returns as a function of the market dividend to price ratio, results
in significant market price of risk variation. The specification produces risk-adjusted performance
of -31 cents to -12 cents depending on the buyout fund sample. The negative performance is partly
due to the 2008 financial crisis during which the model implied price of risk increases considerably
and partly due to the period following the crisis, a period in which the SDF is relatively low
while buyout fund payoffs are high. The conditional log-normal model incorporating time-varying
market volatility produces risk-adjusted buyout fund performance of -11 cents to 2 cents per
dollar of committed capital. I furthermore find risk-adjusted performance of zero to negative five
cents using the instrumental variables model. A few simple economic checks suggest that the
conditional SDF specifications are more economically credible. The conditional specifications, for
instance, imply counter-cyclical conditional Sharpe ratios. Finally, I show that the results are
robust to using different valuation ratios and to potential manipulation of terminal Net Asset
Values (NAVs) for partially liquidated funds.

This paper contributes to the literature studying PE fund risk and return characteristics. 1



show that the risk-adjusted value of buyout fund cash flows decreases significantly once accounting
for time-varying market prices of risk and time variation in short-term interest rates. This result
implies that investors with time-varying required compensation for bearing risk do not improve
their risk-return trade-off from a marginal allocation to buyout funds, meaning that this type of
investor should not allocate to buyout funds. Investors with constant required compensation for
bearing risk should, on the other hand, add a marginal allocation to buyout funds. Provided that
long-term institutional investors, such as pension funds and endowments, do not consider short-
term fluctuations in risk prices, the results suggest that these investors should demand buyout
fund payoffs.

The following section provides an overview of related literature. Section 2 presents measures of
risk-adjusted performance and relates time-varying coefficient SDF's to previous measures of risk-
adjusted performance. Section 3 presents data used in the empirical analysis. Section 4 outlines the
time-varying coefficient SDF models in detail. Section 5 presents results of the empirical analysis.

Section 6 reports robustness tests and Section 7 concludes.

1.1 Related Literature

The literature on private equity fund performance is extensive. The absolute performance
of funds has been studied to a great extent using IRRs and cash flow multiples. Kaplan and
Schoar (2005), Harris, Jenkinson, and Kaplan (2014) among others, find persistence in fund-level
performance, while Robinson and Sensoy (2016) show that payoffs vary with the business cycle.
The literature on risk-adjusted performance is less developed despite tracing back to Gompers
and Lerner (1997), Kaplan and Schoar (2005) and Cochrane (2005) among others. This is partly
due to the structure of private equity fund investments, which complicates using the methods
traditionally used for evaluating public equity, hedge fund and mutual fund returns. The structure
of private equity fund payoffs has led to a multitude of risk-adjusted performance measures. A
subset relies on replicating private equity investments using public equity market indices and
comparing the absolute performance of the benchmark investment to the performance of private
equity funds. Long and Nickels (1996) proposes the Index Comparison Method (ICM), Rouvinez
(2003) introduces the PME+ measure while Cambridge Associates recommends the mPME.

Arguably the most widely used measure of risk-adjusted performance is the PME introduced by
Kaplan and Schoar (2005), defined as the present value of distributions divided by the present value
of contributions, discounting cash flows with the realized returns of a benchmark index. A similar

measure, a profitability index, is introduced by Phalippou and Gottschalg (2009). Phalippou



and Gottschalg (2009) proposes a transformation of the profitability index to determine alpha,
while Gredil, Griffiths, and Stucke (2014) proposes “The Direct Alpha Method” as an alternative
measure of private equity alpha. Driessen, Lin, and Phalippou (2012) put forward a methodology
for estimating the beta of private equity based on cash flows. Given the beta estimate, PE alpha
is recovered. Ang, Chen, Goetzmann, and Phalippou (2018) take yet another approach and use a
Bayesian framework to extract a time series of private equity returns from cash flows, from which
PE alpha and betas can be estimated. Brown, Ghysels, and Gredil (2020) apply mixed frequency
data analysis techniques to nowcast NAVs, which can then be used to estimate the systematic and
total risk of PE.

Recent papers have given economic meaning to the PME measure. Sorensen and Jagannathan
(2015) establish the connection between the PME measure and the stochastic discount factor of a
log-utility investor, thereby identifying the assumptions under which the PME is a valid measure
of risk-adjusted performance. Korteweg and Nagel (2016) proposes the GPME, which provides the
correct risk adjustment of cash flows when the marginal investor’s relative risk aversion is different
from one. Korteweg and Nagel (2016) shows empirically that the abnormal performance of venture
capital funds becomes zero when performance is measured using the GPME. Gredil, Sgrensen, and
Waller (2020) examines private equity performance using consumption-based asset pricing models,
specifically the long-run risk model of Bansal and Yaron (2004) and the external habit model of
Campbell and Cochrane (1999). Gupta and Van Nieuwerburgh (2021) consider a reduced form
no-arbitrage stochastic discount factor to account for the term structure of equity risk premia and
utilize a replicating portfolio of public equity strips to estimate the expected returns of private
equity fund categories. They conclude that risk-adjusted profits across private equity categories
are negative.

Korteweg (2019) synthesizes the literature on risk-adjusting private equity payoffs and con-
cludes that investments in venture capital funds do not provide abnormal returns in aggregate.
Buyout funds, however, appear to provide positive risk-adjusted performance relative to broad pub-
lic equity indices. Korteweg (2019) also provides a perspective on the interpretation of stochastic
discount factor-based measures of performance. Because a given stochastic discount factor repre-
sents the marginal rate of substitution, of some investor, the GPME measures whether the agent
can increase expected utility by a marginal allocation to private equity. From a benchmark per-
spective specifying a stochastic discount factor, which is a function of traded assets, amounts to
specifying an ex-ante mean-variance efficient portfolio.

The benchmark perspective bridges the gap to a rich literature using stochastic discount factors



to evaluate the performance of public equity portfolios, mutual funds and hedge funds, see for
instance Ferson and Harvey (1999) and Ferson and Schadt (1996). This paper is related to a
part of this literature centered around risk-adjusting the returns of mutual and hedge funds by
comparing fund returns to the returns of dynamic trading strategies. The paper is also related to
the literature using conditional asset pricing models to study the cross-section of stock returns.
Jagannathan and Wang (1996), Cochrane (1996) and Lettau and Ludvigson (2001), for instance,
show improvements in cross-sectional pricing when time variation in conditional moments are
instrumented with state variables known to predict future market returns.

The literature on risk-adjusted private equity fund performance conditional on the macroe-
conomic environment is relatively sparse. Brown, Harris, Hu, Jenkinson, Kaplan, and Robinson
(2021) reports predictability in aggregate cash flows and finds that distributions and contribu-
tions are differentially exposed to fluctuations in macroeconomic variables. Robinson and Sensoy
(2016) risk-adjust cash flows using the PME and finds that it is predictable using financial vari-
ables. Despite the extensive literature examining aggregate PE performance, the direct effect on
risk-adjusted performance of time-varying discount and interest rates is not widely studied. The
papers closest to the spirit of this paper are Korteweg and Nagel (2016), Gredil et al. (2020) and
Gupta and Van Nieuwerburgh (2021).

2 Risk-Adjusting Cash Flows

To study the risk-adjusted value of PE fund payoffs, I use the realized Net Present Value (NPV)

of fund cash flows defined as: .

NPV; = Z M ivn - Cjvn (2)
h=0

Where t is the time of the first fund cash flow such that ¢ depends on j. M; ;. is a multi-period
stochastic discount factor realization discounting cash flows at horizon h, Cj;yp, back to fund
inception. The cross-sectional average fund NPV measures aggregate risk-adjusted performance,
which is zero for an appropriately chosen SDF.

The specification of the stochastic discount factor provides the content of a given performance
evaluation model. Specifically, the contents of a particular model comes from the risk factor
realizations driving variation in the SDF and the restrictions placed on the SDF via the coefficients.
The PME measure amounts to discounting cash flows using the stochastic discount factor of a log-
utility investor, which in the one-period case is M;1 = exp(—7 ;). The underlying risk factor

return 7% ; is the log-return on the investor’s wealth. In benchmark applications, the wealth



return is commonly replaced by the return on a broad index of public equities. The GPME applies
the exponentially affine constant coefficients SDF, M1 = exp(a — br{};) to discount cash flows.
Where r{t; denotes the log return on a public equity market index. These SDFs impose specific
restrictions on risk factor moments. The log-utility SDF restricts the market risk premium to
equal the underlying risk factor’s variance. The constant coefficients stochastic discount factor
alleviates the risk premium restriction but instead imposes a constant price of risk. The constant
price of risk restriction is clear in a conditionally log-normal model. Choosing the coefficients in the
constant coefficients SDF such that Ei[exp(mq1) exp(r} ;)] = 1 and Eq[exp(m¢y1) exp(rf )] =1

holds, results in the coefficients:

1
a=—rf ORI - SVPof ] (3)
y— 1 Bl + g0t @
‘7152[7“3:11]

The SDF slope, b, represents the market price of risk, which is constant in the SDF underlying the
GPME. Empirically the quantities determining the coefficients, however, appear to vary over time.
As an example, short-term Treasury bill yields, a proxy for a conditionally risk-free asset, vary over
time while the market dividend to price ratio also fluctuates over time, reflecting variation in long-
run expected returns according to Cochrane (2011). This time variation means that the market
price of risk, implied by capital market data, might fluctuate over time. The constant coefficients
condition might thus be too restrictive. To alleviate the constant coefficients constraint, I consider

the general time-varying coefficients SDF'
M1 = exp(as — beri}y) (5)

For conditionally log-normal returns the coefficients are given by a; = —r,{ +b By [r ] — b2 [r ]
and by = (—rf + E[ri] + 202[r ) (o2[r,]) !, implying that the coefficients can vary with
time. The dynamics of the conditional risk-free rate, the conditional market return and variance
determine whether coefficients vary over time empirically.

To see the difference between the constant and time-varying coefficient stochastic discount
factors, consider the maximal Sharpe ratios generated by the SDFs. In the log-normal model

with time-varying coefficients, the maximal Sharpe ratio fluctuates with changes in b; and the



conditional market variance:®

]Z[[é\\/‘;:i]] = \/exp (bfa?[rﬁlD -1 (6)

The maximal Sharpe ratio is constant for the SDF's underlying the PME and GPME provided that
the conditional variance is constant. The constant coefficients stochastic discount factor allows the
maximal Sharpe ratio to scale with the market price of risk such that the model spans assets with
higher Sharpe ratios. The time-varying coefficients model allows the maximal Sharpe ratio to
fluctuate with variation in the market price of risk. In the reduced form time-varying coefficients
SDF model, the market price of risk can be interpreted as arising from either time-varying risk
aversion or changing investor sentiment. Periods with high market price of risk represent periods
with high risk-aversion or pessimistic investors.

The maximal Sharpe ratio is related to expected excess asset returns through the Euler equation
E([ M1 R ) = 1.5 For the time-varying coefficients SDF in Equation 5, and conditionally log-
normal returns, expected excess asset returns are given by:

Et[RtJrl] - R{ = —0y] t+1] ]pt[MH-l’ Rt+1] ~ btUt[TtH]Ut[RtH]Pt[ t+1> Rt+1] (7)

Where o[My1]/Ei[M41] = bioy [rﬁl].7 Expected excess returns scales with the conditional maxi-
mal Sharpe ratio for a given conditional asset volatility and correlation, between the asset and the
factor underlying the SDF. A time-varying maximal conditional Shape ratio thus lets an asset’s
required (model implied) return vary over time.

The intuition carries through for cash flows. To see how the SDF models affect the value of
cash flows, consider discounting cash flows with two different realized SDF's. Specifically, consider
a constant coefficients SDF Mf, | = exp(a®—0°r{} ), and a time-varying coefficients SDF, M; 1 =
exp(a; — byryy ;) for by > b° and a; = a® at time ¢. In this case, a positive risk factor realization
results in a lower realized SDF in the time-varying coefficients model because of higher required
risk compensation. Discounting an exogenous cash flow using the time-varying coefficients SDF
consequently results in a lower realized payoff value. The payoff value is lower because investors’
marginal utility from a receiving payoff in a good state is lower. The difference in the value
investors ascribe to private equity fund cash flows depends on how cash flows and fundraising vary

with the SDF. The difference between the constant and time-varying coefficients SDFs becomes

5 Appendix A presents expressions for the conditional Sharpe ratios in the models with time-varying coefficients.
6See for example Lettau and Uhlig (2002).
"See Appendix A.



apparent by expressing the time-varying coefficients SDF as a function of the constant coefficients
SDF. Using a; = a® + (a; — a®) and by = b° + (b — b°) and substituting the coefficients into the

time-varying coefficients SDF leads to the realized multi-period SDF:

h h

h
Myt = exp (ach + > (a1 —a) =Y revi— Y (bio1yi — bc)ﬁﬂ') = MiiinZeprn  (8)
i=1 i=1 i=1

Where Z; ;) = exp (Z?Zl(at_l_i'_i —af) — Z?Zl(bt_pri — bc)rtH). The time-varying coefficients
SDF is equivalent to the constant coefficients SDF times an additional discount factor, Z;;in,
capturing the cumulative effects of time-varying time-discounting and conditional risk during a
given period. Conceptually, the time-varying coefficients model extends the constant coefficients

model in the same way that preference-based stochastic discount factors are augmented by a

recession-related state variable in the macro-finance literature, see for example Cochrane (2017).

3 Data

I use data from Preqin, constituting US buyout funds, incepted during the period 1984-2008,
to estimate the risk-adjusted value of buyout fund cash flows. The cash flow data contains net of
fees contributions and distributions as well as NAVs.® I split the sample into two subsamples, (1)
a sample of fully liquidated funds and (2) a full sample. Partially liquidated funds are included in
the full sample if cumulative fund contributions exceed 80 % of committed capital and the fund
has a life of at least eight years. For fully liquidated funds, I use realized cash flows to estimate the
realized NPV. For partially liquidated funds, the last cash flow includes the latest available NAV.
I normalize cash flows to equal a commitment of one dollar. Table 1 reports summary statistics
for TVPIs by vintage year and gives an overview of the samples.

Data on public markets are from Amit Goyal’s data library and Center for Research in Security
Prices (CRSP). The return on the market is the monthly market capitalization weighted S&P 500
Total Return Index from CRSP. The dividend to price ratio is defined as the sum of the last 12
months dividends on the S&P 500, divided by the current price. The risk-free interest rate is from

Kenneth French’s data library.

8Brown, Harris, Jenkinson, Kaplan, and Robinson (2015) show that the cash flow data from Preqin is generally
consistent with cash flow data from other well-established providers and representative of aggregate performance.
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4 Empirical Implementation

This section outlines different methods to estimate the coefficients in the constant coefficients
SDF model. The section furthermore presents models for the time-varying coefficients SDF speci-

fication.

4.1 Constant Coefficients

Valuing cash flows with the constant coefficients SDF corresponds to benchmarking buyout
fund payoffs against the average equity market premium during the SDF coefficient estimation
period. For investments with quoted prices and consequently observable returns, it is reasonable
to compare investment returns to the average equity market premium in the investment holding
period. This is, in fact, in accordance with the literature risk-adjusting the returns of hedge and
mutual funds using SDFs, for instance Ferson and Schadt (1996) and Farnsworth et al. (2002).
Benchmarking is, however, more complicated for PE funds due to the absence of reliable return
data and because PE funds call and distribute capital at stochastic times during a fund’s life. The
fund life cycle means that funds are not fully invested throughout their life, which means that
the definition of an investment holding period is ambiguous for PE funds. The nature of private
markets thus complicates the estimation of appropriate SDF coefficients.

Korteweg and Nagel (2016) identify SDF coefficients from cross-sectional variation in the dis-
counted cash flows of artificial public market funds mimicking the timing of cash flows for a sample
of PE funds. The artificial funds invest contributions in benchmark assets, while distributions are
determined by a payout function, which specifies the fraction of NAV to distribute each time a fund
distributes capital. This methodology gives rise to two effects, in comparison to estimating SDF
coefficients from period returns using standard Generalized Method of Moments (GMM) moment
restrictions, (1) a duration effect and (2) a weighting effect. The duration effect arises because
artificial fund distributions is the result of compounding returns over a fund’s life. This effect
means SDF coefficients are estimated approximately at the average duration of the artificial funds’
payoffs. Since the horizon is not explicit, the duration effect somewhat confounds the interpreta-
tion of the SDF coefficients. The weighting effect arises because more weight is placed on periods
with more funds. The SDF coefficients are essentially estimated in periods with more funds.

The weighting effect can be illustrated in a standard GMM framework. The one-period Euler
equation, E;[M; 1R} ,] = 1, states that the price of investing one dollar in the market at time ¢
and receiving payoff Rj"}; at time ¢ + 1 is one, in expectation, for an appropriately chosen SDF.

Let z; be an instrument representing aggregate PE fund activity. As an example, let z; denote

11



the number of funds available for investment at time t.” Instrumenting the Euler equation with
2 results in the moment condition, E; [MtHRﬁlzt] = z¢, which states that the price of receiving
Rz at t + 1 is 2. Applying this instrument is equivalent to risk-adjusting a managed strategy
investing one dollar in the market for each active PE fund at time t. This strategy increases notional
exposure to the market when more funds are available. If the instrument covaries with market
returns, the SDF coefficients obtained by using the unconditional instrumented moment condition
will differ from coefficients estimated using the constant instrument, z; = 1. If these coefficients
differ, it implies that PE funds are more (less) exposed to periods with high (low) average market
returns relative to the sample average. Risk-adjusting such a managed strategy corresponds to
risk-adjusting a cross-section of artificial funds investing period-by-period in the public market in
the same periods as the PE funds being evaluated. This standard GMM approach differs from
Korteweg and Nagel (2016) due to the payout function, which accounts for cash flow timing and
compounding. Gredil et al. (2020) show that the Korteweg and Nagel (2016) methodology is a
special case of the instrumented Euler equation approach using a particular instrument.

The weighting effect can alternatively be interpreted in terms of the moments determining SDF
coefficients. Using an instrument capturing PE activity essentially localizes moment estimation
to periods with more fund exposure. A potential issue arising from localizing the SDF coefficient
estimation is that they can become excessively sensitive to market shocks in some periods. The
sensitivity to market shocks can, in turn, lead to unreasonable estimates in small samples, such
as a negative unconditional market price of risk. Using sufficiently long asset return time series
generally means that a negative unconditional market price of risk does not occur. Replacing
the equally weighted moments in Equation 3 with weighted moments, using weight z;, localizes
moments to periods with more fund activity. Differences in equally weighted and fund activity
weighted moments directly reveal whether moments differ in periods with more fund exposure
relative to a longer sample. Differences can furthermore indicate moments changing with time.
The empirical analysis in Section 5 uses weighted moments to evaluate the effect of localizing the

SDF coefficient estimation to periods relevant for the average buyout fund.
4.2 Time-Varying Coefficients

Individual Fund Estimates

To directly examine whether SDF coefficients vary over time, I consider a semi-parametric

method, based on the constant coefficients SDF. Specifically, I estimate constant SDF coefficients

9 Alternatively aggregate NAV can be used as the instrument.
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in shorter windows within the full sample period. To see the intuition for estimating coefficients
in shorter windows, consider risk-adjusting the cash flows of a single PE fund. The appropriate
benchmark for the fund’s payoffs is the average market risk premium in the investment period. I,
therefore, estimate bespoke SDF coefficients for each fund using (1) the period from fund inception
until the last cash flow and (2) the ten years succeeding fund inception. This guarantees that
the SDF coeflicients reflect the average equity premium in each fund’s investment period. The
fund-specific coefficients reveal whether SDF coefficients vary over time and how this affects risk-
adjusted performance. Discounting fund cash flows with the fund-specific stochastic discount
factors, M;} 1= exp(a’ — bir{’}rl), shows the effect on the value of cash flows of time-varying time
discounting and risk price.

Using bespoke SDF coefficients for every fund is inconsistent with the existence of a single
SDF correctly risk-adjusting cash flows. I, therefore, construct time-varying SDF coefficients from
the individual fund coefficients. Specifically, I construct a; and b; as weighted averages of a' and
b® for funds active at time t, by weighting individual fund coefficients with the inverse coefficient
variances, estimated using GMM, thereby reducing the weight on poorly measured coefficients. The
aggregate coefficients are essentially weighted averages of moments estimated in shorter windows

within the full sample period.

Conditional Log-Normal Models

In addition to the semi-parametric models, I consider a log-normal model where the time-
varying coefficient SDF satisfies the moment conditions E;[M;; 1R} ] = 1 and Et[MH_lR{ =1

In this setting the coefficients are given by:!°

1
ar = —rf + b - Sbfor ] (9)
y _ Bl + 5ot 0
t — 0'2[7’m ] ( )
t Ll t+1

The coefficients are identified by specifying a functional form for the conditional moments provided
that a conditional risk-free asset exists. Constructing a; and b; from conditional moments ensures
that the SDF correctly risk-adjusts the conditionally risk-free asset and market returns period by
period. The SDF specification can be interpreted as a conditional log return CAPM. Figure 1
illustrates, together with the solution for b, that the SDF slope changes with the three quantities;

(1) the conditional expected log market return, (2) the level of the conditional risk-free asset and

108ee Appendix B for the derivation.
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(3) the conditional variance.

I consider two log-normal models, both specifying the realized market return as an autore-
gressive process with additional state variables predicting future returns. The first specification
imposes constant conditional variance. The second model uses time-varying conditional variance
following a GARCH(1,1) process. The constant conditional variance log-normal model is defined

by dynamics:

Fio1=p+ 0" ze + e (11)
€t41 = 0416441 (12)
ol =w (13)

Where e;11 ~ N(0,1) and z; is a vector of state variables governing the conditional expected
log market return. The state vector, z¢, consists of the lagged market return as well as state
variables predicting future market returns. The dynamics imply that the next period conditional
expected log return is given by, E[ri11] = p + 0T z; while the conditional variance is constant.
The coefficients a; and b; are defined given an observable proxy for the conditional risk-free return.
The expected equity market return specification is consistent with a large literature modeling stock
market returns using Vector Autoregressions such as Campbell (1996) and Campbell and Viceira
(1999). T keep the estimation of expected log market returns simple, but more elaborate models
for the expected market returns, such as those considered in Kelly and Pruitt (2013) and Kelly
and Pruitt (2015), can also be applied.

The second log-normal specification models expected log-returns similarly, and the conditional

variance is modeled as follows:

€141 = Ot4+1€441 (14)

ol =w+ ael + Bo} (15)

The time-varying conditional variance captures how changing risk affects the SDF coefficients. An
increase in the conditional market risk premium results in a higher market price of risk while an
increase in conditional risk implies a decrease in the market price of risk. The market price of risk

can thus be constant despite fluctuations in expected market returns.
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Instrumental Variables Model

The log-normal models rely on strong distributional assumptions as well as the existence of
an observable risk-free asset. As an alternative, I model coefficients directly as affine functions of
state variables.!'! This model requires minimal assumptions but is less transparent. For instance,
obtaining the conditional risk premium from the conditional market price of risk requires the con-
ditional variance, which the model does not specify. Conceptually, the specification is a conditional
log-return CAPM in the spirit of Black (1972). In the simple case, where coefficients are functions
of a single state variable, the conditional one-factor stochastic discount factor has an equivalent

three-factor representation:

My = exp(a; — by fi41) = exp(ao + arz; — bo fr41 — b1 fr12t) (16)

The three-factor representation of the conditional model illustrates the connection to the constant
coefficients SDF. The conditional model collapses to the constant coefficients model when a; and
b1 are zero.

I estimate the SDF coefficients by imposing that the underlying factor and the returns of
Treasury bills are risk-adjusted unconditionally in-sample. I furthermore impose orthogonality
between the pricing errors and the instrument driving SDF coefficient variation, which leads to
two additional restrictions and an exactly identified model. Because the moment conditions are
satisfied in-sample dynamically rebalanced portfolios formed based on the state variable of the two

basis assets, the public equity market and Treasury bills have zero average pricing error.

4.3 State Variables

I use a single state variable to keep the time-varying coefficient SDF models parsimonious. The
asset pricing literature provides several candidate state variables predicting equity market returns.
Aggregate valuations ratios are perhaps the most theoretically valid in terms of capturing variation
in conditional expected market returns. Campbell and Shiller (1988) propose the dividend to price
ratio as a natural candidate for modeling expected returns. I use the transformed public equity

market dividend to price ratio, z; = log(1+ %) proposed by Gao and Martin (2019) which provides

'Gee for example Cochrane (1996), Jagannathan and Wang (1996) and Lettau and Ludvigson (2001) for similar
SDF specifications.
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information on weighted future log market returns in excess of future log dividend growth:!'?

z=(1-p) ij[rt-i—l-&-j — Adti144] (17)
=0

If expected returns follow an AR(1) process with autocorrelation ¢, the expected log return in

excess of expected dividend growth relative to the unconditional means can be expressed as:'

1_p¢z

- (2 — Zt) (18)

Etlrev1 — giv1] — (Pt — Gi1) =

The expression illustrates that conditional expected log market returns, relative to log dividend
growth, are above the long-run average when the log dividend to price ratio is above its long-run
average. Conditional expected log returns can thus be higher (lower) than long-run expected log
returns for extended periods of time since the dividend to price ratio is relatively slow-moving.
The relation implies that the price of risk in the stochastic discount factor models can diverge from
the unconditional price of risk for long periods of time. This, in turn, affects the value of buyout

fund cash flows realized during different periods.

4.4 NPV Inference

I consider aggregate risk-adjusted performance defined as the cross-sectional average fund NPV:

N H
E[NPV)] = % Z Z Mitin - Cjitn (19)
j=1 h=0
The null hypothesis for a given SDF specification is E[N PV}] = 0. I test the null hypothesis using
a J-statistic which is asymptotically chi-square distributed with one degree of freedom. I take SDF
coefficients as given and apply the spectral density matrix estimator from Korteweg and Nagel
(2016) to adjust the moment standard error for cross-correlation in fund pricing errors.'* The
spectral density matrix estimator places additional weight on funds with overlapping investment
periods. The weight on adjacent funds is determined by d, which I set to 1.5 in the empirical

analysis. I report both unadjusted and adjusted standard errors, but the reported J-statistics use

the adjusted standard errors. I also report bootstrap confidence intervals for E[N PVj].15

2p = exp(z).

13See Gao and Martin (2019) for details.

MBoyer, Nadauld, Vorkink, and Weisbach (2021) follow a similar approach and evaluate the PE moment condition,
taking model parameters as given.

15 Appendix C provides details on the spectral density matrix estimator and bootstrap methodology.
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5 Results

5.1 Public Market Equivalent

Table 2 presents average NPVs for the PME and GPME models. The first row in each panel
reports the average NPV and the second row reports bootstrap confidence intervals. The third
row reports the NPV standard error, assuming uncorrelated fund pricing errors. The fourth row
reports standard errors corrected for fund cross-correlation and the last row reports the J-statistic
using the corrected standard errors.

Table 2 column 1 reports PMEs for the two samples. The PME is approximately 0.20 in both
samples. A PME of 0.20 means that buyout funds provide investors with a risk-adjusted profit of
20 cents for every dollar of committed capital. The PME estimates are significantly different from
zero at the one percent level, which means that a marginal allocation to buyout funds provides
significant value to a log-utility investor. The PMEs are similar to estimates in Gredil et al. (2020)
using a larger sample of buyout funds. Since the PME is defined in differences it is not directly
comparable to the Kaplan and Schoar (2005) PME. The average Kaplan and Schoar (2005) PME
is approximately 1.23 which is in agreement with Harris et al. (2014) finding an average PME
of 1.22 for buyout funds and Robinson and Sensoy (2016) reporting a PME of 1.19. Aggregate
risk-adjusted performance, measured using the PME, is thus consistent with previous studies.

The unconditional maximal Sharpe ratio implied by the log-utility SDF provides some insight
into why the log-utility model is not able to account for the performance of buyout funds. The
annualized unconditional maximal Sharpe ratio is 0.15 in the sample period. The Sharpe ratio
of buyout fund returns cannot be recovered from PMEs, but Ang et al. (2018) estimate buyout
fund returns from cash flows which yields an annualized Sharpe ratio of approximately 0.50 in
the period 1996 to 2014. The maximal Sharpe ratio is approximately 0.16 for the log-utility SDF
in this period. The low maximal Sharpe ratio implies that buyout fund payoffs are outside the

log-utility SDF's volatility bound.

5.2 Generalized Public Market Equivalent

Table 2 reports GPMEs using different methods to estimate the SDF coefficients. Column 2
and 3 report GPMEs using the log-normal solutions in Equation 3. Column 2 uses the sample
average risk-free return, equity market return and variance to estimate coefficients. Column 3 uses
weighted averages, weighting periods with the number of active buyout funds. The last column

presents estimates using the methodology from Korteweg and Nagel (2016).
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Column 2 shows that the GPME of fully liquidated funds is approximately 1.0 and 0.75 in the
full sample. The risk-adjusted performance is seemingly considerably larger than implied by the
PME. The difference between the PME and GPME is, however, primarily due to the SDF not
accurately reflecting the average market return and the risk-free rate in periods important for the
average buyout fund. In the section below, I show that the in-sample GPME becomes large when
the SDF coefficients are jointly high. The SDF coefficients in column 2 are high relative to the
other SDF specifications, which results in a high GPME.

Column 3 reports the GPME for the weighted moments specification. The GPME is 0.26 in the
fully liquidated sample and statistically different from zero at the five percent level. The GPME
is 14 cents per dollar of committed capital in the full sample but not statistically different from
zero. The GPME difference, relative to the equally weighted coefficients, highlights the importance
of weighting periods. Localizing coefficient estimates to periods with more buyout fund activity
leads to a better fit to cash flows. Weighting periods, however, implicitly reduces the number of
independent observations leading to less precise coefficient estimates, which is evident from the
standard errors.

Column 4 presents GPMEs using the methodology from Korteweg and Nagel (2016) for com-
parison. The GPME is 0.27 and 0.30 in the fully liquidated and full samples, respectively. Both
estimates are significantly different from zero at the five percent level. The fully liquidated sample
GPME is almost identical to the methodology using weighted moments, while the difference is

larger for the full sample.

GPME Sensitivity

To see precisely how changing SDF coefficients changes GPMEs; it is informative to evaluate the

risk adjustment performed by the constant coefficients SDF. The average GPME can be expressed

as:16

H

H N
1
E[GPME;] = Z Z M +nCjarn = Z E[Mt1+n]E[Cjt4n] + cov(Mytn, Cjtin) (20)
h=0"" j=1 h=0

Intuitively the moments E[-] and cov(-) are cross-sectional in the empirical implementation in Section 5, but
E[C},1+r] can be interpreted as an estimate of the expected buyout fund cash flow at horizon h.
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Suppose cash flows and cumulative log market returns are jointly normal at every horizon. Ap-

plying Stein’s lemma to linearize the covariance at each horizon then leads to:!718
H
E[GPME;] =Y E[M; s ( [Cjen] — b - cov(ri? +,Z,(JJ-,Hh)) (21)
h=0

The determinants of risk-adjusted performance are (1) the average SDF, (2) the market price of
risk, (3) average buyout fund cash flows and (4) the covariance between cash flows and the market
at each horizon. The average GPME represents the difference between average (expected) cash
flows, E[C} 4], and required (model implied) cash flows, b‘cov(r?} 41 Cjt+n), scaled by the average
SDF and summed across horizons. The difference between average cash flows and required cash
flows can be considered a certainty equivalent cash flow. Risk-adjusted performance is positive
when scaled risk-adjusted cash flows, summed across horizons, are positive.

The SDF coefficients determine (1) the average SDF and (2) the price of risk. The SDF
intercept changes the SDF mean at different horizons while the price of risk changes required cash
flows and consequently the difference between expected and required cash flows, as well as the SDF
mean. Average cash flows and the covariance between cash flows and the risk factor is determined
directly by the data and not affected by changes in SDF coefficients. To determine how the average
GPME changes with the SDF coeflicients, under constraints imposed by public market moments, I
(1) draw blocks of public market returns, (2) estimate SDF coefficients and (3) discount fund cash
flows with an SDF using the resampled coefficients but the original sample risk factor realizations.
Using resampled coeflicients but in-sample factor realizations, alter the SDF’s average value and
the market price of risk across samples but preserves the original sample covariance and expected
cash flows.!?

Table 3 reports percentiles for average GPMEs resulting from discounting cash flows using the
resampled coefficients. I resample public market returns and estimate SDF coefficients for different
return frequencies to assess the effect of estimating SDF coefficients at different horizons. Column
1 reports the return frequency used to estimate the coefficients. A 1-month frequency means I use
monthly returns to estimate coefficients, while one-year overlapping returns are used for a 1-year
frequency. I use a long sample, starting in 1949, of public market returns and risk-free rates to

accommodate long-horizon returns. Columns 2 to 4 report selected percentiles for the GPME.

7Stein’s lemma states that for Jomtly normally distributed variables (Y, X) and a function f(Y) the covariance
can be written as, cov(f(Y), X) = E[ L1 cov(Y, X), if f(Y) is a differentiable function such that E[|f'(Y)|] < oo.

!8Stein’s lemma implies the hnearlzatlon cov(Mz t4n, Cjtan) = —bE[M; 4n]cov(riy 1, Cje4n) at each horizon, h.
A similar linearization can be attained from a first-order Taylor approximation of the SDF at each horizon.

19 Appendix D outlines the methodology in detail.
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Column 5 reports the number of samples remaining after disregarding economically implausible
SDF coefficients. Economically implausible samples are defined as samples resulting in an average
SDF greater than one as this implies a negative risk-free interest rate. An average SDF greater
than one will tend to grow cash flows over time as opposed to discount cash flows. Because buyout
fund cash flows are negative in the first years of a fund’s operations but positive towards the end of
a fund’s life, an average SDF greater than one will ascribe exceedingly high value to distributions.
The last column reports the number of samples resulting in a negative average GPME.

Column 2 shows that the first percentile is positive across all frequencies. GPMEs range from
approximately 0.17 to 0.20. The first percentile decreases moderately as the horizon increases.
The same pattern holds across horizons for the 2.5th and 5th percentiles. The resampled GPMEs
suggest that the duration (horizon) effect outlined in Section 4.1, which partly distinguishes the
methodology used by Korteweg and Nagel (2016) from the methods used in this paper, only has
a minor effect on average GPMEs. The results in Section 5.2, on the other hand, suggest that the
average GPME changes significantly once the time-period weighting is modified.

The last column in Table 3 shows positive average GPME in every sample for horizons from
1 month to 10 years. The predominantly positive resampled GPMEs suggest that the covariance
between cash flows and the public market is insufficient for equating required and expected cash
flows in the constant coefficients SDF specification.

Figure 2 plots average GPMEs as a function of the SDF coefficients. The top figures show
average GPMEs using monthly returns to estimate SDF coefficients. The bottom plots show the
same using eight-year returns. The figure shows that both high and low coefficients result in high
average GPMEs. The restriction imposed on the average SDF leads to samples with jointly high
coefficients being disregarded. The U-shape means that the average GPME is especially high in
these samples. The large average GPME reported in Section 5.2 arises as a consequence of this
effect.

The figure furthermore illustrates that the PME is a special case of the GPME. The GPME
is equivalent to the sample PME of approximately 0.20 for coefficient values ¢ = 0 and b = 1.
The number of samples in the region around these SDF coefficient values is relatively small, which
means that the restrictions imposed by the log-utility SDF are satisfied only in a small number
of samples. This result suggests that the log-utility SDF is not able to account for the sample
average market return and risk-free interest rate.

Altogether the PME and GPME estimates suggest that buyout funds exhibit positive risk-

adjusted performance. While Korteweg and Nagel (2016) find that positive risk-adjusted perfor-
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mance for venture capital funds using the PME and zero abnormal performance using the GPME;,
the results above suggest that changing SDF does not reduce the risk-adjusted performance of

buyout funds.

5.3 Conditional Public Market Equivalent

Table 4 reports NPVs using fund specific coefficients to discount the cash flows of each fund.
Column 1 reports NPVs arising from estimating the individual fund coefficients in the period from
each fund’s inception to the fund’s last cash flow. Column 2 reports NP Vs arising from estimating
coefficients in the period from each fund’s inception to the fund’s last cash flow if it is less than
ten years, otherwise using a ten-year estimation period. This estimation window adjusts for some
funds having long lifetimes but economically insignificant cash flows at long horizons. Column 3
reports the NPV arising from using an aggregate SDF with time-varying coefficients constructed
from the individual fund coefficients in the period from each fund’s inception to the fund’s last
cash flow.

Column 1 shows NPVs of approximately 12 cents in the fully liquidated sample and 5 cents
in the full sample. The NPV estimates are not significantly different from zero. The estimates
show that letting coefficients reflect average market returns in each fund’s investment period lowers
NPVs.

Figure 3 plots fund specific coefficients for the full sample. The solid line represents within
vintage year averages. Focusing on the second plot, the market price of risk is high for funds
raised from 1986 to 1992 while the price of risk decreases substantially from 1993 to 2001 followed
by an increase back to pre-1993 levels.2? The price of risk essentially quantifies expected excess
market returns per unit of variance and effectively represents the average Sharpe ratio in the ten
years after fund inception. The plot shows variability in market Sharpe ratios across vintage years
consistent with investors’ required compensation for bearing risk changing with time.

Column 2 presents NPVs for an adjusted estimation period placing more weight on earlier
periods in a fund’s life. The NPV is -0.04 in the fully liquidated sample and -0.07 in the full
sample however not statistically different from zero. It is an open question how to estimate risk
prices for proper benchmarking of cash flows. It is, therefore, interesting that applying fund-specific
SDF coefficients results in NP Vs closer to zero as this implies that fund-specific risk prices result
in a better fit to fund cash flows. The lower cross-sectional NPV variance compared to the GPME

estimates supports this result.

20The coefficient time series are highly correlated because the SDF intercept depends on the market price of risk
and average equity market return.
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Column 3 reports NPVs for the SDF with time-varying coefficients constructed from individual
fund coefficients. The NPV is 3 cents in the fully liquidated sample and negative 2 cents in the full
sample. The estimates are not significantly different from zero. The results highlight that allowing

coefficients to change across time lowers the risk-adjusted value of cash flows.

Conditional Log-Normal Models

Table 5 presents the forecasting equations determining the conditional log market return and
market variance used to determine the SDF coefficients in the log-normal models. CPME denotes
the conditional log-normal model with constant conditional variance and CPME GARCH denotes
the log-normal model with time-varying variance. The mean equation for the log-normal model
with constant conditional variance shows that the log dividend to price ratio positively predicts
future market returns with a statistically significant coefficient of 0.72. Using log(1 + %) ~ % a
1 percentage point increase in the dividend to price ratio is approximately associated with a 0.72
percentage point increase in next period log market returns. The expression for b; means that
the conditional market price of risk is high when the dividend to price ratio is high, assuming the
risk-free rate is unchanged.

Figure 4 plots the SDF coefficients during the sample period. The dynamics implied by the
mean equation and the variability in the dividend to price ratio result in a high but decreasing
market price of risk from the 1980s until the dot-com bubble in 2001. The declining market price
of risk is a consequence of expected market returns declining more than the risk-free interest rate,
which compresses the equity market premium. The decline results in a negative conditional market
price of risk, and consequently a negative conditional risk premium, in this period. A negative
conditional risk premium is not necessarily desirable, but it is a common property of linearly
forecasting future market returns, see for example Lettau and Ludvigson (2001). The implied in-
sample unconditional risk premium is positive since the conditional market price of risk is positive
on average, and the conditional variance is strictly positive. After the year 2000 the price of risk
increases and it spikes immediately after the 2008 financial crisis.

Table 6 column 1 reports NPVs for the constant conditional variance model. The NPV is
negative 12 cents in the fully liquidated sample and statistically significant at the one percent
level. The NPV means an investor with time-varying required compensation for risk loses 12
cents on a risk-adjusted basis by investing in buyout funds. The full sample NPV is negative
31 and statistically different from zero. The lower risk-adjusted performance in the full sample

stems partly from funds with substantial investments during the 2008 financial crisis having lower
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risk-adjusted performance than earlier vintages, which I show in Section 5.4.

The constant and time-varying coefficients SDF specifications are reduced-form models, which
makes it challenging to evaluate the models’ economic credibility. Some basic economic checks
can, however, provide insights into each model’s credibility. Consider the SDF implied conditional
maximal Sharpe ratio. Figure 5 plots the maximal Sharpe ratios for the log-normal model with
constant variance (dotted line), the instrumental variables model (solid line) as well as the GPME
(dashed line), and PME (dash-dotted line) models assuming constant conditional market variance.
Two things are worth noticing. First, the market price of risk is higher for the GPME relative
to the PME because b > 1. Secondly, the conditional log-normal model generates a time-varying
conditional maximal Sharpe ratio, which is higher than the GPME and PME model implied Sharpe
ratios in the first part of the sample and the period during and immediately after the financial
crisis. The conditional models’” maximal Sharpe ratios vary due to time variation in b; leading
to counter-cyclical conditional Sharpe ratios. The counter-cyclicality is consistent with models
based on specifications of investor preferences, such as the external habit model of Campbell and
Cochrane (1999) in which the conditional Sharpe ratio varies as a function of investor’s surplus
consumption ratio. The aggregate surplus consumption ratio is typically low in recessions leading
to high conditional Sharpe ratios in these periods.

The variation and magnitude of the conditional SDF models’ Sharpe ratios are moreover con-
sistent with data-driven estimates of the market’s conditional Sharpe ratio. The solid red line plots
the Sharpe ratio implied by the lower bound on the equity premium introduced in Martin (2016).2!
The line plots the implied equity premium E;[R}} ] — R{ = R{ - SVIXZ ; normalized by the sam-
ple standard deviation of market returns, which makes it comparable to the SDF implied Sharpe
ratios. The plot shows that the variation in the SVIX implied Sharpe ratio is comparable with the
variation in the SDF implied Sharpe ratios. The magnitudes are furthermore reasonable relative
to the SVIX implied Sharpe ratio, which can be interpreted as a lower bound. One exception is the
period from 2012 to 2016, where the SVIX implied Sharpe ratio is below the conditional models’
Sharpe ratios. The implied Sharpe ratio of the conditional log-normal model appears particularly
high relative to the SVIX in this period.

Table 5 reports the mean equation for the time-varying volatility model. The forecasting
equation differs from the constant variance model because the dividend to price ratio correlates with
changes in the time-varying variance. The dividend to price ratio coefficient decreases compared

to the constant variance model. The coefficient is positive and statistically significant at the ten

Thanks to Paul Whelan for providing an updated SVIX time series.
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percent level. The forecasting equation implies that a one percentage point increase in the log
dividend to price ratio leads to a 0.54 percentage point increase in the next period’s log market
return.

Figure 6 plots SDF coefficients. Focusing on the conditional market price of risk both the
constant and time-varying variance specifications imply declines from 1986 to 2001 and increases
immediately after 2001. The conditional risk prices differ in 2008-2009, where the market price of
risk in the constant variance model increases due to a dividend to price ratio increase. Accounting
for time-varying variance, the dividend to price ratio increase is offset by an increase in market
variance resulting in an essentially unchanged price of risk during the financial crisis, in contrast
to the constant variance model.

Column 2 in Table 6 reports the NPV for the time-varying variance specification. The top
panel reports a 2 cents NPV for the sample of fully liquidated funds. The J-statistic is low because
the point estimate is approximately zero. Based on the NPV, the time-varying volatility model
appears to fit average buyout fund cash flows better than the constant variance model. The second
panel reports an NPV of -0.11 for the full sample. The J-statistic is low in this sample due to a
large NPV standard error.

The results suggest that buyout funds provide more value to investors if the market price of
risk is partly determined by time-varying market variance. The differences in the dynamics of the
market price of risk in the constant and time-varying volatility models suggest the NPV differences
arise partly from the 2008 financial crisis. Section 5.4 shows the differences in the discounted value
of cash flows during this period. Altogether the log-normal models imply negative or zero risk-

adjusted performance.

Instrumental Variables Model

Table 5 panel 3 reports coefficients for the instrumental variables model. To ease coefficient
interpretation, I demean the transformed dividend to price ratio such that the conditional market
price of risk is given by, by = by + b1(z — Z). The unconditional market price of risk, by, is
3.14. The coefficient, b1, on the interaction between the market return and the state variable is
247.037. The approximate relationship between the dividend to price ratio and log(1 + %) means
that a one percentage point increase in the dividend to price ratio is associated with a conditional
market price of risk increase of 2.47. The conditional market price of risk is 1.91 higher than the
unconditional market price of risk when the log dividend to price ratio is one standard deviation

above the sample mean.
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Figure 7 plots coefficients during the sample period. The evolution across time is smoother
relative to the conditional log-normal models because the market price of risk only is a function
of the dividend to price ratio. The conditional market price of risk is positive throughout the
sample period. Interestingly, the variation in coefficients is qualitatively similar to the variation in
individual fund coefficients. Figure 8 plots individual fund coefficients for each vintage year. The
dotted line shows the average within vintage coefficient values. The black line plots yearly values for
the fitted coefficients in the instrumental variables model using the first state variable observation
in each year. The figure shows the similarity between the market price of risk dynamics in the
instrumental variables model and the vintage year averages. The price of risk for each vintage is
essentially the market Sharpe ratio in the subsequent 10-year period. The similarity between the
time series reflects the dividend to price ratio’s ability to predict 10-year realized Sharpe ratios
and that the instrumental variable model captures these dynamics.

Table 6 column 3 reports NPVs. The average risk-adjusted profit in the fully liquidated sample
is negative 5 cents and negative 1 cent for the full sample. Both estimates are significantly indis-
tinguishable from zero. The NPV estimates suggest that myopic investors, requiring time-varying

compensation for bearing risk, value buyout fund payoffs fairly.

5.4 NPV Decomposition

Figure 9 plots the average value of discounted cash flows, distributions and contributions across
the sample period for the (G)PME and CPME specifications. The top plot shows the contribution
to the average NPV from each period. Aggregating the average discounted cash flows across time
periods results in the PME and GPME (KN) specifications in Table 2 Panel B and the CPME
specifications in Table 6 Panel B.

The plot shows that variation in discounted cash flows during and immediately after the 2008
financial crisis leads to lower average NPVs in the CPME models relative to the (G)PME models.
The lower CPMEs are due to higher SDF realizations in the conditional models coupled with large
contributions, relative to distributions, in the period. The second plot shows that the value of
distributions is low in the CPME models from 2004 to 2008 and moderately high around 2012.
The last figure shows that the value of contributions is higher (more negative) for the CPME models
around the 2008 financial crisis. The net effect of the differences in discounted distributions and
contributions is lower CPMEs compared to (G)PMEs.

Figure 9 also illustrates the differences between the conditional models. The NPV produced

by the log-normal model with constant variance (CPME) is low compared to the other condi-
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tional models. The top figure shows that the discounted cash flows resemble the other conditional
specifications until 2008. Immediately after the financial crisis, the NPV drops more in the log-
normal model, relative to the other conditional models, while the rebound in NPV in 2012-2016
is absent in the log-normal constant volatility model. These dynamics produce the lower average
NPV in the constant volatility specification. The conditional maximal Sharpe ratio implied by the
log-normal specification, depicted in Figure 5 (dotted line), is significantly higher than the other
SDF specifications in the period 2012-2016 and the maximal Sharpe ratio is markedly higher than
the SVIX implied maximal Sharpe ratio. The maximal Sharpe ratios implies that the log-normal

specification perhaps overly discounts cash flows compared with the other conditional models.

6 Robustness

6.1 Valuation Ratios

To assess robustness, I consider two alternative valuation ratios for the state variable used
in the CPME specifications, the book to market ratio and the log cyclically adjusted price to
earnings ratio (CAPE). The book to market ratio is from Amit Goyal’s data library, and the
price to earnings ratio is constructed following the CAPE methodology using nominal prices and
earnings from Robert Shiller’s data library. The price to earnings ratio is log-transformed.

Table 7 reports NPVs. The CPME estimates in the top panel are approximately zero and sta-
tistically indistinguishable from zero. The robustness results resemble the main results except for
the constant variance log-normal model in column one. The risk-adjusted performance is approx-
imately zero for the cyclically adjusted price to earnings ratio, whereas the CPME is significantly
negative using the dividend to price ratio.

The NPVs in the bottom panel also resemble the main results. CPMEs are significantly
negative for the price to earnings ratio and the book to market ratio for the log-normal model
with constant variance. The NPV arising from using the price to earnings ratio is approximately
the same as the NPV in the specification using the dividend to price ratio. The book to market
ratio results in slightly higher, albeit negative CPME, which is significantly different from zero.
The CPME estimates are not significantly different from zero in the conditional log-normal model
with time-varying variance or the instrumental variables model. The point estimates for the
instrumental variables model are slightly higher than the estimates in the main analysis. The
NPV difference between the dividend- and earnings-based valuation ratios is small compared to
the difference relative to the book-to-market ratio. The difference is partly due to book to market

ratio dynamics during the 2008 crisis. The dividend- and earnings-based valuation ratios increase
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markedly immediately after the crisis, which signals higher expected returns. The book to market

ratio increase is, on the other hand, more moderate and followed by a reversal.

6.2 Net Asset Values

To assess the impact of including NAVs in the terminal cash flow of partially liquidated funds, I
consider the possibility that NAVs are under- or overstated. Table 8 reports average NPVs for the
PME and CPME specifications. The top panel reports NPVs applying a discount of 90 percent to
the terminal NAV, while the second panel reports risk-adjusted performance assuming NAVs are
10 percent higher than reported. The top panel shows a small decrease in NPVs, verifying that
terminal NAV changes do not significantly affect the main conclusions. The second panel shows
that a 10 percent increase in NAVs leads to a minor increase in average risk-adjusted performance.

Altogether, the robustness tests support the conclusions of the main analysis.

7 Conclusion

This paper uses stochastic discount factors with time-varying coefficients to study the risk-
adjusted performance of buyout funds. Conceptually, the stochastic discount factors represent
the marginal rate of substitution of a myopic investor timing the public equity market based on
conditional expected market returns and the short-term risk-free interest rate. The stochastic
discount factors incorporate a time-varying market risk price and short-term interest rate such
that buyout funds incepted in different vintage years are faced with different required rates of
return.

Empirically, I find significantly positive risk-adjusted buyout fund performance for stochastic
discount factor models with constant market price or risk. I, however, show that market prices
vary considerably over time which validates the relevance of using time-varying coefficient stochas-
tic discount factors. Incorporating time variation in market risk prices, I find significantly lower
risk-adjusted performance relative to the constant price of risk models. Valuing buyout fund cash
flows using a conditional log-normal SDF, in which the market risk price changes proportionally to
expected excess market returns, results in significantly negative risk-adjusted buyout fund perfor-
mance. Letting the risk price vary with conditional market risk results in buyout fund performance
consistent with public markets. Applying a conditional log-return CAPM model, I furthermore
find that buyout funds exhibit zero abnormal profits.

Despite some variation in the risk-adjusted performance estimates across time-varying coeffi-

cients stochastic discount factor specifications, the results suggest that risk-adjusted buyout fund
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performance decreases compared to measures previously considered in the literature. Altogether,
the time-varying coefficient SDF specifications imply that buyout funds do not improve the risk-

return trade-off of a myopic investor with time-varying required compensation for bearing risk.
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Table 1
Summary Statistics

The table reports TVPIs across vintage years. The total number of funds in the fully liquidated sample is N = 162
and N = 387 for the full sample. The table reports the TVPI mean, standard deviation and selected percentiles for
each vintage year.

Fully Liquidated All Funds

Vintage No. Funds Mean  Std. 25% 50% 5% No. Funds Mean  Std. 25% 50% 75%

1984 1 3.7060 3.7060 3.7060 3.7060 1 3.7060 3.7060 3.7060 3.7060
1985 2 1.9610 0.9914 1.6105 1.9610 2.3115 2 1.9610 0.9914 1.6105 1.9610 2.3115
1986 1 2.9440 2.9440 2.9440 2.9440 1 2.9440 2.9440 2.9440 2.9440
1987 5 4.1918 1.8288 3.2190 4.4859 5.5930 5 4.1918 1.8288 3.2190 4.4859 5.5930
1988 4 2.0065 0.6396 1.5346 1.8245 2.2964 4 2.0065 0.6396 1.5346 1.8245 2.2964
1989 2 2.8785 1.7416 2.2628 2.8785 3.4943 2 2.8785 1.7416 2.2628 2.8785 3.4943
1990 5 2.3139 0.7630 2.3551 2.3800 2.4710 5 2.3222  0.7758 2.3551 2.3800 2.4710
1991 2 2.2105 0.5855 2.0035 2.2105 2.4175 2 2.2692 0.5025 2.0915 2.2692 2.4468
1992 6 1.9262 1.5567 0.8067 1.7540 3.1955 [§ 1.9262 1.5567 0.8067 1.7540 3.1955
1993 8 2.5238 0.9164 1.9816 2.2485 3.4197 8 2.5238 0.9164 1.9816 2.2485 3.4197
1994 14 2.0140 0.8370 1.3725 2.0252 2.2555 14 2.0140 0.8370 1.3725 2.0252 2.2555
1995 11 1.2566 0.6575 0.8165 1.2024 1.6410 11 1.2566 0.6575 0.8165 1.2024 1.6410
1996 16 1.4616 0.7142 0.7878 1.7350 1.9295 16 1.4616 0.7142 0.7878 1.7350 1.9295
1997 18 1.4873 0.4851 1.1173 1.5197 1.8110 20 1.4487 0.4855 1.0306 1.4781 1.7491
1998 22 1.3457 0.6307 0.8768 1.2655 1.5410 34 1.4019 0.5912 0.9145 1.3278 1.6715
1999 14 1.5197 0.6751 1.1499 1.4448 1.9080 26 1.5396 0.6153 1.1513 1.5425 1.9952
2000 15 2.1191 0.6391 1.6380 2.3361 2.5308 32 1.9634 0.5824 1.5005 2.0206 2.4253
2001 7 1.6468 0.7126 1.2647 1.7194 1.8399 19 1.8875 0.5452 1.6622 1.7593 2.1932
2002 1 2.0681 2.0681 2.0681 2.0681 15 1.8530 0.6780 1.3035 1.8807 2.2658
2003 2 0.6119 0.8434 0.3137 0.6119 0.9101 14 1.7186 0.6719 1.4847 1.7443 1.9625
2004 2 0.8199 0.6725 0.5821 0.8199 1.0577 20 1.7103 0.6483 1.4589 1.6875 1.8657
2005 3 1.0832 0.0797 1.0402 1.0690 1.1190 37 1.4852 0.4391 1.1770 1.4173 1.7389
2006 0 46 1.5186 0.4495 1.3347 1.5507 1.7459
2007 1 0.9414 0.9414 0.9414 0.9414 44 1.6022 0.4711 1.3850 1.5159 1.7451
2008 0 3 1.2150 0.3085 1.0889 1.3069 1.3870
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Table 2
Buyout Fund Performance: PME and GPME

The table reports average NPVs. PME denotes average discounted cash flows using a log-utility SDF. GPME (Equal)
utilize equal weighted moments to estimate SDF coefficients using the log-normal coefficient solution in Equation 3.
GPME (Weighted) uses weighted moments and the number of active buyout funds in each time period as weights.
GPME (KN) denotes the NPV resulting from using the methodology from Korteweg and Nagel (2016). Standard
errors are in square brackets. Coefficient standard errors in the last column follows the methodology in Korteweg
and Nagel (2016). For GPME (Equal) and GPME (Weighted) coefficient standard errors are estimated from a
non-parametric block bootstrap with a block size of 5 years and 5000 samples. The unadjusted NPV standard errors
assume uncorrelated funds, while the adjusted standard errors account for cross-correlation using d = 1.5 for fund
overlap. The J-statistics use the adjusted standard errors and are reported in brackets. The confidence intervals
are bootstrap confidence intervals taking into account cross-correlation between funds. Confidence intervals are
estimated using the percentile method. ***** * denotes significance at the 1, 5 and 10-percent level.

PME GPME (Equal) GPME (Weighted) GPME (KN)

Panel A: Fully Liquidated Funds (N = 162)

NPV 0.2049*** 1.0620*** 0.2644** 0.2676***

C.I95% [0.045 , 0.367] [0.616 , 1.537] [0.064 , 0.471] [0.071 , 0.476]

Unadjusted [0.0390] [0.2000] [0.0640] [0.0510]

Adjusted [0.0399] [0.3910] [0.1201] [0.0994]

J-statistic (26.35) (7.38) (4.84) (7.25)

Parameters

a 0 0.0160 0.0059 0.0056**
(0.0136] [0.0156] [0.0026]

b 1 3.5211* 2.3039 2.1719**
[1.6171] [2.1129] [0.4206]

Panel B: All Funds (N = 387)

NPV 0.2021*** 0.7580*** 0.1437 0.2984**

C.I95% [0.027 , 0.397] [0.350 , 1.176] [-0.058 , 0.353] [0.042 , 0.579]

Unadjusted [0.0227] [0.1055] [0.0639] [0.0469]

Adjusted [0.0350] [0.2811] [0.1201] [0.1393]

J-stat (33.34) (7.27) (2.31) (4.59)

Parameters

a 0 0.0160 0.0060 0.0103**
[0.0136] [0.0142] [0.0041]

b 1 3.5211* 2.4799 3.0179***
[1.6171] [2.2758] [0.5889]
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Table 3
GPME Sensitivity

The table reports selected percentiles for the distribution of average GPMEs resulting from discounting fund cash
flows with resampled SDF coefficients following the methodology in Appendix D.1. The initial number of bootstrap
samples is 25000. The restriction on the average SDF described in Appendix D.1 results in the lower sample size
reported. The column “Frequency” reports the frequency of returns used to estimate the SDF coefficients. Columns
two to four report percentiles of the average GPME distribution. Column four shows the number of samples and
column five the number of samples in which the average GPME is negative

E[GPME]
Frequency 1st percentile 2.5th percentile 5th percentile N N <0
1 month 0.1978 0.2001 0.2043 2179 0
1 year 0.2001 0.2024 0.2049 4697 0
2 years 0.2006 0.2024 0.2052 5236 0
3 years 0.1990 0.2022 0.2057 4456 0
4 years 0.1974 0.2020 0.2061 3679 0
5 years 0.1923 0.1988 0.2045 2845 0
6 years 0.1899 0.2001 0.2053 2213 0
7 years 0.1882 0.1970 0.2035 1737 0
8 years 0.1825 0.1912 0.2012 1541 0
9 years 0.1783 0.1893 0.1979 1705 0
10 years 0.1803 0.1916 0.1996 1804 0
11 years 0.1730 0.1851 0.1961 1723 1
12 years 0.1730 0.1872 0.1966 1464 2
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Table 4
Buyout Fund Performance using Individual Fund SDF's

The table reports average discounted cash flows. Column one (Full Period) reports the NPV allowing SDF coefficients
to vary across funds. The time period from fund inception to the last cash flows is used as the estimation window for
the SDF coefficients. The second column uses an adjusted estimation window, specifically a ten year period starting
from each fund’s inception. The third column reports the results of combining the individual fund parameters from
the first column at every point in time using inverse variance weights. Standard errors are in square brackets.
The NPV standard errors assumes independent fund pricing errors, while the adjusted standard errors take into
account cross-correlation with d = 1.5. The J-statistics for the NPV estimates are reported in brackets and use
the adjusted standard errors. Confidence intervals are estimated by bootstrapping discounted cash flows. *** ** *
denotes statistical significance at the 1, 5 and 10-percent level.

Full Period Adj. Period CPME IVW

Panel A: Fully Liquidated Funds (N = 162)

NPV 0.1220 -0.0364 0.0302

C.I1 95% 0047 , 0.292] :0.174 , 0.108] 0.115 , 0.178]
Unadjusted [0.0445] [0.0328] [0.0404]
Adjusted [0.0401] [0.0397] [0.0682]
J-statistic (2.31) (0.83) (0.20)

Panel B: All Funds (N = 387)

NPV 0.0469 -0.0749 -0.0196
C.195% [-0.137 , 0.235] [-0.235 , 0.084] [-0.174 , 0.140]
Unadjusted [0.0297] [0.0248] 0.0256]
Adjusted 0.0798] [0.0535] [0.0645]
J-statistic (0.35) (1.96) (0.09)
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Table 5
Time-Varying Coefficient SDFs Estimation

The table reports results for the mean and conditional variance estimation used in the conditional log-normal SDF
models. The table also reports SDF coefficients for the instrumental variables model. The top panel reports the
mean equations for the conditional log-normal models. The log market return r;}; is the dependent variable and
the transformed dividend to price ratio log(1 + %‘) is the independent variable. The CPME regression is estimated
by OLS using monthly returns in the buyout fund sample period. Standard errors are Newey-West standard errors
with 12 lags. The CPME GARCH mean equation is estimated using Maximum Likelihood with normally distributed
errors, the standard errors are robust. The middle panel reports the conditional variance estimates. Standard errors
are in square brackets and t-statistics are in brackets. The bottom panel reports coefficients for the instrumental
variable SDF M1 = exp(ao + a1(zt — Z) — bor{y1 — bir{i1(z¢ — Z)). The coeflicients are estimated in the buyout
fund sample period using GMM. Standard errors are Newey-West standard errors with 12 lags. Standard errors are
in square brackets and t-values are in brackets. ***** * denotes significance at the 1, 5 and 10-percent level.

Mean Equation

Constant T 2zt Adj R? N
CPME -0.0081 0.0651  0.7200*  1.4279% 376

(0.0062]  [0.0766]  [0.2266]
(-1.31) (0.85) (3.18)
CPME GARCH ~ -0.0029  -0.0075  0.5448*  0.7921% 376
(0.0071]  [0.0636]  [0.3139)]
(-0.41) (-0.12) (1.74)

Conditional Variance

w Q 153

CPME 0.001908*
0.002314]
(8.25)

CPME GARCH ~ 0.000049  0.1490*  0.8435*
0.000040]  [0.0425]  [0.0409]
(1.25) (3.50) (20.62)

Instrumental Variables Model

ao al bo bl
Parameters 0.01998 3.2738** 3.1447** 247.0370*
[0.0125] [1.6378] [1.4401] [142.3330]
(1.59) (2.00) (2.18) (1.74)
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The table reports average NPVs for the conditional SDF models. CPME denotes the conditional log-normal model
with constant variance, CPME GARCH denotes the model with time-varying variance while GPME Ins. denotes the
instrumental variables model. Standard errors assuming funds are uncorrelated are reported and adjusted standard
errors taking into account cross-correlation from overlapping funds are also reported, using d = 1.5 for fund overlap.
Standard errors are in square brackets. The J-statistic for the NPV is reported in brackets, using the adjusted

Table 6
Buyout Fund Performance: CPME

standard errors. *** ** * denotes statistical significance at the 1, 5 and 10-percent level.

CPME CPME GARCH CPME Ins.

Panel A: Fully Liquidated Funds (N = 162)

NPV
C.I95%
Unadjusted
Adjusted
J-statistic

—0.1232%* 0.0192 -0.0452
[-0.228 , -0.021] [-0.128 , 0.172] [-0.158 , 0.071]
0.0273] [0.0487] [0.0390]
(0.0162] 0.0818] 0.0577]
(57.76) (0.06) (0.62)

Panel B: All Funds (N = 387)

NPV
C.I95%
Unadjusted
Adjusted

J-statistic

—0.3125%* -0.1061 -0.0039
[-0.465 , -0.193] [-0.428 | 0.212] [-0.310 , 0.295]
[0.0241] [0.0580] [0.0373]
[0.0822] [0.1427] [0.0661]
(14.46) (0.55) (0.00)
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Table 7

Other Valuation Ratios

The table reports NPVs using the conditional stochastic discount factors with alternative state variables. CPME
denotes the conditional log-normal model with constant variance, the CPME GARCH denotes the model with time-
varying variance while GPME Ins. denotes the instrumental variables model. The table reports NPVs using the
cyclically adjusted price earnings ratio and the book-to-market ratio from Welch and Goyal (2008) as the state
variables. Standard errors assuming fund pricing errors are uncorrelated are reported and adjusted standard errors
taking into account cross-correlation from overlapping funds using d = 1.5 are also reported. Standard errors are

in square brackets.

statistical significance at the 1, 5 and 10-percent level.

The J-statistic is reported in brackets using the adjusted standard errors.

e e denotes

CAPE BM
CPME CPME GARCH CPME Ins. CPME CPME GARCH CPME Ins.
Panel A: Fully Liquidated Funds (N = 162)
NPV -0.0142 -0.0056 0.0262 0.0073 0.0139 -0.0602
C.I195% [0.139,0.116]  [-0.149, 0.142]  [-0.106 , 0.169] [-0.114, 0.134]  [-0.121, 0.156]  [-0.163 , 0.048]
Unadjusted [0.0394] [0.0449] 0.0497] 0.0327] 0.0382] 0.0339]
Adjusted [0.0395] [0.0614] [0.0852] [0.0362] [0.0544] [0.0596]
J-statistic (0.129) (0.01) (0.09) (0.04) (0.07) (1.02)
Panel B: All Funds (N = 387)
NPV —0.3149*** -0.1265 0.0691 —0.1867** -0.0454 0.1131
C.I95% [0.515 ,-0.162]  [-0.537 ,0.280] [-0.285,0.413] [-0.275 -0.102] [-0.288 ,0.212]  [-0.132 , 0.404]
Unadjusted [0.0333] [0.0723] [0.0454] [0.0201] [0.0467] [0.0314]
Adjusted [0.1214] [0.1564] [0.0858] 0.0796] 0.0941] 0.0726]
J-statistic (6.73) (0.65) (0.65) (5.49) (0.23) (2.42)
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The table reports average NPVs for the PME and CPME specifications using the full sample of funds. Panel A
reports NPVs for terminal NAVs which are 90 percent of the reported NAVs. Panel B shows the same when terminal
NAVs are 110 percent of reported NAVs. Standard errors assuming fund pricing errors are uncorrelated are reported
and adjusted standard errors taking into account cross-correlation from overlapping funds using d = 1.5 are also
reported. Standard errors are in square brackets. The J-statistic is reported in brackets using the adjusted standard

Table 8

Net Asset Values

errors. “**** * denotes statistical significance at the 1, 5 and 10-percent level.

PME CPME CPME GARCH CPME Ins.
Panel A: 90%
NPV 0.1919*** —0.3141*** -0.1115 -0.0169
C.195% 0.0266 ,0.387]  [-0.472,-0.193]  [-0.444,0.206]  [-0.322 , 0.278]
Unadjusted [0.0228] [0.0241] [0.0487] [0.0376]
Adjusted [0.0375] [0.0827] [0.1445] [0.0681]
J-statistic (26.26) (14.41) (0.06) (0.06)
Panel B: 110%
NPV 0.2122*** —0.3109*** -0.1006 0.0091
C.195% 0.035,0413]  [-0.468,-0.189]  [-0.428 ,0.225]  [0.304, 0.331]
Unadjusted [0.0226] [0.0240] [0.0577] [0.0370]
Adjusted [0.0328] [0.0816] [0.1409] [0.0645]
J-statistic (41.83) (14.52) (0.51) (0.02)
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Figure 1
Conditional Log-Return CAPM

The figure illustrates conditional expected log asset returns as a function of the covariance between the log asset
return and the public equity market; the risk factor underlying the stochastic discount factor. The example uses an
annualized log risk free rate, r{ of 2 percent, which defines the intercept. The annualized market standard deviation
is 20 percent and the expected log market return plus the Jensen’s inequality correction is 14 percent. The figure
also plots an asset with a conditional correlation of one and the same conditional variance as the market, resulting
in the conditional asset covariance being equal to the market variance. The conditional expected log return of the
asset is 16 percent. The risk factor exposure leads to required return of 14 percent and an annualized conditional
alpha of 2 percent.
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Figure 2
GPME Seunsitivity

The figure plots the average GPME for the fully liquidated sample using resampled stochastic discount factor

coefficients.

Coefficients are estimated via GMM using returns resampled from a long sample starting in 1949.

Samples where the fund-weighted average stochastic discount factor is above one are discarded. See Appendix D for
details on the methodology. The top figure plots the average GPME as a function of a and b, using monthly returns
to estimate parameters. The bottom plots shows the same using eight year returns to estimate the SDF coefficients.
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Figure 3
Stochastic Discount Factor Coeflicients for Individual Funds

The figure shows stochastic discount factor coefficients for individual funds. Each dot represents the coefficient
resulting from estimating the constant coefficients SDF parameters in M;11 = exp(a — br{} 1) using a 10-year period
starting from the inception of the given fund. The figure shows coefficient estimates for the full sample of buyout
funds grouped by vintage year. The x-axis shows fund vintage year and the solid line plots within vintage year
averages.
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Figure 4
Log-Normal Constant Volatility SDF Coefficients

The figure plots the time variation in the stochastic discount factor coefficients throughout the sample period for
the log-normal model with constant conditional variance. The figures plot the stochastic discount factor intercept
and slope:

m 1 m
ar = _th + bEe[riy ] — Qb?O’f [rita]

—r{ + Eufrita] + 307 [rii]

UtQ [7'17511]

by =

The conditional market return is given by E. [mH] =pu+ Bth in Table 5 and the conditional variance is constant.
The top figure plots the SDF intercept a: and the bottom plot shows the SDF slope, b;.
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Figure 5
Maximal Sharpe Ratios

The figure plots the annualized maximal Sharpe ratio:

ot[Meya] 2 ot m 1) _
Et[Mt+l] = \/exp (btgt [TH—I]) 1

The figure plots the maximal Sharpe ratios implied by the PME;, GPME and CPME stochastic discount factors for
constant variance, o2 [ri%1], equal to the sample market variance. The solid line plots the maximal Sharpe ratio
for the instrumental variables model and the dotted line plots the same for the conditional log-normal model with
constant variance. The dashed and dash dotted lines plots the maximal Sharpe ratios for the PME and GPME
models with b; equal to 1 and 3.02 respectively. The solid red line plots the market Sharpe resulting from using the
equity premium, E,[R[" ] — R{ = R/ - SVIX?,, from Martin (2016) and the sample equity market variance.
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Figure 6
Log-Normal Time-Varying Volatility SDF Coefficients

The figure plots time variation in the stochastic discount factor coefficients throughout the sample period for the log-
normal model with time-varying conditional variance. The conditional market return is given by E¢[ri41] = u+9th
and the conditional variance follows a GARCH(1,1) process given by the coefficients in Table 5. The top figure plots
the SDF intercept, a:, and the bottom plot shows the SDF slope, b:.
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Figure 7
Instrumental Variables Model SDF Coefficients

The figure plots time variation in the stochastic discount factor coefficients for the instrumental variables specification
using stochastic discount factor:

My = exp(as — be fe41) = exp(ao + a12¢ — bo fe41 — b1 fra12¢)

The top figure plots a; = ao + a12: and the bottom plot shows b; = by + b12: using the coefficient estimates in
Table 5.
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Figure 8
Individual Fund and Instrumental Variables Model Coefficients

The figure plots the individual fund SDF coefficients depicted in Figure 3 and the coefficients implied by the stochastic
discount factor:
M1 = exp(as — befi1) = exp(ao + a1z¢ — bo fi41 — b1 frr12t)

The dots represent individual fund coefficients plotted by vintage year. The dotted line plots within vintage year
average SDF coefficients. The solid line plots the SDF coefficients implied by the instrumental variables stochastic
discount factor at the beginning of each vintage year.
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Figure 9
Average NPVs

The figure plots contributions from different time periods to average NP Vs for the full sample of buyout funds. The
sum across time periods in the top plot yields the average risk-adjusted value of cash flows. The sum across time
periods in the second plot results in the average value of distributions while last plot yields the average value of
contributions. The top plot is given by the sum of the second and third figure. The solid red line plots discounted
values for the PME, the solid blue line for the GPME (KN) specification in Table 2 Panel B. The solid black
line (CPME) represents the conditional log-normal model with constant volatility, the dash-dotted line (GPME
GARCH) the conditional log-normal model with time-varying volatility and the dashed line (CPME Ins.) represents
the instrumental variables specification.
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Appendix

A Maximal Sharpe Ratio

Consider the stochastic discount factor with time-varying coefficients:
M1 = exp(ay — biryyy) (A.1)

Assuming conditional log-normality and pricing the market and risk-free asset, the coefficients are

given by (See Appendix B):

m 1 m
a = —r] + biEy[ri’t ] — §b§0't2[7"t+1] (A.2)
b Tt B+ Rl (A3
U%[Tﬁﬂ
(A.4)

Inserting into the stochastic discount factor:
Moy = exp (=l — Sb202[] — by — Bylriy]) (A5)
t+1 = €Xp Tt = 500 [ria] = be(riy 1Tt 41 ‘

Using the properties of the log-normal distribution, for X ~ A (u, 0?):

Elexp(X)] = exp( + 30?) (A.6)

o?[exp(X)] = (exp(0?) — 1) exp(2u + 0°) (A7)
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Conditional log-normality implies that the conditional mean and conditional standard deviation

of the stochastic discount factor is given by:

Ey[M; 1] = exp(—r]) (A.8)

0lMya] = \Jexp(B20?lryi ) — 14/ exp(~2r]) (A.9)

The maximal Sharpe ratio is therefore:

oi[Mi1] \/exp(b%af[rﬁl]) — 1y/exp(—2r]) - ~
Ei[Mt—:-ll] B eXp(—r{) - \/eXp(b%O’g[rH_l]) -1 (A.10)

And the squared maximal Sharpe ratio is:

Ut[Mt ] 2_ m
(Mmﬁ)m@mmma (A11)

A.1 Constant Coefficients Model

The constant coefficient stochastic discount factor is the special case where b does not vary

with time:

((ft[MtHJ

2
mmm)_mWﬂﬁﬁ* (A.12)

A.2 Instrumental Variables Model

The instrumental variables model is the case where by = bg+b12z;. The maximal squared Sharpe

ratio is therefore:

(Ut[MmJ

2
) = (Botbtl + ittt + b bl) <1 (A9
Et[My11]

In the instrumental variables model time variation in the conditional maximal Sharpe ratio is
driven by time variation in the instrument as well as the conditional variance of the factor return

and scales with by and b.
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A.3 Expected Excess Returns

The maximal Sharpe ratio is related to expected asset returns through the Fuler equation:

1 = E[My1 Ry 4] (A.14)
1 = Ey[Mp]Ee[Ri] + cove(Mis, Riyy) (A.15)
USiIlg Et[Mt—i—l] = 1/R{

; covy (M1, R )
EfR - R = — A.16
t[ t—i—l] t Et[Mt-i-l] ( )

i i 0t M i

B[R] — R = —oulRi 1 220l R (A17)

E{[Mi41]

Where p; denotes, a potentially time-varying, correlation and o[M;41]/E¢[M;+1] denotes the con-
ditional maximal Sharpe ratio for a given stochastic discount factor. The expected excess asset
return depends on the asset’s conditional volatility, the maximal Sharpe ratio and the correla-
tion between the asset and the stochastic discount factor. Using the maximal Sharpe ratio in

Equation A.11 for the SDF, M; 1 = exp(a; — byr{} ), expected excess returns are given by:

Et[RiH] - Ric = _Ut[RiJrl] \/eXP(thUg[Tﬁl]) — 1 pt[Myya, Riﬂ] (A.18)

Using the first-order Taylor approximation exp(z) =~ 1 + z, arising from approximating exp(z)

around zero, leads to the following approximation of the maximal Sharpe ratio:

VespRo? 7)) — 1~ byl (A.19)

Approximating the function 2~° around one yields 27 ~ 1 — b(z — 1). The SDF can then be

approximated as:

M1 = exp(ag — byri’y ) = exp(ag)(1 — b(R; — 1)) (A.20)

The correlation between the SDF and the asset can therefore be approximated as:
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prlexplar — birfty), Ri 1] = pelexp(ar) (1 — be(R%, — 1)), R4 ] (A.21)
_covy(exp(ay) (1 = b (R}, — 1)), Ryyy)

N - (A.22)
or[Ryy]odfexp(ar)(1 — b (R, —1))]
- expi(at)btcovt(Ri\jlrl, Rniﬂ) (A.23)
ot[Ryq] exp(ae)broe[ Ry
~ _Pt[RiHa R 4] (A.24)
Using A.19 and A.24 in Equation A.18 leads to the following expected excess returns:
EiRj) — Bl ~ boilrfl] - oulBiy ol Riy B (A.25)

—_———
Approx. Max SR

For the same conditional asset risk and correlation between the asset and the risk-factor underlying
the SDF, the asset’s conditional expected excess return fluctuates with the conditional maximal

Sharpe ratio. The asset’s Sharpe ratio is proportional to the maximal Sharpe ratio.
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B Conditional Log-Return CAPM

Let the one-period stochastic discount factor with time-varying coefficients be given by:
M1 = exp(at - btrﬁﬁ (B-l)

Using E¢[Mi41] =1/ R{ , the natural logarithm of the expected stochastic discount factor is given
by:

1
E¢[my1] + 503 (M) = —rf (B.2)

Assuming the underlying risk factor is conditionally log-normally distributed the conditional ex-

pected stochastic discount factor is given by:

w—m&mﬂh-mqvwﬂ —r] (B.3)

ap = —Tt + bEe[riiq] — bt o7 [rfty] (B.4)

Imposing that the stochastic discount factor risk-adjusts the underlying asset return results in:

1 = E¢[M1 R} ] (B.5)
1

OzEmmH+Wﬁﬂ+§ﬁWwH+ﬁL] (5.6)

0=ar — bEe[ri’t ] + Ee[rifq ] + (bt ot [Tt+1] + 0y [Tt+1] 2by07 [rifal) (B.7)

Using a; leads to:

Et[r?}rl] - 73{ + %03[7’?11]

by = (B.8)
o [riy]
Resulting in the stochastic discount factor:
Miy1 = exp < - Tt - btUt [ria] = be(rify — EtVﬁl])) (B.9)

To see what the stochastic discount factor means for expected returns consider the restrictions
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simultaneously:

1 = Eqfexp(ar — beri’y )R] (B.10)
1 = Eq[exp(as — byri ) RY] (B.11)
Leading to the set of equations:
1
0 =ar — bEy[ri} ] + Eo[ri] + i(bfdf[rl’ll] +oprita] — 2beof [rt)) (B.12)
1
0= ar — beEdlrit] +rf + S0fo7 ] (B.13)
In vector form:
E[r7 ] + L2 [rm 1 1 cove(rit,,ri
t[ t+1} 2 t[ t+1] _ (tht[Tﬁﬂ —ay— 7630162[70;11]) b, t( t+1 t+1) (B.14)
7{ 2 1 0

This is a cross-sectional regression with R? = 100% of the expected log market return and the
conditional risk-free asset onto (1) a constant and (2) the covariances between the risk factor
underlying the stochastic discount factor and the two test assets. Since the first test asset is the
underlying factor itself the covariance equals the factor variance. The second test asset is the
conditional risk-free asset, which has zero conditional covariance with the factor. The regression
coefficients are (bE[ri",] — a; — $b707) and b; respectively. Using the expression for a; expected
log returns are expressed as a function of the conditional risk-free rate and the conditional market
price of risk b;:
Edrf] + 507 [rifa] £t cove(rify, riis)

= T‘t + bt (B15)
r{ 1 0

In the simple two dimensional case, expected log-returns are given by a regression equation with
intercept r{ and slope b;, with the conditional covariance between the risk factor and asset returns
being the explanatory variable. Figure 1 shows an example.

Consider a test asset with log-return 7, ;. The conditional required return of the asset, given
the exposure to the stochastic discount factor, is yz 1= r{ + btcovt(rﬁl,ri +1)- The conditional
expected (average) log return is, Ey[r}, ]+ 307[ri,]. The conditional pricing error is the difference

between the expected (average) return and the required return given the asset’s exposure to the

market and is given by, a;; = Ey[ri, ] + 307[ri,,] — i, The moment restrictions ensures the
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conditional pricing error of the market is zero at each point in time. The conditional stochastic
discount factor therefore price all asset for which the conditional covariance times the conditional

price of risk lines up with conditional expected (average) log-returns.
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C Standard Errors and Confidence Intervals

I estimate the spectral density matrix of fund pricing errors following Korteweg and Nagel
(2016). They show that the spectral density matrix can be decomposed into a matrix, I', of

correlations and a diagonal matrix, A, of pricing error variances:
1,1
S =A2TA2 (C.1)

The dimensions of the matrices equals the number of assets being priced. The general case of
multiple assets is illustrated below but the dimension is one in the main analysis. In the general

case the estimator for I' is given by:

N
N|=

. 1 X B 1 & 1N
r'= [N Z diag(u; o ui)] (N Z uiuz> [N Z diag(u; o u;) (C.2)
=1 i=1 i=1

Where u; is the pricing error of fund i and o denotes the Hadamard product. For the variance, A,
the degree of overlap between funds matter. The overlap between funds ¢ and k is given by the

distance:
min[t(z) + h(3), t(k) + h(k)] — max[t(i), t(k)]

d(i, k) =1— C.3
(3 k) max|[t(i) + h(i), t(k) + h(k)] — min[t(3), t(k)] (C.3)
Applying Bartlett-type weights the estimator for the variance matrix is given by:
1 N
A= N 2 }; max (1 — d(i, k)/d,0) diag(u; o uy) (C.4)

Where d determines the weight on adjacent funds. I use d = 1.5. These estimators leads to the

estimator for the spectral density matrix:
Alaal
S =A2T'A2 (C.5)

In the empirical analysis the spectral density matrix is estimated using demeaned buyout fund
pricing errors which means the dimension of the spectral density matrix is one. The standard
errors reported in the main text, which are not adjusted for overlapping funds, are determined by
the variance of the buyout fund moment scaled with % hence the moment covariance matrix X is
given by; ¥ = %S.

In the case adjusting for correlation between overlapping funds I used the spectral density

estimator above. I determine the moment covariance matrix as; ¥ = %S using the adjusted
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spectral density matrix.

Because I do not use artificial funds along the lines of Korteweg and Nagel (2016) the standard
errors above differ from fully specified errors accounting for pricing error correlation and how
moments change with changes in parameters. To see how the standard errors above differ let K
denote the number of moments. Let W denote a weighting matrix with ones in the diagonal in
the entries corresponding to the artificial funds and epsilon weight in the entry corresponding to
the price equity moment. Let d denote the matrix of partial derivatives of moment conditions
with respect to parameters and S the full spectral density matrix. In the fully specified model the

moment covariance matrix is given by:
LT 1,7 _ T 1,7
Y= I—d(d'Wd)™d'W)S(I—-Wd(d Wd)~d (C.6)
N
Let Ay = d(d"Wd)~'d"W and Ay = Wd(d'Wd)~'d" and write the covariance matrix as:
no L (s ~A1S — SAy+ A15A2> (C.7)
N

The expression shows the difference between the fully specified moment covariance matrix and using
the spectral density matrix, taken parameters as given, is determined by, —A;.5 — SAs + A15As.
The fully specified standard error is higher than the standard error taking coefficients as given if

the entry corresponding to the private equity moment is positive.

C.1 Bootstrap

The bootstrap procedure used to estimate NPV confidence intervals is as follows. First, the
parameters for a given stochastic discount factor are estimated in the original sample. The cash
flows are then discounted using these parameter values, resulting in a T by N panel of discounted
fund cash flows. To preserve cross-correlation between funds the entire cross-section is resampled.
Rows of the panel of discounted cash flows are sampled with replacement K times. The cross-
sectional average E[N PV4] in each bootstrap sample yields the bootstrap distribution for E[N PV].
This distribution provides the basis for the confidence intervals of the average NPV. The confidence
interval is therefore conditional on the estimated parameter values. The percentile method is used

to estimate the 95 percent confidence interval for a given stochastic discount factor specification.
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D GPME Sensitivity Methodology

The methodology samples public market returns and risk free interest rates resulting in K
artificial samples. In each sample stochastic discount factor parameters are estimated using GMM

and the moment conditions:

1 = E[M1n R3] (D.1)
1=E[MynR] ;) (D.2)

M4y, is the multi-period stochastic discount factor and Ry, denotes the exponential cumulative
log return on the market and a one-period risk-free asset. Overlapping observations are used to
estimate parameters for h > 1. I use returns of different frequencies to evaluate whether stochastic
discount factor parameters differ across horizons. Specifically returns are resampled at a monthly
frequency (h = 1) as well as at lower frequencies for horizons from one to twelve years. Using
long-horizon returns requires resampling large blocks of returns to maintain possible long-horizon
autocorrelation. A block-length equal to the frequency of returns is used, i.e the block length is
12 months for a yearly horizon, for instance. To ensure observations are resampled with equal

probability I use non-parametric circular block resampling.

D.1 Economically Infeasible Coefficients

The non-parametric nature of the procedure leads to extreme stochastic discount factor pa-
rameters in some samples. To exclude economically unreasonable parameter values, the stochastic
discount factor mean is used to discard infeasible samples. I estimate the mean stochastic discount
factor for each fund in a sample using the given funds’ investment period and I deem a sample
admissible if the cross-sectional average of the stochastic discount factor means is below one, oth-
erwise the sample is discarded. A mean below one means the implied risk-free rate is positive on

average.
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E Supporting Output

Table E.1
Robustness: Log Price to Earnings Estimation

The table reports the mean and conditional variance estimations for the conditional log-normal models and coeffi-
cients for the instrumental variables model. The top panel reports the mean equations for the conditional log-normal
models. The log market return i}, is the dependent variable and the log cyclically adjusted price to earnings ra-
tio is the state variable. The regression is estimated by OLS using monthly returns in the buyout fund sample
period. Standard errors are Newey-West standard errors with 12 lags. The CPME GARCH mean equation is
estimated using Maximum Likelihood with normally distributed errors, the standard errors are robust. The mid-
dle panel reports the conditional variance estimates. Standard errors are in square brackets and t-statistics are in
brackets. The bottom panel reports coefficient estimates for the instrumental variable stochastic discount factor
Miy1 = exp(ao + a1z¢ — borit, — bir{i12:). The parameters are estimated using GMM and standard errors are
Newey-West standard errors with 12 lags, these are in square brackets and t-values are in brackets. ***,** * denotes
statistical significance at the 1, 5 and 10-percent level.

Mean Equation

Constant ry 2t Adj R? N
CPME 0.0640** 0.0612 —0.0171** 1.04% 376
[0.0242] [0.0767] [0.0075]
(2.64) (0.80) (-2.28)
CPME GARCH 0.0686* -0.0139 -0.0181 0.45% 376
[0.0390] [0.0640] [0.0117]
(1.78) (-0.22) (-1.54)
Conditional Variance
w « 5
CPME 0.001916*
[0.002320]
(8.26)
CPME GARCH 0.0000463 0.1532* 0.8426*
[0.000038] [0.0428] [0.0409]
(1.23) (3.58) (20.58)
Instrumental Variables Model
ag ai bo b
Parameters 0.0181 —0.0763* 3.1402** -5.8800
[0.0124] [0.0455] [1.4518] [3.6874]
(1.46) (-1.68) (2.16) (-1.59)
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Table E.2
Robustness: Book to Market Estimation

The table reports the mean and conditional variance estimations for the conditional log-normal models and coeffi-
cients for the instrumental variables model. The top panel reports the mean equations for the conditional log-normal
models. The log market return r{}; is the dependent variable and the book to market ratio from Welch and Goyal
(2008) is the state variable. The CPME regression is estimated by OLS using monthly returns in the buyout fund
sample period. Standard errors are Newey-West standard errors with 12 lags. The CPME GARCH mean equa-
tion is estimated using Maximum Likelihood with normally distributed errors, the standard errors are robust. The
middle panel reports the conditional variance estimates. Standard errors are in square brackets and t-statistics are
in brackets. The bottom panel reports the parameter estimates for the instrumental variable stochastic discount
factor M1 = exp(ao + a1zt — bor{t; — biri12:). The parameters are estimated using GMM. Standard errors are
Newey-West standard errors with 12 lags, these are in square brackets and t-values are in brackets. ***,** * denotes
statistical significance at the 1, 5 and 10-percent level

Mean Equation

Constant rm 2 Adj R? N
CPME -0.0045 0.0640 0.0389*** 1.04% 376
[0.0064] [0.0751] [0.0143]
(-0.70) (0.85) (2.72)
CPME GARCH -0.2676 -0.0076 3.6143 0.52% 376
[0.7754] [0.0629] 2.2539]
(-0.35) (-0.12) (1.60)

Conditional Variance

w « 15}
CPME 0.001916*
[0.002296]
(8.35)
CPME GARCH 0.000045 0.1523* 0.8432*
[0.000037] [0.0417] [0.0389]
(1.24) (3.65) (21.70)

Instrumental Variables Model

ag a1 bo b1
Parameters 0.0203* 0.2409** 3.3214** 16.4505*
[0.0100] [0.1078] [1.3830] [8.7900]
(1.86) (-2.24) (2.40) (1.87)
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Chapter 2

Private Equity Performance:

Implications for Portfolio Choice

Rasmus Jgrgensen™

Abstract

I study the connection between a particular Public Market Equivalent (PME) measure of risk-
adjusted private equity (PE) performance and portfolio choice. I present a simple expected utility
maximization problem and show that the PME is applicable for allocating between a PE trading
strategy and a single risky benchmark. Log-utility investors’ allocations are characterized entirely
by moments of excess PE performance, represented by the PME. Power-utility investors must,
however, also consider the covariance between excess performance and benchmark returns. I
estimate optimal PE allocations directly from cash flows by maximizing an expected utility criterion
for a sample of US buyout funds. Empirically, log-utility investors should allocate their entire
wealth to buyout funds, if the alternative investment is the broad public equity market, while risk
averse investors allocate 25-35% of wealth to buyout funds. Buyout fund allocations are markedly
lower, across levels of investor risk aversion, if the alternative investment is a portfolio comprised
of small or value stocks. I extend the base framework to study conditional buyout fund allocations

and allocations for investors with fund selection skills or limited access to top quartile funds.

The author is affiliated with Pension Research Center (PeRCent) and the Department of Finance, Copenhagen
Business School, Solbjerg Plads 3, DK-2000 Frederiksberg, Denmark as well as ATP. Thanks to Jesper Rangvid and
Peter Feldhiitter for helpful comments.
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1 Introduction

Institutional investors are increasing allocations toward private market assets such as private
equity (PE) funds. While these assets now constitute a substantial portion of pension and endow-
ment fund’s investment portfolios, evaluating PE fund risk and return characteristics is challenging
due to the absence of quoted market prices and consequential lack of return data.! Public Market
Equivalents (PMEs) have proven particularly useful for evaluating risk-adjusted performance from
fund cash flows.? The fundamental idea is to either replicate fund cash flows in a benchmark of
publicly traded stocks, and compare the performance of these investments, or to discount cash
flows with benchmark returns. Sorensen and Jagannathan (2015) show that the PME introduced
by Kaplan and Schoar (2005)3 is a valid economic measure of risk-adjusted performance by es-
tablishing a connection between the PME and a log-utility investor’s stochastic discount factor.
Despite the connection between the PME and stochastic discount factors, the PME’s applicability
for portfolio choice problems has attracted little scrutiny.

This paper studies the applicability of a specific PME measure for portfolio allocation.? I
show a direct connection between the PME and a simple portfolio choice problem where a limited
partner (LP) maximizes expected utility of terminal wealth by allocating initial wealth between
two risky trading strategies; (1) a buy-and-hold investment in a benchmark of publicly traded
stocks and (2) a private equity strategy. Because the PME evaluates performance relative to a
pre-specified benchmark, using the PME for portfolio choice problems only allows for pairwise
comparison of trading strategies and consequently allocation between two risky assets, which is
undoubtedly a limitation for portfolio choice applications. The simple problem is nevertheless
interesting because a few restrictions make the expected utility maximization problem empirically
tractable. I exploit the tractability to estimate optimal allocations to a random buyout fund and
a public benchmark directly from cash flows and benchmark returns using a sample of US buyout
funds from Preqin. Specifically, I estimate allocations from the terminal wealth of the two trading
strategies by maximizing an expected utility criterion, thereby bypassing the direct estimation of

buyout fund alpha and beta.

'Da Rin and Phalippou (2017) report PE allocations of up to 25% for pension funds and endowments.

*Papers using PMEs include, Kaplan and Schoar (2005), Axelson, Jenkinson, Strémberg, and Weisbach (2013),
Phalippou (2014), Harris et al. (2014), Sorensen and Jagannathan (2015), Robinson and Sensoy (2016), Korteweg
and Nagel (2016), Gredil et al. (2020) and Harris, Jenkinson, Kaplan, and Stucke (2020) among others, industry
reports include, McKinsey & Company (2020) and Preqin (2020).

30ther PME definitions are used in the literature, Long and Nickels (1996) for instance introduce the Index
Comparison Method (ICM), Rouvinez (2003) suggests the PME+ measure and Cambridge Associates proposes the
mPME.

I study the PME introduced in Korteweg and Nagel (2016) (defined in Section 2.3) which is a variant of the
Kaplan and Schoar (2005) PME.
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The paper’s main findings are five-fold. (1) PME moments® are sufficient to determine alloca-
tions for investors with log-utility preferences. (2) Investors with general power-utility preferences,
using PMEs to allocate wealth, must also consider the covariance between excess PE performance
and benchmark returns, and the covariance becomes increasingly important as risk aversion in-
creases. (3) Empirically, both log- and power-utility investors should allocate a substantial fraction
of wealth to buyout funds if the alternative investment is the broad equity market, but a smaller
fraction for benchmark portfolios comprised of small and value stocks. (4) The valuation level of
the public equity market is the most important state variable for conditional buyout fund allo-
cations. (5) Optimal buyout allocations for LPs with fund selection skills are comparable with
the allocations of an unskilled LP when the expected excess performance from selecting a random
buyout fund is high. On the other hand, a skilled LP’s optimal allocation is considerably larger
than an unskilled LP’s if the expected excess performance from selecting a random buyout fund
is low.

The paper presents a simple portfolio allocation problem. Investors choose between a buy-
and-hold investment in a publicly traded benchmark and a private equity strategy by maximizing
expected utility of terminal portfolio wealth. The private equity strategy is an active trading
strategy investing in a single PE fund, financing capital calls by selling shares of the publicly traded
benchmark, and reinvesting distributions from the PE fund in the benchmark. The PE strategy is
fully invested throughout the PE fund’s investment period making terminal wealth comparable to
the terminal wealth of the buy-and-hold benchmark investment. The trading strategy definitions,
in conjunction with the expected utility maximization criterion, produce a connection between the
PME and portfolio allocations.

The expected (average) PME, commonly used to evaluate risk-adjusted performance, is directly
related to the first-order condition of a log-utility investor’s expected utility maximization problem.
The expected PME represents the first-order condition with respect to the PE allocation evaluated
at 100 percent of wealth invested in the benchmark strategy. From the portfolio choice perspective,
the expected PME can be interpreted as the marginal expected utility increase obtainable from a
marginal allocation to the PE strategy, provided that the investor has no initial PE allocation. The
portfolio choice perspective thus highlights that the average PME does not measure marginal value
for investors with substantial PE allocations in place, which is the practically important case for
most PE investors such as pension and endowment funds. Harvard’s endowment, for instance, has

PE allocations of 23 percent in place (Harvard, 2020). The portfolio choice perspective highlights

5The first moment represents a fund’s expected excess performance, the second moment excess performance
variance etc.
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that these investors cannot rely solely on average risk-adjusted performance to determine whether
to change their PE allocation.

A log-utility investor’s allocation problem reveals that the optimal PE allocation generally
depends on all PME moments. The solution to an approximate optimization problem leads to the

optimal fraction of wealth allocated to PE as a function of the first and second PME moments:

g _ EIPME]

P E[PME?| M)

The optimal allocation illustrates that investors should, in addition to considering average risk-
adjusted performance, consider excess performance variability. The portfolio allocation problem
thus provides a new perspective on the risk and returns of PE funds. As an example, the average
risk-adjusted performance of buyout and venture capital relative to a given public market bench-
mark might be similar. The excess performance variability of venture capital funds is, however,
considerably larger than that of buyout funds. The variability means that the two fund categories
are quite different from a portfolio allocation perspective. The expected utility framework high-
lights the variance of excess performance as an important measure of PE risk due to the direct
connection to portfolio choice.’

The solution to an approximate portfolio choice problem for an investor with general power-
utility preferences, and risk aversion greater than one, shows that these investors penalize PME
variance proportionally to the level of risk aversion. Power-utility investors should furthermore
consider the covariance between excess PE performance and benchmark returns, which becomes
increasingly important as risk aversion increases. The covariance means that conservative LPs
derive additional value from the PE investment if excess performance correlates negatively with the
benchmark. Provided that the correlation is sufficiently negative power-utility investors allocate a
positive fraction of wealth to the PE strategy despite zero expected excess performance.

Empirical analyses reveal that log-utility investors should allocate 100 percent of wealth to
buyout funds if the alternative investment is a broad portfolio of publicly traded stocks. A log-
utility LP, in fact, shorts the benchmark strategy to obtain more buyout fund exposure, if allowed.
The large buyout allocation reflects the high average risk-adjusted performance relative to the
broad equity market. The average buyout fund PME is negative compared to a benchmark portfolio
of small-value stocks. The negative average PME results in log-utility investors shorting the buyout

fund strategy for this benchmark. Conservative LPs with v = 8 allocate approximately 25 percent

SPME variance has not been extensively studied, notable exceptions are Harris, Jenkinson, Kaplan, and Stucke
(2018) and Brown et al. (2021).
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of wealth to buyout relative to a market benchmark and 13-16 percent for benchmark portfolios
of small and value stocks.

I furthermore examine allocations conditional on the state of the economy at fund inception
using approximate solutions to the portfolio choice problems. Estimating PME moments condi-
tional on public market valuations, corporate credit conditions and the yield curve reveals that the
valuation level of the public equity market is the most important state variable to consider for a
log-utility investor.

I extend the expected utility framework and analyze allocations of (1) LPs with fund selection
skills and (2) LPs with limited access to top-performing funds. Specifically, I estimate allocations
for LPs selecting top quartile funds with higher probability (skilled LPs) and for LPs selecting
funds below the top quartile with higher probability (LPs with limited access). Unsurprisingly
LPs with fund selection skills should allocate a larger fraction of wealth to buyout funds, and
allocations are increasing in skill. Interestingly, optimal buyout fund allocations for LPs with fund
selection skills are comparable with the optimal allocations of unskilled LPs when the expected
excess performance from simply selecting a random buyout fund is high. If, on the other hand, the
expected excess performance from selecting a random buyout fund is low, a skilled LP’s optimal
allocation is far greater than an unskilled LP’s allocation. I furthermore find that optimal buyout
fund allocations are considerably lower for LPs with limited access to top quartile funds.

The paper contributes to the literature on the risk and return of PE funds by connecting
performance evaluation and portfolio choice. Related studies on PE performance include Kaplan
and Schoar (2005), Cochrane (2005), Phalippou and Gottschalg (2009), Driessen et al. (2012),
Harris et al. (2014), Sorensen and Jagannathan (2015), Korteweg and Nagel (2016) and Gredil
et al. (2020) among others. Papers closest to the spirit of this paper are Gredil, Liu, and Sensoy
(2021) using an expected utility framework to examine diversification in portfolios of PE funds and
Brown, Hu, and Kuhn (2021) studying the effect of including PE funds into diversified portfolios.
This paper differs by establishing a direct connection between the PME, two specific trading
strategies and portfolio choice problems. The relation between the PME and portfolio choice offers
a new perspective on the advantages and disadvantages of the PME for performance evaluation.
Specifically, investors with large PE allocations in place cannot rely exclusively on the average
PME to determine whether they should adjust their current PE allocation.

The paper also adds to the literature by estimating optimal PE allocations directly from fund
cash flows and benchmark returns without explicitly modeling period-by-period returns. Tradi-

tional methods of portfolio choice generally require (1) modeling asset returns and (2) solving for
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portfolio weights. However, using the connection between the PME and portfolio choice, and an
average utility maximization criterion inspired by Brandt (1999), Ait-Sahalia and Brandt (2001),
Brandt and Santa-Clara (2006) and Brandt, Santa-Clara, and Valkanov (2009), the construction
of returns from Net Asset Values and the estimation of PE alpha and beta can be bypassed.

The organization of the paper is as follows. Section 2 presents the trading strategies and
the relation to the PME. Section 3 presents the portfolio allocation problem and illustrates the
connection between portfolio choice and the average PME commonly used to assess the risk-
adjusted performance of PE funds. This section also presents solutions to approximate portfolio
allocation problems. Section 4 presents the buyout fund and benchmark portfolio data and outlines
the empirical methodology used to estimate optimal allocations. Section 5 presents empirical
estimates of optimal buyout fund allocations and illustrates applications of the expected utility
framework by analyzing conditional allocations and optimal allocations for LPs with fund selection

skills or LPs with restricted access to top quartile funds. Section 6 concludes.

2 Setup

I consider the problem of allocating between two risky strategies by maximizing expected utility
of terminal wealth. Investors have access to two trading strategies (1) A buy-and-hold investment

in a portfolio of publicly traded stocks and (2) a private equity strategy.

2.1 Benchmark Strategy

The benchmark strategy is a buy-and-hold investment in a portfolio of publicly traded stocks.
Limited partners (LPs) invest at time 0 and receive a payoff at terminal date T with no intermediate
distributions.” Consider the strategy as a fund investment with fund shares that cannot be traded
in a secondary market or redeemed before the terminal date. From the LP’s perspective, the
benchmark strategy is consistent with the microstructure of private markets where secondary
transactions are uncommon. The payoff at the terminal date is the gross total return from fund
inception:

WE = Wyexp (hr) @

Where W denotes the initial investment and r(b]:T denotes the cumulative log-return from inception

until the terminal date.

"Dividends are reinvested.
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2.2 Private Equity Strategy

The private equity trading strategy actively trades in a single PE fund and the benchmark.
Consider the strategy as being managed by an intermediary investing in an underlying PE fund. At
fund inception, the intermediary invests the LP’s commitment in the benchmark. The intermediary
finances capital calls from the underlying PE fund during the fund’s life by selling benchmark
shares. When the underlying PE fund distributes capital the intermediary reinvests distributions
in the benchmark until the terminal date. The LP thus invests at fund inception and receives a
single distribution at the terminal date. Reinvesting proceeds in the benchmark makes terminal
wealth comparable to the terminal wealth in the benchmark strategy.® The exact timing is as
follows. In each period the managed fund earns the benchmark return on uncalled capital. The
underlying PE fund then calls capital from or distributes capital to the intermediary. Capital calls
reduce the next period’s uncalled capital while distributions are reinvested in the benchmark until
the end of the fund. The intermediary observes capital calls (C;) and distributions (D;) per dollar
of committed capital but not the underlying PE fund’s Net Asset Value (NAV). ¥ The dynamics
lead to the following terminal wealth (see Appendix A for details on the timing of payoffs in the
PE strategy):

T
WE = Wo(exp(rhr) + > (De = C) explrly)) (3)
t=1

The cumulative return exp(rf:T) carries cash flows forward from the cash flow realization date
until the terminal date.!® The PE trading strategy is mix of payoffs from a pure private equity
investment and investments in the benchmark. The strategy payoffs coincide with the underlying
PE fund’s payoffs if the underlying fund calls the full amount of committed capital in the first

period and distributes all capital at the end of the fund’s life.

8The structure deviates from that of a standard private equity fund where LPs commit capital at fund inception,
which is called during the first 4-5 years, and distributed throughout the fund’s lifetime. One drawback of the
structure in this paper is that it can lead to negative wealth. Consider a fund where the first capital draw is 50
percent of committed capital, leaving 50 percent to be invested in the benchmark. If at the next date the benchmark
index decreases by 25 percent and at the subsequent date the private equity fund calls the remaining committed
capital, the LP will not be able to meet the capital call without borrowing. Depending on the outcome of the PE
investment terminal wealth can become negative.

9Tt is inconsequential for the portfolio choice problem presented in subsequent sections that NAVs are not observed
since LPs maximize expected utility of terminal wealth which only depends on fund cash flows and benchmark returns.

ONote that exp(rﬁ’:j) =1fori=j.
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2.3 Relation to Public Market Equivalents

The ratio of PE to benchmark strategy terminal wealth is a measure of fund performance.

From the trading strategy definitions the terminal wealth ratio is:

wr Wo(exp(rlr) + L (D: = Co) exp(rly) ) LD el

WTb’ WO eXp(TS:T) exp(rg:T)

The relative return at a time ¢, exp(r’.;)/ exp(r3.;), carries cash flows forward to the terminal date
and back to fund inception to obtain the present value of cash flows realized at time ¢. Carrying
cash flows forward to the terminal date and then back is equivalent to carrying cash flows back
from the realization date to fund inception using discount factor exp(—rgzt). The equivalency
provides a relation between the terminal wealth ratio and the Generalized PME of Korteweg and
Nagel (2016). The GPME of a fund is the sum of fund cash flows discounted using some general
multi-period stochastic discount factor. Sorensen and Jagannathan (2015) and Korteweg and Nagel
(2016) show that the PME of Kaplan and Schoar (2005) corresponds to discounting cash flows with
a log-utility investor’s stochastic discount factor, which is the inverse of the log-utility investor’s
return on wealth. Using the return on a traded benchmark portfolio in place of the wealth return
the one-period stochastic discount factor is given by My = exp(—rf +1)- Discounting cash flows

with the multi-period stochastic discount factor results in the equivalence between the wealth ratio

and the PME:!!
Wi _ 1+ XT:(Dt — Cy)exp(—13,) =1+ PME (5)
Wk — 0:t
The equivalence means that the PME can also be interpreted as the percentage of additional wealth
an investor obtains by investing in a strategy which finances the PE investment by selling the
benchmark, relative to a buy-and-hold investment in the same benchmark. The relation between
the PME and the trading strategies furthermore shows the reinvestment assumption implicit in
the PME.

The wealth ratio interpretation highlights a shortcoming of evaluating a single fund’s perfor-
mance using the fund’s realized PME. A wealth ratio greater than one means, that actively trading
the benchmark and the PE fund provides higher terminal wealth than a buy-and-hold investment
in the benchmark. Larger terminal wealth can, however, be achieved in several ways. Consider,

for example, a fund manager levering up the benchmark instead of investing in an underlying PE

fund. Levering up the benchmark leads to a wealth ratio larger than one, provided that benchmark

"Following the definition in Korteweg and Nagel (2016) the PME in Equation 5 is the GPME for a log-utility
investor.
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returns are higher than the funding rate on average. Such a strategy will, nevertheless, also entail
more risk, which is generally not observable from the realized terminal wealth ratio of a single

fund.

3 Portfolio Choice

Using the trading strategy definitions, and the relation to the PME, a connection between
portfolio choice and evaluation of average fund performance can be established. Consider the
problem of allocating initial wealth Wy between the two trading strategies at time 0 by maximizing
expected utility of terminal portfolio wealth.'? After the initial allocation investors are not allowed
to rebalance portfolio allocations, they cannot allocate to a risk-free asset, but they are allowed to
short either strategy.'® Investors have no intermediary consumption or outside income.

These restrictions essentially transform the problem into a static expected utility maximization
problem over terminal wealth with portfolio wealth given as a linear combination of the two
strategies’ terminal wealth, Wi = HbW:? + 0,W?X, with 6; denoting the fraction of initial wealth
allocated to strategy i.'* The portfolio choice problem essentially becomes a one-period problem
where the period is a long time span. One can think of the time span as the lifetime of a typical
PE fund. LPs solve the portfolio choice problem by maximizing expected utility over terminal

wealth.
maXE[u(W%)]
o (6)
s.t. Oy + 9p =1

Where u(-) is a concave utility function. I consider power utility preferences over terminal wealth:

gy = 4 o e ()

In(Wr) ify=1

~ denotes investor’s relative risk aversion.

21 get Wy =1 in subsequent sections.

13In practice, the PE strategy cannot be sold short.

MNote that the fraction of wealth, allocated to the private equity trading strategy presented Section 2.2, does not
necessarily equal the optimal allocation to a pure private equity investment. The difference is due to the reinvestment
of cash flows at the benchmark rate of return. The reinvestment makes the PE strategy return a mix of private
equity and benchmark payoffs. If PE exhibits positive risk-adjusted performance, and investors can reinvest in PE,
the optimal allocation to this strategy will differ from the allocation to the PE strategy presented.
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3.1 Performance Evaluation using PMEs

The expected utility maximization problem of an LP with log-utility preferences is as follows:
meaxE[ln(eng + 0,WE) — A0 + 60, — 1)] (8)

The first-order condition with respect to the PE allocation is:
B[WA6V) + 6,177) '] = ) )

Evaluating the first-order condition at ¢, = 1 and 0, = 0 leads to:1?

b

E [%] = E[1+ PME] (10)

The first-order condition provides the connection between the allocation problem and the ex-
pected (average) PME and highlights two important points.'® (1) The expected PME represents
the marginal expected utility increase a log-utility investor, already 100 percent invested in the
benchmark, obtains from a marginal allocation to the PE strategy. (2) The expected PME is
insufficient for determining optimal PE allocations unless the allocation is zero, which results in
an optimal allocation of 100 percent in the benchmark.

Collectively Equations 9 and 10 show that the average PME does not measure the expected
utility increase obtainable by investors with substantial initial allocations to PE. The difference
amounts to a difference in the portfolio in the denominator in Equations 9 and 10. The portfolio in
Equation 9 is a combination of the PE and benchmark strategies whereas the PME in Equation 10
uses the benchmark portfolio in the denominator.!” This difference is important for PE investors
such as pension funds and endowments because these types of investors typically have large PE
allocations in place. The average PME consequently does not measure the value of a marginal

allocation to PE for these investors.

151 the following PME represents a random variable. E[PME] represents investors’ expected excess PE perfor-
mance. This differs slightly from the ex-post use of PMEs for performance evaluation.

16The relation between the allocation problem and the PME is a reflection of the connection between the PME and
the stochastic discount factor of a log-utility investor established by Sorensen and Jagannathan (2015). Conceptually,
the first-order condition is analogous to the one used to evaluate the average risk-adjusted value of cash flows in
Korteweg and Nagel (2016) for a set of transformed payoffs.

17Conceptually the denominator portfolio acts as a stochastic discount factor. The difference in Equations 9
and 10 amounts to whether the private equity strategy payoff enters the stochastic discount factor pricing the
trading strategy payoffs.
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3.2 Solving Approximate Problems

The interaction between additive wealth and power utility preferences means that the portfolio
choice problems cannot be solved analytically. Approximating the solutions to the expected utility
maximization problem, however, leads to analytical solutions, which provide insights into the

determinants of optimal allocations.

Log-Utility

Investors with log-utility preferences solve the maximization problem:
mng[ln(W})} (11)

Using the restriction 6 + 6, = 1 and the relation between the terminal wealth ratio and and PME
in Equation 5, portfolio wealth can be expressed as W% = W%(l + 0,PME) (see Appendix B).
Portfolio wealth is given by benchmark wealth, the fraction of initial wealth allocated to the PE
strategy and excess PE performance represented by the PME. Using the expression for portfolio

wealth in the maximization problem leads to:

max E| In(W}) + In(1 + ,PME) (12)

Op

This maximization problem highlights an interesting property of the log-utility specification. The
optimal PE allocation is separable from benchmark wealth. This separability means the PME
distribution is sufficient for determining the optimal PE allocation. It also means the optimal allo-
cation is invariant to transformations of terminal wealth which do not alter the PME distribution.
Reinvesting both strategies’ terminal wealth in the benchmark to extend the investment horizon,
for instance, changes strategy wealth distributions but not the PME distribution, which means it
does not change a log-utility investor’s optimal allocation.

Linearizing the maximization problem by a second-order Taylor expansion of In(1 + §,PME)

around PME = 0 results in:
b 1 2 2
max [wT + 0,PME — S 02PME ] (13)
p

Where wa denotes the log of benchmark wealth. The optimal PE allocation is given by:

. E[PME]  E[PME]

= = 14
P E[PME? E[PME]?+ o (14)
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The expected PME normalized by the second moment determines the PE allocation. The ex-
pression illustrates the difference between evaluating optimal allocations and evaluating average
risk-adjusted performance. For performance evaluation, it is sufficient to assess the average PME
while determining optimal allocations also requires accounting for PME variability. This is an
important difference between the performance evaluation and the portfolio choice perspectives on

the risk and return of PE funds.

Power-Utility

Investors with power-utility preferences and v > 1 solves the problem:

1
max B | —— (Wi)!~7 15
x| (v (15)
Subject to the constraint, 0,40, = 1 . Applying the approximation from the previous section does
not immediately result in an analytical solution. However, using an alternative approximation,

presented in Appendix B, the optimization problem can be expressed as:

1
E
max [1

0 exp ((1 — b + (1 — 7)8,PME — %95(1 - y)E[PMEQ])] (16)

Assuming benchmark log wealth and the PME are jointly normally distributed the properties of

the log-normal distribution leads to optimal PE allocation (see Appendix B):

E[PME] — (y — 1)cov(w}, PME)

6: =
P YopuE + E[PME]?

(17)

Equation 17 shows the optimal allocation increases in the expected PME and decreases in PME
variance and 7.'® For LPs with v > 1, positive covariance leads to an optimal allocation lower than
implied by the expected excess PE performance. The optimal allocation is larger than implied by
the expected PME if the covariance is negative. The covariance accounts for power-utility LPs
trading off average portfolio wealth with portfolio variance. LPs like positive covariance between
log-wealth and PMEs because it increases average portfolio wealth for a given average log-wealth
and PME. On the other hand, LPs dislike positive covariance because it increases total risk. The
~v—1 term captures these opposing effects. As risk aversion increases, LPs care relatively more about
portfolio risk and consequently place more weight on the covariance. Conservative LPs care a great

deal about portfolio variance and therefore about the covariance between log-wealth and excess

18 Appendix C provides a portfolio choice example with a benchmark asset and a secondary asset which provides
some intuition for the expression for the optimal PE allocation.
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performance. The effects exactly offset for log-utility preferences. The covariance represents an
additional diversification benefit to conservative LPs if excess PE performance correlates negatively
with the benchmark.

The covariance means a power-utility investor’s optimal PE allocation can be negative (positive)
despite a positive (negative) expected PME, which means that conservative LPs can optimally
choose not to allocate to the PE strategy despite positive expected PME. This effect is not present
for investors with log-utility preferences. For this type of investor, the sign of the optimal allocation

is consistent with the expected PME’s sign.

4 Empirical Implementation

4.1 Data
Funds Data

To estimate optimal allocations, I construct the trading strategies outlined in Section 2 for
a sample of buyout funds. Constructing the strategies requires fund cash flows and benchmark
returns. I use net of fees fund-level cash flows for 359 US buyout funds from Preqin incepted from
1980 to 2008. Fund cash flows are realized during the period from 1980 to 2016. The sample
contains contributions and distributions to and from the funds as well as fund valuations (NAVs)
throughout each fund’s life. I include fully and partially liquidated funds to preserve the largest
possible sample. For partially liquidated funds, residual NAV from unrealized investments is added
to the funds’ last cash flow which is standard practice. Funds are required to be at least eight
years old and have called at least 80 percent of committed capital, which mitigates the influence
of excessively large residual NAVs. Cash flows are normalized such that payoffs are per dollar of

committed capital. Table 1 reports summary statistics for the funds data.

Benchmarks

I consider several different benchmark portfolios. The benchmark returns are from Kenneth
French’s data library. The public equity market is represented by the value-weighted return on
CRSP firms. T also consider three long-only characteristic portfolios. (1) A value portfolio, which
is a portfolio of the 20 percent highest ranked stocks in the CRSP universe based on their book
to market ratio. (2) A portfolio of small stocks represented by the 20 percent smallest stocks in
the CRSP universe measured by market capitalization. (3) A small-value portfolio, which is the

result of a double sort on market capitalization and the book-to-market ratio, and contains the
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smallest stocks in the universe with the highest book-to-market ratio. The benchmark portfolios
are market capitalization weighted. I consider characteristic sorted portfolios as previous literature
shows that buyout funds payoffs covary with small and value stocks, see for example Ang et al.

(2018) and Stafford (2020).

4.2 Estimation
Objective Function

I relate the theoretical portfolio choice problem to the data by constructing the trading strate-
gies, outlined in Section 2, for each buyout fund in the sample. The benchmark investment for
fund ¢ produces one realization of terminal wealth W%Z- which is the gross return on a strategy
investing one dollar at the inception of fund ¢ and ending at the date of the fund’s last cash flow,
T, which depends on i. As an example, if a fund is incepted in 2001Q4 and the last cash flow
occurs in 2011Q4, the benchmark terminal wealth is the cumulative return in these ten years. The
private equity strategy for fund ¢ produces realized terminal wealth, Wﬁi which is the terminal
wealth of a trading strategy that reinvests the realized cash flows of fund ¢ until the date of the
fund’s last cash flow. The ratio of realized terminal wealth equals one plus the PME of that
fund. Each fund in the sample, therefore, leads to a set of three payoffs, {ij“,i’ W;ﬁji, PME;}, one
realization of benchmark strategy wealth, one realization of buyout fund strategy wealth and one
realization of excess buyout fund performance in the historical sample.'® The buyout fund sample
from Preqin consequently yields N = 359 terminal wealth realizations for each trading strategy
and thus N = 359 portfolio realizations for a given candidate allocation 6 = [0, 6,] "

For a given candidate allocation, I estimate the expected utility of terminal portfolio wealth
from the cross-sectional sample average of terminal portfolio wealth utils. I thus estimate optimal
allocations by maximizing the average utility an investor would have obtained from implementing a
strategy allocating the same fraction of a dollar between the buyout fund strategy and benchmark
strategy every time a new buyout fund is incepted in the historical sample. The resulting optimal

allocations can be interpreted as the optimal allocations of an LP selecting a random buyout fund

19Section 4.2 outlines how the investment horizon is equalized across buyout funds, such that T is the same across
funds.
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from the universe of funds.?’ The expected utility criterion is:

Blu(vE)] = 5 Y uWh) = 3w ) (18)

Where W%Z denotes realized terminal portfolio wealth of fund ¢ for candidate allocation 6 =
[0p, GP]T.QI Estimating optimal allocations by maximizing sample average utility is conceptually
similar to the approach in Brandt (1999), Ait-Sahalia and Brandt (2001), Brandt and Santa-
Clara (2006) and Brandt et al. (2009). The approach in this paper differs as it exploits cross-
sectional variation in fund payoffs to estimate allocations. This modification is necessary due to
the structure of private equity fund data.?? The objective function is conceptually similar to the
expected utility definition in Gredil et al. (2021)?3 while identification via cross-sectional variation
in payoffs is consistent with studies such as Driessen et al. (2012) estimating PE alpha and beta,
and Korteweg and Nagel (2016) estimating Generalized PMEs from cross-sectional variation in
payoffs. Identification of the optimal allocations relies on assumptions similar to these studies.
Fund payoffs must be generated from the same underlying process and fund investment periods
should be sufficiently scattered across time. The requirement that funds are spread across time
ensures that cross-sectional variation in payoffs reveals possible states of wealth for a given trading
strategy.

A simple example illustrates how the cross-sectional method works. Suppose (1) a new PE
fund is incepted in every time period, (2) all funds invest one dollar at inception and distribute
capital after 11 years and (3) PE fund cash flows are generated from the same underlying process.
With these assumptions estimating expected utility of terminal wealth using cross-sectional units
is equivalent to estimating expected utility using a time-series of 11 year overlapping returns, from
the processes generating returns (Appendix E presents a Monte Carlo simulation showing that the
time-series and cross-sectional approaches result in similar optimal allocations for random fund
inception dates). The time-series method is equivalent to the maximum expected utility estimator

Brandt (1999) applies to estimate optimal unconditional buy-and-hold allocations for long-horizon

20T examine the optimal allocation to PE in aggregate and therefore consider fund-level observations. For a single
fund or fund manager, the optimal allocation to the manager can be determined from deal-level data, provided a
sufficient number of deals, by constructing the PE and benchmark strategies for each deal.

21 Conceptually, terminal portfolio wealth realizations, W{«yi, across funds reveal the possible states of terminal
wealth for a given trading strategy (6y,0;).

22The method can be applied to time-series of returns if quoted returns were available for PE funds. Appendix D
provides an example using buyout fund returns derived from a NAV-based index and returns from PE companies
listed on global exchanges.

Z3Expressing expected utility in terms of probability weighted utils, Zf;l uw(Wr,;)pi, Equation 18 resembles the
expected utility definition used in Gredil et al. (2021) however with different probability weights and using terminal
strategy wealth as opposed to Multiples of Invested Capital (MOICs).
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portfolio choice problems.

The maximum expected utility problem can be expressed as a Generalized Method of Moments
(GMM) estimator. The GMM formulation provides a distribution theory for the estimated alloca-
tions. The first-order condition with respect to the PE allocation of the portfolio choice problem

in Section 3 leads to the moment condition:2*

b b b -
B[(WF, — Wh) (Wh, + 0,(Wh, = W) 7| =0 (19)
Where the average is across cross-sectional units.

Plug-in Estimators

The GMM framework provides a method for estimating allocations implied by the data with-
out modeling the distribution of terminal wealth. The additional restrictions imposed to derive
the approximate optimal allocations in Section 3.2 however means that these can be estimated
directly from payoff moments. The analytical solutions thus provide convenient plug-in estima-
tors for optimal allocations by estimating moments from cross-sectional sample moments. The
solution for a log-utility investor has a particularly convenient form that facilitates estimation via
OLS regressions. The log-utility investor’s PE allocation can be estimated from a cross-sectional

regression without an intercept of a vector of ones onto PME realizations:2®

1=0,PME; + ¢ (20)

Where ép is the estimated approximately optimal allocation for a log-utility investor. Expressing
the estimation problem as a linear regression provides standard errors for the optimal allocation.?
I bootstrap standard errors for the optimal allocations of investors with v > 1 since approximate

allocations cannot be estimated via OLS regressions for these investors.

Restrictions

Even though buyout funds have a similar contractual investment horizon of 10-12 years, the

actual investment horizon is stochastic such that the realized investment horizon varies across

24 Appendix F presents details.

25To see this, consider the OLS estimator; 6= (XTX)_lXTy. When the dependent variable equals a vector of
ones and the independent variable is a vector of fund PMEs, 6 is an estimate of the log-utility investor’s approximate
optimal allocation, EE[[F},)I\IZIEEZ]].

26The OLS approach to estimate the standard errors is introduced by Britten-Jones (1999) for mean-variance
optimal allocations.
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buyout funds in the sample. To equalize investment horizons across funds, I reinvest the two
trading strategies’ terminal wealth in the benchmark such that the investment horizon equals the
investment horizon of the fund with the longest sample lifetime. Funds late in the historical sample
cannot be extended with realized market returns for the full duration since market returns have not
yet been realized for a part of these funds. I extend the investment horizon of these funds using the
average benchmark return in the individual fund’s investment period. The scaling does not affect
the PME or the allocation for log-utility LPs, but it has a small effect on allocations for LPs with
v > 1. Appendix G Table G.1 presents optimal allocations for an alternative assumption on funds’
investment horizons. Appendix G Table G.2 presents allocations for a methodology reinvesting
terminal wealth at a risk-free interest rate to equalize investment horizons. Both alternatives
produce optimal allocations similar to those presented in Section 5.

The PE trading strategy definition means that negative terminal wealth can occur.?” I discard
funds for which the PE strategy results in negative terminal wealth since expected utility is not
defined in this case. Negative terminal wealth occurs for one fund in the sample when the small
and small-value portfolios are used as benchmarks. I discard this fund across specifications such
that optimal allocations are comparable across benchmarks. The effect of removing the fund on the
average PME is negligible, but discarding the worst performing fund does affect optimal allocations

28

to a small extent.=® I furthermore restrict solutions to the domain of allocations such that terminal

portfolio wealth is strictly positive.

5 Empirical Results

Table 2 reports average PMEs for the buyout fund sample. Column 1 reports the PME relative
to the broad equity market. The average PME is 0.19, which means that, on average, investing 100
percent of initial wealth in the buyout fund strategy results in approximately 19 percent higher
terminal wealth compared to investing in the public equity market. Columns 2 and 3 report PMEs
for the value and size benchmarks. The PMEs are 0.09 and 0.11 respectively and statistically
different from zero. The PME is -0.01 for the small-value benchmark. This means that LPs
achieve 1 percent lower wealth by investing in buyout funds compared to a portfolio of small-value

stocks.

2TThe framework can accommodate benchmark strategies that do not result in negative wealth. One such bench-
mark strategy invests uncalled capital in a risk-free asset in contrast to the risky benchmark as implied by the
PME. This alternative benchmark is potentially more reasonable given the commitment risk of PE funds. Using
this benchmark gives rise to another measure of risk-adjusted performance similar to the “Profitability Index” in
Ljungqvist and Richardson (2003).

28The optimal PE allocation for the market benchmark and v = 1 is 110% after the fund is removed and 100%
including the fund. The optimal allocation is 24.9% and 24.8% for LPs with v = 8.
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5.1 Buyout Fund Allocations

Table 3 reports GMM estimates for optimal buyout fund allocations. Each row reports allo-
cations for different levels of investor risk aversion. The first row reports allocations for investors
with log-utility preferences. The high average PME relative to the broad equity market is reflected
in a large buyout allocation for log-utility LPs. Log-utility LPs optimally allocate 110 percent of
wealth to buyout funds and 100 percent if allocations are restricted to be non-negative. Column
3 reports an optimal allocation of 78 percent for the value benchmark, while Column 5 reports a
buyout fund allocation of 73 percent relative to small stocks. The buyout fund allocation is larger
for the benchmark of small stocks compared to the value benchmark despite higher average PME
for the latter. This discrepancy illustrates the difference between the performance evaluation and
portfolio choice perspectives on the risk and return of PE funds. Columns 7 and 8 report alloca-
tions for the small-value benchmark. The average PME is negative, which results in a benchmark
allocation of 108 percent for log-utility LPs and a negative buyout fund allocation.

The results suggest that log-utility investors should allocate a considerable fraction of wealth
to buyout funds for three of the four benchmarks. The large allocations are partly due to the
risk-willingness of investors with log-utility preferences. To see this consider a one-period i.i.d.
log-normal economy. With one risky and a risk-free asset the optimal risky asset allocation is
0 = (E[r] — ry + 302)(v0?)~! for power-utility preferences. Setting v = 1 the return-to-risk ratio
is approximately 2-3 empirically for the broad equity market portfolio, which means a log-utility
investor optimally invests 200-300% of wealth in the risky asset. The large buyout fund allocations
thus partly reflect the log-utility investor’s risk-willingness and the larger average wealth obtainable
from investing in buyout funds as indicated by the positive average PMEs.

Table 4 presents average PMEs for levered equity market benchmarks, which are occasionally
used to account for the high average PME of buyout funds relative to the equity market. Average
PMEs decrease with leverage, (8, supporting findings in Robinson and Sensoy (2016). PMEs are,
however, positive and significantly different from zero across the different levels of leverage. Figure 1
plots buyout fund allocations relative to the equity market benchmark for different leverage levels.
The figure shows that log-utility investors maintain a substantial allocation to buyout funds for
B = 1.3 despite allocations decreasing in leverage. Interestingly, a log-utility investor’s allocation
at a given level of leverage approximately corresponds to the allocation of a power-utility investor
with risk aversion matching the level of leverage. The buyout allocation is 0.93 for a log-utility
LP using a benchmark with leverage 5 = 1.3 and the allocation is 0.93 for a power-utility investor

with v = 1.3. This similarity suggests that, at low levels of leverage, using a levered benchmark
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approximately corresponds to increasing risk aversion by an equivalent amount 2 From a portfolio
perspective using levered benchmarks may therefore not provide risk averse power-utility investors
with as valuable information as previously thought. As an example, the optimal buyout fund
allocation of an investor with v = 4 is around 40-41 percent regardless of benchmark leverage.

Table 3 column 1 shows that buyout fund allocations, relative to the equity market benchmark,
decreases to 25 percent for v = 8. Figure 2 plots the optimal buyout allocations as a function
of investor risk aversion. The grey shaded area represents v between 2-3, levels of risk aversion
empirically consistent with a power-utility investor holding the market. Buyout fund allocations are
positive and decreasing in risk aversion. Because the portfolio choice problem does not incorporate
frictions, such as the illiquidity of buyout fund partnership interests, the allocations represent
upper bounds for the optimal allocation to the buyout fund strategy. Intuitively illiquidity can be
introduced by raising the LP’s effective risk aversion. Ang, Papanikolaou, and Westerfield (2014)
establish the relation to risk aversion by introducing illiquidity induced by investors not being able
to trade an asset. Raising risk aversion leads to lower optimal buyout fund allocations empirically,
as evident from Figure 2.30

Table 3 columns 3 and 5 report allocations for the value and small stock benchmarks. Allo-
cations decrease from 0.73-0.78 for log-utility LPs to 0.13-0.18 for LPs with v = 8. Despite lower
allocations, LPs maintain economically significant allocations to buyout funds. For the small-value
benchmark, log-utility LPs short buyout funds while LPs with risk aversion of 2-3 allocate approx-
imately 23 percent to buyout funds. The allocation decreases for risk aversion larger than three
resulting in a 5 percent allocation for the most conservative LP. The allocations for the small-value
benchmark highlight an important point. LPs with v > 1 can expect negative PME and optimally
allocate a positive amount of wealth to the buyout strategy.

Table 3 shows considerable differences in optimal allocations across benchmarks. A log-utility
investor, for instance, allocates 110 percent to the buyout strategy for the market benchmark
but shorts buyout funds for the small-value benchmark. The large differences across benchmarks
are not specific to using PMEs for portfolio choice but are a consequence of the expected utility
maximization criterion. To see this consider a simple example with a benchmark asset and a
secondary asset with some « and f relative to the benchmark. Appendix C presents the optimal

allocation to the secondary asset.3' A log-utility investor choosing between the benchmark and

PKorteweg (2019) also notes the link between levered PMEs and the degree of investor risk aversion.

30Interestingly, Giommetti and Sorensen (2021) show, in a more elaborate portfolio choice model, that optimal
PE allocations are not necessarily decreasing in investor risk aversion.

31The example uses an annualized risk-free rate of 2 percent, benchmark asset log return volatility of 15 percent,
benchmark asset risk premium of 4.5 percent and secondary asset log-return volatility of 15 percent.
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a secondary asset with annualized o = 2% and § = 1.3, optimally allocates 99 percent of wealth
to the secondary asset. The investor allocates negative 78 percent for annualized o = —2%.
This allocation difference is of the same magnitude as the differences across benchmarks for the
PME implied allocations. Differences between the PME implied allocations thus reflect implicit

differences in buyout fund « and f relative to the respective benchmarks.3?

5.2 Plug-in Estimators

Table 5 reports plug-in estimates for optimal allocations. Table 6 presents bootstrap statistics
for the allocations and Appendix H reports OLS estimates for v+ = 1. Table 5 panel A reports
allocations for the equity market benchmark. The optimal buyout fund allocation is 91 percent
for log-utility LPs which is slightly below the GMM estimate. Buyout fund allocations for the
log-utility investor are 72 and 59 percent for the value and small stock benchmarks. The average
PME is similar for these benchmarks, meaning that the lower allocation relative to the small stock
benchmark is due to differences in PME variance. Turning to the small-value benchmark the
plug-in estimate is negative 9 percent and approximately the same as the GMM estimate. The
allocation difference for this benchmark illustrates that the estimator is more accurate for average
PMEs around zero, which is a consequence of the approximation in Section 3.2.33

Buyout allocations decrease for the market, value and small stock benchmarks for LPs with
risk aversion larger than one. The results for the small-value benchmark are more complicated.
The GMM and approximate estimates are similar for v = 2. The approximate allocation increases
for v > 2 while the allocation estimated via GMM decreases for conservative investors with risk
aversion larger than three. The differences illustrate a shortcoming of the plug-in estimator, specif-
ically that it does not account for higher-order moments. The allocation differences suggest that
higher-order moments affect optimal allocations relatively more for the small-value benchmark.

The last two columns in each panel decompose the optimal buyout fund allocation into two
components. The first component is the allocation attributable to the average PME. The second
component is due to the covariance between the PME and the benchmark. Separating the two
components shows the optimal allocation for a covariance of zero. The results highlight the impor-
tance of the covariance for risk averse LPs. The covariance component constitutes 1/3 to 1/4 of
the optimal allocation for the market, value and size benchmarks at levels of risk aversion of 2-3.

The optimal buyout fund allocation would furthermore be negative, at all levels of risk aversion,

32In the example allocation differences is due to a and 8 differences. In the empirical implementation, allocation
differences also reflect differences in higher-order moments.
33 Appendix I illustrates the difference in approximation accuracy for the market and small-value benchmarks.
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for the small-value benchmark if excess performance and the benchmark were uncorrelated.

PME Variance Adjustment

Estimating expected utility of wealth in the cross-section requires fund observations sufficiently
spread across time. Individual fund observations do, however, not necessarily provide independent
information on PME variance if fund investment periods overlap. Overlapping investment periods
can lead to underestimating the variance, which leads to overstated buyout fund allocations if the
average risk-adjusted performance is positive. To adjust the variance for overlapping investment
periods, I apply the methodology introduced by Korteweg and Nagel (2016) to adjust the variance
of fund pricing errors.?*

Table 7 reports allocations using adjusted PME variances and Table 8 reports bootstrap statis-
tics. Adjusting for overlapping funds increases the variance across benchmarks. The increase is
smallest for the market benchmark. The adjustment, nevertheless, leads to a decrease in the op-
timal buyout allocation for a log-utility investor from 91 to 73 percent. The allocation decreases
from 28 to 22 percent for the most conservative LP with v+ = 8. Turning to the value and small
benchmarks in Panel B and C variances increase significantly. The allocation for the value bench-
mark decreases from 72 percent to 28 percent, while the allocation decreases from 58 to 24 percent

for the benchmark of small stocks for a log-utility investor. LPs with v = 8 optimally allocate 7-8

percent to the buyout fund strategy for the value and small stock benchmarks.

Other Fund Category

The effect of PME variance on optimal allocations also has implications across fund categories.
Table 9 reports average risk-adjusted performance, PME variances and optimal allocations for
a log-utility investor for buyout (BO), venture capital (VC) and funds of funds (FoF) using an
alternative data set from Preqin.??

The average buyout fund PME is 0.14 in comparison with 0.19 in the full sample. PME
variance is marginally higher in the alternative sample producing an optimal allocation of 64%
compared to 91% for the full sample of buyout funds. The average venture capital PME (0.13) is
slightly lower than that of buyout funds (0.14), while the variance is almost nine times higher. The

31Korteweg and Nagel (2016) account for overlapping funds in the estimation of the spectral density matrix to
adjust standard errors. I use the spectral density estimator to penalize PME variance for overlapping funds. I use
d = 1.5. See Korteweg and Nagel (2016) for details on the estimator.

35The data contain Kaplan and Schoar (2005) PMEs relative to the S&P 500 index for US funds. Appendix J
describes how the PMEs are transformed to approximate PMEs in differences. The variances are not adjusted for
overlapping funds because the alternative data do not include cash flow realization dates which means fund overlap
cannot be estimated.
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average risk-adjusted performance and variance result in an optimal venture capital allocation of
7% compared to 64% for buyout funds.

Funds of funds display low risk-adjusted performance (0.02) and PME variance (0.06) compared
to the other fund categories. The lower risk-adjusted performance is partly due to the additional
layer of fees charged by fund of funds3® while the lower variance partly reflects the risk reduction
provided by funds of funds through diversification. Harris et al. (2018) shows that funds of funds
investments reduce PME variance relative to direct fund investments in the same fund category.
They report a PME standard deviation for buyout FoFs of 0.24 compared to 0.55 for direct
funds while for venture capital the standard deviation is 0.57 for FoF's relative to 1.78 for direct
fund investments.?” The analytical expressions for the optimal PE allocations show that the
additional cost of funds of funds decreases investor’s optimal allocations while the diversification
benefits increase optimal allocations. From a portfolio choice perspective fund of funds thus provide
valuable intermediation if the variance reduction is greater than the reduction in average risk-
adjusted performance.?® Table 9 shows a log-utility investor optimally allocates 36% of wealth to
funds of funds despite relatively low average risk-adjusted performance.

Figure 3 further illustrates the importance of PME variance. The figure depicts PE allocations
as a function of average risk-adjusted performance for different levels of PME variance. Each line
represents the PME variance of a fund category. The figure shows significantly lower allocations
to venture capital relative to buyout funds for the same average risk-adjusted performance. The
portfolio choice perspective thus highlights that similar average risk-adjusted performance may

imply markedly different optimal allocations depending on the variability of excess performance.

5.3 Extensions

The expected utility framework presented above can be extended along multiple dimensions.
In this section, I apply the plug-in estimators to study optimal buyout fund allocations conditional
on the state of the economy at fund inception. I furthermore examine how optimal allocations

differ for investors with fund selection skills or limited access to top quartile funds.

Conditional Allocations

The plug-in estimators provide a mapping between PME moments and allocations such that

optimal allocations can be estimated from conditional payoff moments. I estimate the conditionally

36See Harris et al. (2018) for information on the fees charged by funds of funds.

3THarris et al. (2018) defines the PME as a ratio, the standard deviations are therefore not directly comparable
to standard deviations based on the PME defined in differences.

38 Andonov (2020) provides a general study of delegated investment management for alternative assets.
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expected PME from the cross-sectional regression; PME; = Z 5, +¢;, where Z contains state vari-
ables, or functions of state variables, observable one period prior to each fund’s inception date. The
regression implies conditional expectation E[PME|Z]| = Z,,. I estimate the conditional variance
by the predicted value of the regression (PME — E[PME|Z])? = Zj3, + 1. Using the conditional
moments in the plug-in estimator for investors with log-utility preferences produces allocations as a
function of regression coefficients and state variables at fund inception, 6,(8p, By, Z). 1 summarize
investment opportunities using four variables. (1) The S&P 500 dividend yield, (2) a corporate
bond credit spread, (3) a government bond term premium and (4) a long-term government bond
yield.? 1 consider each state variable separately to evaluate the relative importance of the state
variables for optimal allocations. I use a second-order polynomial function for each state variable.

Figure 4 plots buyout fund allocations as a function of state variables for a log-utility investor
using the market as the benchmark. The solid line depicts allocations using the state vector
20 = [1,20,22]" to estimate the conditional PME mean and variance. The dotted line shows
allocations assuming constant conditional variance. The histograms in the background depict
state variable realizations across funds. The figure shows that the allocation policies are not
constant, which implies that the state of the economy at fund inception affects buyout funds’
excess performance.

The top left figure plots conditional allocations for the dividend yield. LPs allocate the largest
fraction of wealth to buyout funds when the dividend yield is especially low or high. The smallest
allocations occur in the middle of the state variable domain. The dividend yield provides the largest
variation in conditional allocations across the state variable domain among the four state variables.
The variability in conditional allocations suggests investors should be particurlaly concerned with
the level of public market valuations.

Considering the credit spread conditional allocations are U-shaped for constant PME variance
(dotted line) but inversely U-shaped when the variance is also a function of the credit spread.
Compared to the dividend yield the range of conditional allocations is considerably lower. The
portfolio policy for the credit spread appears sensitive to the modeling of payoff moments since
the shape of conditional allocations changes depending on how the PME variance is modeled.

Conditional allocations are inversely U-shaped in the term-spread, which is evident from the

bottom left plot. The range of conditional allocations is small compared to the dividend yield.

39The data used to construct the state variables are from Amit Goyal’s data library. The dividend yield is defined
as the sum of the last 12 months dividends divided by the current price of the S&P 500 price. The credit spread
is the difference between the annualized yield of BAA and AAA-rated corporate bonds. The term premium is the
difference between the annualized 3-month Treasury bill yield and a 10-year yield. The long-term government bond
yield is the yield on 10-year Treasury bonds.
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The smallest allocation occurs for a term spread approximately equal to zero, meaning for a flat
yield curve. The yield curve typically flattens in recessions. The results thus suggest that LPs
should allocate less to buyout funds under these circumstances.

The last plot depicts allocations as a function of long-term interest rates. Allocations decrease
in long-term interest rates when PME variance is modeled as a function of the long-term yield,
such that LPs allocate more to buyout funds when long-term interest rates are low. Considering
the constant variance specification allocations increase in the long-term yield at low yield levels

while allocations are flat for annualized yields above 6 percent.

LP Selection Skill and Fund Access

The previous sections examine optimal allocations for an LP investing in a random buyout
fund. Lerner, Schoar, and Wongsunwai (2007), however, finds that realized returns from investing
in PE differ across institutional investors depending on investor sophistication and Cavagnaro,
Sensoy, Wang, and Weisbach (2019) finds that certain LPs can select funds with above-average
performance. Certain LPs might thus be capable of obtaining better than average performance by
selecting a subset of funds or by attaining exclusive access to the best performing funds. Exclusive
access to certain funds for some LPs implies limited access for other LPs. These constrained LPs
may not be able to achieve the risk-adjusted performance of an average fund.

To analyze the portfolio implications of these observations, I modify the expected utility frame-
work to incorporate fund selection skills and differential fund access. I introduce LP selection skills
or better fund access by shifting the probabilities, p;, in Equation 18 towards funds with higher
ex-post PME realizations. Conversely, limited access to funds is introduced by increasing the
probabilities of selecting funds below a certain performance threshold. Incorporating skill (limited
access) in this way mechanically increases (decreases) the LPs’ expected risk-adjusted performance,
which increases (decreases) optimal PE allocations. This is evident from the approximate solution
in Equation 17. The effect on optimal allocations, however, also depends on PME variance and
covariance with the benchmark. LPs can, in theory, have skill in choosing funds with high PMEs,
but these funds might not be the best investments if they increase variance disproportionally or
correlate positively with the benchmark. From a portfolio choice perspective, LPs should choose
funds providing the highest utility of wealth. I, however, consider the practically important case
of LPs selecting funds with the highest risk-adjusted performance.

Figure 5 plots buyout allocations for log-utility LPs with fund selection skill. Allocations are

estimated by assigning higher probabilities to funds with top quartile (top 25%) risk-adjusted
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performance. The horizontal axis represents LP selection skill by a probability multiple, pg. A
probability multiple of 2 means that the LP is twice as likely to select a fund in the top quartile
relative to an unskilled LP. A multiple of one represents the base case with no selection skill.

Unsurprisingly buyout allocations increase for LPs with fund selection skills. Interestingly
the change in optimal allocation depends immensely on the benchmark. Considering the market
benchmark the optimal allocation increase approximately 9 percentage points from 1.1 in the base
case to 1.2 for a probability multiple of two. The allocation change is considerably larger for
the characteristic portfolio benchmarks.? As an example, consider the small-value benchmark.
Because the base case allocation is moderately negative, only a small level of selection skill is
needed for LPs to optimally allocate a positive amount of wealth to the buyout strategy. An
LP twice as likely to select a fund in the top quartile allocates 60 percent of wealth to buyout
funds compared to negative 8 percent in the base case for the small-value benchmark. While the
relationship between fund selection skill and allocations is unsurprising, the difference in the value
of fund selection skill across benchmarks is more surprising.

Figure 6 depicts allocations for log-utility LPs with limited access to top quartile funds. Buyout
fund allocations decrease across benchmarks as access to the best performing funds becomes more
limited. As an example, optimal allocations for the value and small stock benchmarks decrease
from approximately 75 percent to 25 percent when access to the best funds is restricted the most,
illustrating the importance of LPs having access to the best performing funds. These results
suggest that restricted access to the best performing funds should significantly affect investors’
allocation decisions.

Figure 7 plots buyout fund allocations for restricted access to top quartile funds for LPs with
different levels of risk aversion, for the market benchmark. The lines represent different levels of
access. Restricting access approximately corresponds to a downward shift in the optimal buyout
fund allocations. Conceptually, restricted access is a friction lowering the optimal allocation to the
PE asset across all levels of risk aversion. The plot shows a relatively larger absolute change in
allocations at lower levels of risk aversion. As an example, the allocation changes from approxi-
mately 50 percent in the unrestricted case to 38 percent in the most restricted specification for an

LP with v = 3 while the allocation decreases from 25 percent to 20 percent for v = 8.

L AGSV Ag]%kt
OIntuitively, A;’Q > AI;’Q .
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6 Conclusion

This paper relates the PME measure of risk-adjusted performance to a simple portfolio al-
location problem between two risky trading strategies. I introduce a setting where a log-utility
investor’s optimal PE allocation is characterized entirely by moments of excess PE performance,
represented by the PME. To a second-order approximation, average excess PE performance and
variance determine the optimal PE allocation. Investors with general power-utility preferences
determining allocations from the PME must also account for the covariance between excess PE
performance and benchmark returns. Consequently, power-utility investors can observe positive
average risk-adjusted performance but optimally choose not to allocate to the PE strategy.

I relate the portfolio choice problem’s theoretical formulation to cash flow data on buyout
funds using a sample of funds from Preqin. Empirically buyout fund’s high average excess perfor-
mance and low excess performance variance, relative to a broad equity market benchmark, leads
to substantial buyout fund allocations, particularly for log-utility investors. Optimal buyout fund
allocations decrease in investor risk aversion, but allocations are economically significant even for
highly risk averse investors. Optimal buyout fund allocations are generally lower if the alternative
investment is a portfolio of value, small or small-value stocks.

The valuation level of the public market appears to be the most important state variable for
conditionally optimal buyout allocations for a log-utility investor allocating between a buyout fund
strategy and the public equity market. LPs should generally allocate more to buyout funds when
the public market dividend yield is low (public market valuations are high). I furthermore find
that buyout fund allocations for LPs with fund selection skills are comparable with the allocations
of unskilled LPs if the expected excess performance from selecting a random buyout fund is high.
On the other hand, the allocation of skilled LPs is far greater if the expected excess performance
from selecting a random buyout fund is low. Additionally, limited access to top quartile funds
markedly decreases optimal buyout fund allocations.

Applying the PME to determine allocations undoubtedly limits the variety of problems, that
can be analyzed. Using PMEs only permits allocating between a pre-specified benchmark and a
particular PE strategy. While this paper seeks to reconcile the PME measure with portfolio choice
models, interesting questions for further research include whether other measures such as TVPIs,

IRRs or GPMEs can better accommodate portfolio choice with multiple assets.
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Table 1
Summary Statistics

This table reports summary statistics for the funds data from Preqin. Panel A reports descriptive statistics on fund
size, number of cash flows per fund, TVPI’s and PME’s. Panel B reports equal-weighted and size-weighted TVPI’s
and PME’s, using the broad equity market as the benchmark, across vintage years.

Panel A: Descriptive Statistics

Fund Size ($M) #CFs TVPI PME
Mean 1473.0214 34.7465 1.7536 0.1933
Median 576.0000 34.0000 1.6366 0.1472
Std. 2590.1832 9.5177 0.9163 0.4190

Panel B: Performance by Vintage Year

Equal-Weighted Size-Weighted
Vintage Year  #Funds TVPI PME TVPI PME
1980 - 1984 3 5.9146 0.5715 6.0069 0.6001
1985 - 1986 3 2.2887 0.0897 1.5421 —0.0201
1987 - 1988 9 3.2206 0.3124 3.1743 0.3240
1989 - 1990 7 2.4752 0.1487 2.6456 0.2175
1991 - 1992 8 1.9973 —0.0248 1.8777 —0.0184
1993 - 1994 22 2.1994 0.1643 2.2131 0.1574
1995 - 1996 24 1.4780 0.0480 1.6020 0.0910
1997 - 1998 49 1.4104 0.1644 1.4305 0.1740
1999 - 2000 55 1.7421 0.4551 1.7938 0.4873
2001 - 2002 32 1.8220 0.3151 1.9769 0.4572
2003 - 2004 34 1.7142 0.2497 1.9667 0.3702
2005 - 2006 78 1.5354 0.0614 1.4900 0.0454
2007 - 2008 35 1.6430 0.0729 1.5564 0.0450
All 359 1.7536 0.1933 1.6424 0.1791
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Table 2
Public Market Equivalents

The table reports average PMEs for buyout funds relative to benchmarks of public equities. The benchmarks are
(1) the public equity market represented by a value-weighted portfolio of US CRSP companies, (2) a value portfolio
represented by the 20 percent highest ranked stocks in the CRSP universe based on their book to market ratio, (3)
a portfolio of small stocks represented by the 20 percent smallest stocks in the CRSP universe measured by market
capitalization and (4) a small-value portfolio constituting the smallest stocks in the CRSP universe with the highest
book-to-market ratio. Standard errors are in square brackets and t-statistics are in brackets.

Market Value Small Small-Value
E[PME] 0.1933 0.0882 0.1062 —0.0097
[0.0221] [0.0180] [0.0219] [0.0178]
(8.74) (4.91) (4.86) (-0.54)
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Table 3
Optimal Allocations

The table reports the optimal fraction of initial wealth allocated to the buyout fund strategy and the benchmark
strategy for investors with different levels of risk aversion. Allocations are estimated by maximizing E[U(WTZ)]

across funds, for preferences:
1—v

Wi .
U(WT) = 1—v lf’y >1
In(Wr) ify=1

Allocations are estimated using GMM and standard errors are reported in square brackets.

Market Value Small Small-Value
07 Op Oy Op O Op Oy Op Oy
1 1.101 —-0.101 0.781  0.219 0.729  0.271 —0.084  1.084
[0.082] [0.082] [0.146] [0.146] [0.133] [0.133] [0.154] [0.154]
2 0.689  0.311 0.449  0.551 0.458  0.543 0.226  0.774
[0.078] [0.078] [0.090] [0.090] [0.082] [0.082] [0.099] [0.099]
3 0.508  0.492 0.327  0.673 0.360  0.641 0.230  0.770
[0.062] [0.062] [0.073] [0.073] [0.069] [0.069] [0.095] [0.095]
5 0.354  0.646 0.211  0.789 0.249  0.751 0.124  0.877
[0.052] [0.052] [0.066] [0.066] [0.060] [0.060] [0.077] [0.077]
8 0.249  0.751 0.126  0.874 0.156  0.844 0.048  0.952
[0.044] [0.044] [0.057]  [0.057] [0.048] [0.048] [0.055] [0.055]
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Table 4
Levered Market Benchmark PMEs

The table reports average PMEs for levered benchmark portfolios. The benchmark is the broad public equity market
and the one-period levered benchmark return is given by; Ri+1 = R,{ + B(RY, — R{ ), where 8 denotes the level of
leverage. Standard errors are reported in square brackets and t-statistics are in brackets.

8 0.8 1.0 1.1 1.2 1.3

E[PME] 0.2273 0.1933 0.1802 0.1694 0.1609
[0.0222] 0.0221] 0.0223] [0.0226] 0.0231]
(10.24) (8.74) (8.08) (7.49) (6.96)
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Table 5
Approximate Optimal Allocations

The table reports optimal allocations to buyout funds for investors with different levels of risk aversion for different
public market benchmarks. Allocations are estimated using the plug-in estimator:
_ E[PME] — (y — 1)cov(w}, PME)

Yopng + E[PME]?

0,

o2 denotes PME variance. The last two columns in each panel separates the optimal buyout fund allocation into a
component attributable to E[PME] and a component attributable to the covariance by splitting the numerator in
the expression above such that the sum of the components equals the optimal allocation.

Panel A: Market Panel B: Value

E[PME] o2 0, 6, Mean 0, Cov E[PME] o2 6, 6, Mean 6, Cov

vy=1 0.193  0.175 0.910 0.910 0.088  0.116 0.716 0.716

y=2 0.576 0.499 0.077 0.433 0.369 0.064

=3 0.450 0.344 0.106 0.335 0.249 0.086

y=5 0.343 0.212 0.131 0.255 0.151 0.104

v=28 0.280 0.134 0.146 0.209 0.095 0.114
Panel C: Small Panel D: Small-Value

vy=1 0.106  0.171 0.583 0.583 —0.010  0.114 —0.085 —0.085

v =2 0.359 0.301 0.058 0.231 —0.043 0.274

v=3 0.281 0.203 0.078 0.337 —0.028 0.365

vy=5 0.217 0.123 0.095 0.422 —0.017 0.439

=38 0.181 0.077 0.104 0.469 —0.011 0.480
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Table 6
Approximate Optimal Allocations Bootstrap Statistics

The table reports bootstrap statistics for the optimal buyout fund allocation. Each simulation draws funds with
replacement from the original sample and estimates the optimal buyout fund allocation using the plug-in estimators.
I use 1000 samples for each benchmark and v combination.

Panel A: Market Panel B: Value

~y 1 2 3 5 8 1 2 3 5 8

Mean 0.9065 0.5749 0.4496 0.3430 0.2805 0.7191 0.4355 0.3363 0.2551 0.2087
Std. 0.0751 0.0523 0.0454 0.0422 0.0420 0.1262 0.0810 0.0716 0.0689 0.0699
2.5%  0.7537 0.4685 0.3621 0.2585 0.1961 0.4707 0.2718 0.1975 0.1165 0.0719
97.5% 1.0599 0.6786 0.5377 0.4233 0.3589 0.9627 0.5945 0.4810 0.3894 0.3462

Panel C: Small Panel D: Small-Value

Mean 0.5827 0.3625 0.2856 0.2228 0.1870 -0.0879 0.2317 0.3386 0.4242 0.4724
Std. 0.0959 0.0636 0.0574 0.0561 0.0571 0.1597 0.0994 0.0942 0.0981 0.1032
2.5%  0.4006 0.2461 0.1821 0.1152 0.0775 -0.4169 0.0408 0.1577 0.2372 0.2720
97.5% 0.7673 0.4894 0.4004 0.3403 0.3091 0.2166 0.4337 0.5361 0.6165 0.6787
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Table 7
Approximate Optimal Allocations with Adjusted PME Variance

The table reports optimal allocations to buyout funds using the plug-in estimator. PME denotes the average PME

and o2 denotes the PME variance adjusted for overlapping funds. The last two columns in each panel separates the
J ppimg p P
E[PME] —(y—1)cov(wh ,PME)

and
Yo g +E[PME]? Y03\ +E[PME]?

optimal allocation into the two components,

Panel A: Market Panel B: Value

E[PME] o2 0, 60, Mean 0, Cov E[PME] o2 0, 0, Mean 0, Cov

y=1 0.193  0.226 0.734 0.734 0.088  0.304 0.283 0.283

y=2 0.456 0.395 0.061 0.168 0.143 0.025

y=3 0.354 0.270 0.084 0.129 0.096 0.033

v=5 0.268 0.166 0.102 0.097 0.058 0.040

v=28 0.218 0.105 0.113 0.080 0.036 0.044
Panel C: Small Panel D: Small-Value

v=1 0.106  0.428 0.242 0.242 —0.010 0.676 —0.014 —0.014

v=2 0.146 0.123 0.024 0.039 —0.007 0.046

v=3 0.114 0.082 0.032 0.057 —0.005 0.061

vy=5 0.088 0.049 0.038 0.071 —0.003 0.074

=38 0.073 0.031 0.042 0.079 —0.002 0.081
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Table 8
Approximate Optimal Allocations with Adjusted PME Variance Bootstrap Statistics

The table reports bootstrap statistics for the optimal buyout fund allocation. Each simulation draws funds with
replacement from the original sample and estimates the optimal buyout fund allocation using the plug-in estimators.
I use 1000 samples for each benchmark and 7 combination. The PME variance in each sample is adjusted for
overlapping funds.

Panel A: Market Panel B: Value

~ 1 2 3 5 8 1 2 3 5 8

Mean 0.6735 0.4159 0.3210 0.2413 0.1949 0.2948 0.1714 0.1293 0.0953 0.0760
Std. 0.2041 0.1252 0.0935 0.0663 0.0509 0.1274 0.0652 0.0447 0.0304 0.0247
2.5% 0.3682 0.2303 0.1807 0.1383 0.1133 0.1289 0.0846 0.0691 0.0508 0.0332
97.5% 1.1575 0.7134 0.5430 0.3961 0.3132 0.6254 0.3365 0.2429 0.1661 0.1343

Panel C: Small Panel D: Small-Value

Mean 0.2283 0.1372 0.1062 0.0812 0.0670 -0.0159 0.0365 0.0540 0.0680 0.0759
Std. 0.0741 0.0396 0.0287 0.0211 0.0180 0.0284 0.0152 0.0119 0.0105 0.0103
2.5% 0.1154 0.0783 0.0629 0.0465 0.0331 -0.0804 0.0029 0.0293 0.0480 0.0561
97.5% 0.4032 0.2299 0.1756 0.1300 0.1059 0.0338 0.0646 0.0772 0.0894 0.0963
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Table 9
Allocations to Other Fund Categories

The table reports PME means, variances and the optimal fraction of initial wealth invested in the PE strategy for
a log-utility investor using the S&P 500 as the benchmark. The table reports optimal allocations for buyout funds
(N = 337), venture capital funds (N = 386) and fund of funds (N = 173) using an alternative data set from Preqin.

Buyout Venture Capital Fund of funds
E[PME] 0.144 0.127 0.022
R \E 0.204 1.786 0.060
0y 64.0% 7.0% 35.8%
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Figure 1
Buyout Fund Allocations for Levered Benchmarks

The figure plots buyout fund allocations, as a function of investor risk aversion, for levered positions in a broad
equity market benchmark. The levered benchmark one period return is given by Riy1 = R{ + B(R{. — R{ ) and
the lines in the figure represents different levels of leverage, 5. Allocations are estimated using GMM.
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Figure 2
Optimal Allocations Relative to the Broad Equity Market Benchmark

The figure shows the optimal allocation to buyout funds and the benchmark strategy for different levels of risk
aversion. The plot depicts optimal allocations, estimated using GMM, for the broad public equity market benchmark.
The solid line shows the optimal allocations to the buyout fund strategy. The dashed line shows optimal allocations

to the benchmark. The red dots depicts the optimal allocations of a log-utility investor. The grey shaded area
highlights allocations for risk aversion between two and three.
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Figure 3
Optimal Allocations for Other Fund Categories

The figure plots the optimal private equity allocation for a log-utility investor estimated using:

E[PME]

Op = ———— 1
¥ E[PME?Y]

The lines depict the optimal PE allocation as a function of the average PME for different levels of PME variance.
The dotted line represents the optimal allocations corresponding to the variance of fund of funds reported in Table 9.
The dash dotted and solid line plots the same for buyout and venture capital funds. The red dots represent the
allocations corresponding to the average PME for the fund category reported in Table 9.
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Figure 4
Conditional Allocations

The plot shows optimal buyout fund allocations, as a function of state variables at fund inception, for a log-utility
LP using the broad equity market benchmark. The four state variables are the S&P 500 dividend yield, the credit
spread, the term premium and a long-term Treasury bond yield. The solid line plots buyout fund allocations using
state vector zo = [1, 2o, zg]T to estimate the conditional PME mean and variance. The dotted line plots the same
for constant PME variance. Histograms of state variable realizations across funds are in the background.
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Figure 5
Optimal Buyout Fund Allocations for Skilled LPs

The figure plots optimal buyout allocations for log-utility LPs with fund selection skill. Skilled LPs select funds with
risk-adjusted performance above a certain quartile, Q, with higher probability than funds below the quartile. The
plot shows optimal buyout allocations relative to different public market benchmarks for LPs selecting funds in the
top quartile (top 25 %) with higher probability. The x-axis shows the probability multiple pg. The probability of
selecting a fund above Q are multiplied by pg while the probabilities of selecting funds below Q are maintained at
the base case p; = % Weights are normalized to sum to one resulting in the shifted probabilities.
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Figure 6
Optimal Buyout Fund Allocations for LPs with Limited Access to the Best Funds

The figure plots optimal allocations for log-utility LPs with limited access to the best performing buyout funds. The
plots shows optimal allocations relative to different public market benchmarks for LPs selecting funds below the
top quartile (top 25 %) with higher probability. The x-axis shows the probability multiple pg. The probability of
selecting a fund below Q are multiplied by pg while the probabilities of selecting funds above Q are maintained at
the base case p; = % Weights are normalized to sum to one leading to the shifted probabilities.
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Figure 7

Optimal Buyout Fund Allocations for LPs with Limited Access Relative to the
Market Benchmark

The figure plots optimal allocations for LPs with limited access to the best performing funds. The plots shows
optimal allocations relative to the market benchmark for LPs selecting funds below the top quartile (top 25 %) with
higher probability. The x-axis shows LP risk aversion. The solid line plots base case allocations and the remaining
lines represent different levels of restrictions on top quartile fund access. A probability multiple pg = 2.0 represents
the case with most restricted access to top quartile funds and pg = 1.0 represents the base case of full access.
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Appendix

A Private Equity Strategy Terminal Wealth

Private equity strategy terminal wealth is given by the terminal value of two separate accounts.
The first account, A, invests uncalled capital at the benchmark rate of return period by period.
Capital calls from the underlying PE fund is withdrawn from the account. The second account,
B, reinvests distributed capital into the benchmark until the terminal payoff date. Denote com-
mitted capital (initial wealth) by Wy. Let Cy and D; denote capital calls and distributions per
dollar of committed capital, i.e. calls and distributions are given by WyC} and WyD; respectively.
Account, A, starts with initial wealth Wy and invests uncalled capital in the benchmark period by
period. Capital calls are drawn each period these occur. The timing is that the account earns the
benchmark return and subsequently draws capital which leads to the following evolution for the

account’s value:

Ay =W (A.1)
Ay = Agexp(rl,) — WoCh (A.2)
Ay = Ay exp(rd.y) — WoCh (A.3)
Az = Agexp(rh3) — WoCs (A.4)

Where 7§, denotes the log-return on the benchmark from period zero to one. Repeated substitution

leads to the following:

Az =Wy eXp(r8:l> eXp(rllj:Z) eXp(Tg:S) — WoCh eXp(rlle) exp(rg:B) — WoCs eXp(Tg:?))
— WoCs (A.5)

3
Ag = Wo(exp(rls) = Y Crexp(rfs)) (A.6)
t=1
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Where exp(rf.; denotes the compounded benchmark return from fund inception until time 3 and

exp(r?, ;) =1 for i = j. For an investment with horizon T:

Ar = Wo(exp r0.7) ZC’t exp TtT)) (A.7)
t=1

Account, B, starts off with zero initial capital. When the underlying private equity fund makes
distributions these are put into the account and reinvested period by period at the benchmark rate

of return. This leads to the following evolution for the account value:

By=0 (A.8)
B; = Byexp(rl.,) + WoDy (A.9)
By = By exp(rd.5) + WoDa (A.10)
Bs = Byexp(r5.3) + WoDs (A.11)

Repeated substitution leads to:

By = By exp(r,1) exp(r].5) exp(rl.s) + Wo D1 exp(rl.) exp(rls) + WoDa exp(r3.s)
+ WoDs (A.12)

3
Bs = WO<Z D, exp(rgs)) (A.13)
t=1

Resulting in:
T
Br =W, ( Y D, exp(rgT)) (A.14)

t=1

The total terminal wealth in the private equity strategy is the sum of the terminal account values,
Wr = Ar + Br:

T
Wy = Wg(exp (ro.r) + Z —Cy) exp(rtT)> (A.15)
t=1
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B Solving Approximate Problems

Applying the restriction 6y + 6, = 1 terminal portfolio wealth, W%, can be expressed as follows:

Wp

Wih=(1—0,)Wh+0,Wr =10, Wi+ apwfwg (B.1)
T

Wi = (1—0,)W2 +0,(1 + PME)W? = W2(1 + 0,PME) (B.2)

B.1 Log-Utility
The expected utility maximization problem over terminal wealth for log-utility preferences is

consequently:

maxE[ln(W%)} - n}g?xE[ln(ijv) +In(1+ OpPME)} (B.3)

Op
A second-order Taylor expansion of the function In(1 4 6,PME) around PME = 0 leads to:
1
In(1 + 6,PME) ~ 6,PME — §9§PMEQ (B.4)
Substitution into Equation B.3 yields:
1
HbaxE[ln(Wr})] ~ maxE [wi} + ,PME — -02PME? (B.5)
p D

Where w, = In(W2). This leads to the optimal PE allocation:

. E[PME] E[PME]
P 21~ 2 2 (B.6)
E[PME®] E[PME|? + op\p
B.2 Power-Utility
LPs with power-utility preferences and + > 1 solves:
1 I\1—- 1 b 1=y
max E| —— (W) V] =max E [7<exp(wT) exp(In(1 + OpPME))) } (B.7)
6, 11— 6, 11—

Applying the approximation of In(1+6,PME) does not immediately lead to an analytical solution.
The additive PME and PME? terms combined with power-utility complicates the problem. I
therefore approximate PME? using a constant, specifically the least square optimal constant, i.e.

the linear projection of PME? onto a constant. Using this projection leads to the approximation,
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PME? ~ E[PME?], resulting in the crude approximation:
1
In(1 + 6,PME) =~ 6,PME — 5G;E[PMEZ] (B.8)

Substituting into Equation B.7 results in:

1 _ 1
[ 0] e

exp ((1 — b + (1 7)8,PME — %9}%(1 - y)E[PMEQ])]

(B.9)

Maximizing the expectation is the same as maximizing the log of the expectation since the loga-
rithm is an increasing function. Since v > 1, ﬁ < 0 meaning that the logarithm of the constant

is not defined. I therefore negate the objective function and consider the minimization problem:

minE[
1

Op

exp ((1 — b + (1 — 4)0,PME — %02(1 - V)E[PMEQ])} (B.10)

Where the constant % > 0 for v > 1. Assuming benchmark log wealth and the PME are jointly
normally distributed the properties of the log-normal distribution leads to the following minimand

after taking the logarithm of the expectation:

1 1
minc+ (1 — ) (E[w%] + 0, E[PME] — Z02E[PME?] + 5(1 - 7)o

9”1 (B.11)
+ 5(1 = 1820 + 6,(1 = 7)cov(wh, PME) )

Where ¢ = In(—1/(1 —+)). This minimand leads to the following first-order condition:

0 = E[PME] — 6,E[PME?] + (1 — 7)0,08\g + (1 — 7)cov(wh, PME) (B.12)

0 = E[PME] — 6,(E[PME]? + yoyg) + (1 — 7)cov(w}, PME) (B.13)
Where the property —E[PME]?> = —~E[PME?] + 02, has been used. The first-order condition
leads to optimal PE allocation:

gt — E[PME] — (y — 1)cov(wh, PME)
P Vof\g + E[PME]?

(B.14)
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C CRRA Portfolio Choice

Consider a one-period choice between two risky assets with jointly log-normally distributed
gross returns Fiy; and Ryy1. The first asset is a benchmark asset which I will denotes as the
market. The second asset is a private equity asset. I follow Gredil et al. (2021) and define the

following processes for log-returns:

1
fee ZTf+702—502+06t+1 (C.1)

st = @t rg Bt —rg) = 5 (08 1) ) wmig (©2)

Where €41 and 711 are standard normally distributed. r; is a risk-free return. + is the risk
aversion of a representative investor and o2 is the variance of log market returns. « is the abnormal
return on the PE asset, § is the systematic risk of the PE asset and w? is the idiosyncratic variance.

Campbell and Viceira (2002) provides optimal asset allocations for multiple risky assets and a

risky benchmark for power-utility investors solving:

it
max E¢ llt—H] (C.3)
Subject to:
Wt+1 = Rp7t+1Wt (04)

Where R,;11 is the gross portfolio return, which is a linear combination of gross asset returns.

The optimal allocation asset allocation is given by:

1 1 1 _
wy = ?Et l(Et[T‘t+1 —T0,t41) + §Ut) + (1 - ?) (% 10075) (C.5)

Where 79 ;41 denotes the log-return on the risky benchmark, r;1; denotes the return on the second
asset, oy denotes the variance of log-returns on the second asset, v* denotes the investor’s relative
risk aversion, >; denotes the covariance of log-returns and oy; denotes the vector of covariances of
excess log returns with the benchmark log return.

Using the return processes defined above the quantities required to determine optimal alloca-
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tions are:

Bilfin] =y +190% — 507 (C.6)
Bulri] = a+ 7y + B(0% — 50%) — 5 (0%(5° — 1) + ) (©7)
Bl — fora] = a4 B(30% — 50%) = £ (0*(8° — 1) + &%) — 0+ 1o” (©8)
o2fin] = o (€.9)
o2[rip1] = w? (C.10)

oo = (B8 —1)0? (C.11)

Using these in the solution for the optimal PE allocation yields:*!

1 ra+(yo? —30°)(B—1) — 50%(52 - 1) 1 o?

wt:?( T R )+ (1—;)(7(571)E) (C.12)
The expression is conceptually similar to the expression for optimal allocations derived based on
the PME. The weight in the PE asset is given by the excess performance of the PE asset plus a

term accounting for the covariance between excess performance and the benchmark, normalized

by the idiosyncratic risk of the PE asset. For v* = 1 and 8 = 1 the optimal allocation is as follows:
(C.13)

In this case the optimal PE allocation is similar to the allocation for a log-utility investor derived

from the PME.

“INote that v* is the relative risk averison of the investor solving the allocation problem while + is the risk aversion
of the marginal investor determining market returns.
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D Return-Based Optimal Allocations

Let the quarterly return to buyout funds constructed from aggregate cash flows and NAVs be

given by:
- NAVi1 + CFiy
t+1 NAV}/

(D.1)

Variation in the returns above arises partly from NAV variation. Allocations estimated from these
returns are therefore affected by NAV variations in contrast with the allocations estimated in the
main analysis which are entirely based on cash flows. For benchmark returns R 1 define the
portfolio return:

Rz{+1 = GPRfH + gbRngl = Rg+1 + ep(RfH - Rngl) (D‘Q)

Where the last equality holds due to 6, + 0, = 1. Maximizing the expected utility of the portfolio

return yields:

meaxE[u(RtIH)} (D.3)
D
The sample equivalent is:
=
max - Z U(RtIJrl) (D.4)
P =

This objective function is equivalent to the criterion applied by Brandt (1999) to estimate optimal
allocations for constant investment opportunities. Maximizing the sample equivalent, using aggre-
gate buyout fund returns from Equation D.1 and benchmark returns, results in the allocations in
the top plot in Figure D.1. The returns-based optimal buyout allocations are significantly larger
than the cash flow implied allocations. Potential manipulation and smoothing of NAVs however
mean the reliability of NAV-based returns is questionable, which is an issue the cash flow based
allocations in the main analysis do not suffer from. The bottom plot depicts optimal allocations
for indices of listed PE companies. Allocations to these indices are considerably lower than the

allocations in the top figure.
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Figure D.1
Optimal Allocations

The figure plots optimal PE allocations estimated by maximizing:

1 T-1
T Z u(Ri11)
t=0

The top plot shows buyout fund allocations for different benchmark portfolios and levels of investor risk aversion.
Quarterly buyout fund returns are determined from NAVs and cash flows from the Preqin sample following Equa-
tion D.1. The bottom plot shows PE allocations relative to the market for a number of different listed PE indices
by LPX Group sourced from Bloomberg. LPX50TR is an index of the 50 largest PE companies listed on global
exchanges. LPXABOTR is an index of all major PE buyout companies listed on global exchanges. LPXAMETR is
comprised of all major North American listed PE companies. The indices are converted into US dollars. Allocations
are estimated on monthly returns in the period 1998-2016.
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E Monte Carlo Simulation

Following Gredil et al. (2021) and Korteweg and Nagel (2016) I define the log market return,

ft+1, and the log PE return, 711, processes:

1
fer1 =7+ o — 502 + o611 (E.1)
1
rep1r=a+ 1+ ,B(ft+1 - Tf) — 5(0'2(62 — 1) —|—w2) + M1 (E2)

Where €, is standard normal and 7,41 is multivariate normal with covariance matrix I', where I' =
(p+In(1—p))w? and Iy is the identity matrix. p denotes the correlation between PE investments
generated from the second process and w? denotes the idiosyncratic risk of PE investments. To
simulate the processes, I use the annualized values; 7y = 0.02, 0 = 0.15 and w = 0.15. I'set p = 0.1
and consider PE assets with different o and 8. I furthermore set v = 2 which means the market
risk premium is y02 = 0.045 per year. I set T = 800 quarters and set the number of funds in the
sample N = 350 to approximately match the number of funds in the Preqin sample. I consider a
fund life, H, of 11 years and draw fund inceptions dates, s, from a discrete uniform distribution on
the integer interval [1,T — H].

I use the return processes to estimate the aggregate (average) allocation to PE utilizing two
different methods: (1) A time-series method. For each simulation run, I use the full time-series
of PE returns for each simulated fund to calculate 11-year cumulative returns for the fund and
the market processes. I then use the time-series of 11-year returns to estimate the allocation
maximizing the expected utility of wealth for each fund. The cross-sectional average optimal PE
allocation yields the optimal allocation for a single simulation run. The optimal PE allocation is
thus the average optimal allocation to PE. (2) A cross-sectional approach. I use the randomly
drawn inception dates of the simulated PE funds to calculate the 11-year cumulative return of the
PE fund and the market covering the PE fund’s investment period. I choose the PE allocation
maximizing the cross-sectional expectation of portfolio wealth utils analogously to the approach
used in the main analysis.

Table E.1 reports allocations for different values of a and . ~* denotes the risk aversion of
the investor solving the expected utility maximization problem to distinguish it from the level
of risk aversion generating market returns. The results show the time-series and cross-sectional
methods results in comparable optimal allocations. Evaluating the standard deviation of optimal
allocations suggests that the cross-sectional method may lead to slightly less efficient estimates of

optimal allocations.
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Table E.1
Monte Carlo Simulation

The table reports optimal private equity allocations resulting from simulating returns. Returns are simulated using.
ry = 0.02, 0 = 0.15, w = 0.15 and p = 0.1. Each simulation has sample size T' = 800 quarters and N = 350 funds.
Panel A reports optimal private equity allocations for @ = 0.02. Panel B reports optimal allocations for a = 0.00.
The rows Time-Series denotes the methodology using time-series variation in 11-year returns to estimate allocations.
Cross-Section denotes the methodology using cross-sectional variation in 1l-year returns to estimate allocations.
The number of simulations is 2500 and v* denotes investor risk aversion. Standard deviations are in square brackets.

Panel A: a =0.02 Panel B: o = 0.00
6=13 B8=1.0 5=1.3 6 =1.0

"y*:1 ,)/*:2 7*:1 7*:2 ,Y*:l 7*:2 ’y*:l ,}/*:2

Time-Series ~ 0.968  0.379  0.903  0.478 0.117 -0.078 -0.013  -0.030
0.192] [0.128] [0.152] [0.096]  [0.185] [0.099] [0.147] [0.088]
Cross-Section  0.951  0.347  0.896  0.446 0.131  -0.052  0.005  0.000
0.204] [0.130] [0.178] [0.107]  [0.204] [0.097] [0.173] [0.095]
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F Generalized Method of Moments

Terminal portfolio wealth is given by (1 — 6,)W2 + 6,2, leading to the expected utility
optimization problem:

maXE[ll7 (1= 8, + 6,w7) "] (F.1)

The associated first-order condition is:
B[ (W5 — WH)(Wh + 0,(W — W) ™| =0 (F.2)

Using v = 1 results in the first-order condition for a log-utility investor. Let (W;@Z — VVQIZZ)(VV%Z +
Gp(WQZZ,i — W%i))_'y = ¢; denote the pricing error of fund i. The first-order condition then provide a
moment restriction, E[e;] = 0, which can be used to estimate the optimal allocation using (G)MM.
The problem is exactly identified with one moment restriction and one parameter. Writing the
optimization problem as a GMM estimation provides standard errors for the optimal allocations.

Let d = 55-Elei]|,_ . Then:
d = —AB|(Wh, = Wh) (Wi, + 6,(WE, — W)=Y (F.3)

Assuming homoscedastic pricing error variance the spectral density matrix is given by the variance

of pricing errors:
o0

S = Z E[eie;r_j] =02 (F.4)

j=—00
Resulting in the variance of 0):

1

1 1 on—
oh = N(dTS Ld) (F.5)

An application of the delta method shows that the standard error for the benchmark allocation is

the same due to the restriction 6, = (1 — 6,,).
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G Supporting Output

Table G.1
Optimal Allocations: Rescaled Wealth

The table reports the optimal fraction of initial wealth allocated to the buyout fund and the benchmark strategies.
Allocations are estimated by maximizing E[u(WTL)} Trading strategy terminal wealth is rescaled by reinvesting

proceeds in the benchmark until the investment horizon H equals 60 quarters if the fund’s last cash flows is before
H = 60. Funds with last cash flow after 60 quarter are rescaled using (W;yi/Wzbﬂ’i)ﬁo/Hi = (1 + PME;)%/#: where
H, is the quarter of the fund’s last cash flow.

Market Value Small Small-Value

0 Op Oy Op Oy 0p O 0p O
1 1.104 —0.104 0.823  0.177 0.750  0.250 —0.083  1.083
[0.083] [0.083] [0.149] [0.149] [0.141] [0.141] [0.162] [0.162]
2 0.692  0.308 0.48  0.514 0.450  0.550 0.169  0.831
[0.081] [0.081] [0.094] [0.094] [0.085] [0.085] [0.094] [0.094]
3 0.507  0.493 0.358  0.642 0.341  0.659 0.205  0.795
[0.062] [0.062] [0.077] [0.077] [0.068] [0.068] [0.079] [0.079]
5 0.353  0.647 0.236  0.764 0.237  0.763 0.151  0.849
[0.047] [0.047] [0.063] [0.063] [0.055]  [0.055] [0.065] [0.065]
8 0.257  0.743 0.148  0.852 0.160  0.840 0.081  0.919
[0.040] [0.040] [0.050] [0.050] [0.045]  [0.045] [0.048] [0.048]
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Table G.2
Optimal Allocations: Wealth Reinvested at Risk-Free Interest Rate

The table reports the optimal fraction of wealth allocated to the buyout fund and the benchmark strategies. Allo-
cations are estimated by maximizing E [u(WTZ)} To equalize the investment horizon across funds trading strategy

wealth is reinvested such that the horizon of each fund equals the horizon of the fund with the longest sample
investment horizon. For each fund strategy wealth is reinvested in the benchmark if realized benchmark returns are
available. Realized benchmark returns are not available at long horizons for some funds in the sample. For long
horizons wealth is reinvested at quarterly risk-free interest rate of 1.4% which equals the average in-sample risk-free
rate. The reinvestment of wealth does not change the optimal allocations for v = 1.

Market Value Small Small-Value

07 0, Oy 0, O 0, Oy 0 Oy
1 1.101 —-0.101 0.781  0.219 0.729  0.271 —0.084 1.084
[0.082] [0.082] [0.146] [0.146] [0.133] [0.133] [0.154] [0.154]
2 0.664  0.336 0.468  0.532 0.454  0.546 0.209  0.791
[0.079] [0.079] [0.090] [0.090] [0.082] [0.082] [0.093] [0.093]
3 0.466  0.534 0.346  0.654 0.361  0.639 0.242  0.758
[0.059] [0.059] [0.070] [0.070] [0.067] [0.067] [0.082] [0.082]
5 0.302  0.698 0.228  0.772 0.257  0.743 0.162  0.838
[0.040] [0.040] [0.055] [0.055] [0.056] [0.056] [0.067] [0.067]
8 0.212  0.788 0.143  0.857 0.167  0.833 0.083  0.917
[0.031] [0.031] [0.047]  [0.047] [0.044] [0.044] [0.049] [0.049]
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H Log-Utility: OLS Estimation

Table H.1
Log-Utility: OLS Estimation
The table reports OLS coefficients for the regression:
1= GPPMEi + €;

The regression coefficient equals the plug-in estimate for the optimal buyout fund allocation. Heteroscedastic OLS
standard errors are reported in square brackets and t-statistics are reported in brackets.

Market Value Small Small-Value
Op 0.910 0.715 0.583 -0.085
[0.073] [0.125] [0.096] [0.159]
(12.46) (5.71) (6.09) (-0.53)
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I Expected Utility Approximation

Figure 1.1
Expected Utility Approximation

The figure shows the expected utility of terminal portfolio wealth for a log-utility investor as a function of the buyout
fund weight, 6,, imposing 6, + 6, = 1. The solid line represents plots the function E[ln(Wq{l)} The dashed line
plots the the approximation E[PME;]6, — 1E[PME7]0;. Benchmark log terminal wealth determines the intercept of
approximate function, which is set to zero without loss of generality. The left axis shows the expected utility from
the exact function and the right axis plots the expected utility from the approximation. The scales of the expected
utility are not comparable. The top figure plots expected utility for the market benchmark while the bottom figures
shows the same for the small-value benchmark. The red dots shows the maximal expected utility and the optimal
private equity allocation resulting from each function.

274
8
272
5]
g 270 ° g
< =
@ s
= =4
= <<
oD >
B £
£ 268 4>
=l
=3 2
i 3
o
i
266
2
264
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2
PE Weight
Exact === Approximation
0.050
309.075
0.025
309.050
0.000
309.025
=
S
‘g —0.025 g
@ 309.000 3
£ g
5 -0.050 =,
B 308.975 =
5 - >
D =]
=3 2
5 -0.075 g
o
308.950 5
—0.100
308.925
—0.125
308.900
- —0.150
—0.20 —0.15 —0.10 —0.05 0.00 0.05 0.10
PE Weight
Exact === Approximation

115



J PME Transformation

The PME of fund i, defined in differences is:

T.
. : 1
PME?fo = Z(Di,t - Ci,t)Ri (J.1)
—0 0:t

D;; and C;; denotes distributions and contributions, Ro.; denotes the cumulative gross return

from fund inception to the time of the cash flow. The ratio PME is:

T; o1
PMEgatio _ Zt:() Dl7t Ro.t

= =7 (J.2)
Z?Lo C'i,tﬁ

To see the relation between the definitions start from the definition of the PME in differences:
T, 1 T; 1
PME® =N" Dy — =N Oy J.3
¢ ; vt RO:t ; bt RO:t ( )

Divide each side by the present value of contributions:

PMES S Disgey

= —1
T; o1 T; o1
tho Ci Ro.: tho Ciy Ryt

Which leads to:

PMES S Disps

1+ =
T; 1 T, 1
Zt;O Ciy Ro-z Zt;l) Ci Ro:z

— PMEratio
(2
The PME in differences can therefore be recovered from the ratio PME by:
) L 1
PMEJ/ = (PME[™ — 1)~ Ci = (J.4)
—0 0:t

Transforming the ratio PME to the PME in differences requires the discounted value of contribu-
tions. The alternative Preqin dataset does not contain cash flows. I therefore approximate PMEs
in differences from ratio PMEs using the average discounted value of contributions from the buyout

sample containing cash flows which equals 0.91.
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Chapter 3

Risk Adjustment of Private Equity
Cash Flows

Nicola Giommetti and Rasmus Jgrgensen™

Abstract

Existing stochastic discount factor methods for the valuation of private equity funds result in
unrealistic time discounting. We propose and evaluate a modified method. Valuation has a risk-
neutral component plus a risk adjustment, and we fix the risk-neutral part by constraining the
subjective term structure of interest rates with market data. We show that (i) our approach
allows for economically meaningful measurement and comparison of risk across models, (ii) existing
methods estimate implausible performance when time discounting is particularly unrealistic, and

(iii) our approach results in lower variation of performance across funds.
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1 Introduction

Asset allocation to buyout, venture capital, and other private equity (PE) funds has increased
consistently over the past decade.! It remains challenging, however, to estimate the risk and
performance of these funds, especially due to their illiquid secondary market and the consequential
absence of reliable return data. It is possible to extrapolate PE returns from cash flow data, as in
Ang et al. (2018), but this requires restrictive assumptions on the return-generating process. To
avoid those assumptions, Korteweg and Nagel (2016, KN) develops a stochastic discount factor
(SDF) valuation framework that uses cash flows instead of returns and that benchmarks PE against
publicly traded assets. Central to the SDF framework is a requirement for proper benchmarking:
the SDF must price benchmark assets during the sample period. To satisfy this requirement, KN
use a heuristic implementation. They build artificial funds invested in the benchmark assets and
estimate SDF parameters by pricing these funds.

In this paper, we propose an alternative implementation. Our implementation estimates a
set of SDF parameters such that the subjective term structure of interest rates is determined by
market data. Theoretically, our approach is based on a decomposition of PE performance in a
risk-neutral part and a risk adjustment. By construction, the risk-neutral component does not
vary as we add or remove risk factors from the SDF, so we can meaningfully measure the economic
cost of PE risk and compare it across SDFs. Empirically, we evaluate our approach against the
KN implementation and find that the KN method results in unrealistic time discounting, which
can generate implausible performance estimates. For example, a zero-coupon bond paying $1 at
3 years maturity can have discounted value up to $9, and a zero-coupon bond paying $1 at 10
years maturity can have discounted value up to $7. Our approach avoids these unrealistic implied
zero-coupon bond prices. As a result, we obtain a more robust estimation of performance across
SDF's and a lower variation of performance across funds.

We use our method to risk-adjust PE cash flows for two types of investors: a CAPM investor
and a long-term investor who distinguishes between permanent and transitory wealth shocks. We
discount net-of-fees cash flows of 1866 PE funds started in the US between 1978 and 2009, and
divided into three categories: buyout, venture capital, and generalist.? As benchmark assets, we
use the S&P 500 total return index and quarterly T-bills. For the CAPM investor, the buyout
fund category has generated 30 cents of NPV per dollar of commitment, compared to 7 cents for

venture capital and 21 cents for generalist funds. Unsurprisingly, venture capital has the highest

'Bain & Company (2021) quantify and discuss trends in PE allocation.
2PE data is maintained by Burgiss, and it is one of the most comprehensive PE datasets available to date.
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(absolute value of) risk adjustment, equal to 65 cents per dollar of commitment and about twice
as large compared to the 31 cents of buyout funds and 35 cents of generalist funds. We find only
modest differences between the CAPM and the long-term investor. Compared to the CAPM, the
long-term investor assigns 3 to 8 cents lower risk adjustment across the three fund categories,
resulting in 3 to 8 cents higher NPV.

Comparing our method with the KN method, we find large differences for the buyout fund
category. For the CAPM the risk-adjusted performance of buyout funds is similar across the two
methods, but performance components differ considerably. The KN method results in a larger risk-
neutral value, which is then compensated by higher risk adjustment. Furthermore, the standard
deviation of performance across funds is 142 cents using the KN method, while the standard
deviation is 98 cents for our method. For the long-term investor, the KN method indicates very
high buyout performance, up to 80 cents of NPV per dollar of commitment, in contrast to 35 cents
with our method. The high NPV is, however, not due to lower risk adjustment. The NPV is,
instead, due to an increase in the risk-neutral value, which increases from 80 cents for the CAPM
to 250 cents for the long-term model. The standard deviation of performance in the long-term
model increases to 925 cents with the KN method, while it remains stable at 105 cents with our
method.

We also find differences between the two methods for the venture capital and generalist fund
categories. Relative to the KN method, our method assigns 20 to 30 cents higher NPV to venture
capital and 10 to 20 cents higher NPV to generalist, depending on the type of investor. For these
categories, performance estimates using the KN method are not as implausible as for buyout. Our
method, however, consistently results in more realistic time discounting and lower variation of
performance across funds.

We furthermore use our method to decompose the risk adjustment based on the timing of cash
flows during a fund’s life. For all three fund categories, cash flows have marginally negative risk
exposure in the first 3 years of operations, indicating weak pro-cyclicality of contributions. After
the first 3 years, the risk exposure of cash flows turns positive, and we find differences in the timing
of risk across the three categories. Much of the risk adjustment is due to cash flows from year 9 to
11 for buyout funds and year 4 to 7 for venture capital. For generalist funds, the risk adjustment
is spread more homogeneously between year 4 and 10.

A potential concern remaining in our approach is that our performance decomposition does not
provide clear guidance on how to estimate risk prices for proper benchmarking. In practice, we

restrict the SDF to price S&P 500 returns in the sample period at a 10-year horizon. This condition
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is heuristic, however, based on the typical horizon of PE funds. To address this concern, we study
the robustness of our results by changing the price of risk exogenously. We find only weak effects
on the risk adjustment and NPVs of buyout and generalist funds. Their NPV remains positive
over a wide range of risk prices. Venture capital, on the other hand, has higher risk exposure and
its valuation is more sensitive to the price of risk.

This paper fits into the literature studying the risk and return of PE investments. Korteweg
(2019) surveys that literature, and we build on a series of studies benchmarking PE cash flows
against publicly traded assets. In this context, a popular measure of risk-adjusted performance
is Kaplan and Schoar (2005)’s Public Market Equivalent (PME). The PME discounts cash flows
using the realized return on a portfolio of benchmark assets. Sorensen and Jagannathan (2015)
show that the PME can fit into the SDF framework as a special case of Rubinstein (1976)’s log-
utility model. The log-utility model, however, does not necessarily price benchmark assets. In
this case, the PME applies the wrong risk adjustment. To address that issue, Korteweg and Nagel
(2016) propose a generalized PME, and we build on their work.3

Starting with Ljungqvist and Richardson (2003), several authors study the performance of PE
funds adjusting for different risk factors. Franzoni, Nowak, and Phalippou (2012) along with Ang,
Chen, Goetzmann, and Phalippou (2018) estimate some of the most elaborate models considering
Fama-French three factors, the liquidity factor of Pastor and Stambaugh (2003), and in some cases
also profitability and investment factors. With our long-term investor, we introduce a new risk
factor representing shocks to investment opportunities (discount rate news) as in the intertemporal
CAPM of Campbell (1993). Closest to the spirit of our long-term investor is the work of Gredil
et al. (2020), studying PE performance using SDF's of leading consumption-based asset pricing
models.

Beyond the PE literature, Farnsworth et al. (2002) provide an early study of the SDF framework
for the valuation of mutual funds, and Li, Xu, and Zhang (2016) apply the framework to the case
of hedge funds. A main observation in those studies is that SDF models perform better when the
SDF is required to price the risk-free asset, as this identifies the mean of the SDF. We extend that
observation to the case of PE funds, which require multiperiod discounting. With multiperiod
discounting, we obtain more robust performance estimates across SDFs and lower variation of
performance across funds when the SDF is required to price the risk-free asset at all relevant

horizons, as this helps identify the mean of the SDF at those horizons.

3Parallel effort by Gupta and Van Nieuwerburgh (2021) takes a different approach to benchmark PE cash flows.
They try to replicate funds’ cash flows with a portfolio of synthetic dividend strips, which is then priced with standard
asset pricing techniques.
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2 Risk Adjustment of Private Equity Cash Flows

We measure the risk-adjusted performance of PE funds using the Generalized Public Market
Equivalent (GPME). In its most general form, the GPME of fund i is the sum of fund’s cash flows,

C; ¢, discounted with SDF realizations:

H
GPME; = Z M 1Citin (1)
h=0

The term M; ;45 denotes a multi-period SDF discounting cash flows from ¢ + h to the start of the
fund. Time t is the date of the first cash flow of the fund, and it depends on i despite the simplified
notation. The letter H indicates the number of periods (quarters in our case) from the first to
last cash flow of the fund. As a convention, we let H be the same across funds. Funds active for
a lower number of periods have a series of zero cash flows in the last part of their life.

Section 3 presents functional forms of the SDF. They typically include at least one risk factor
and depend on a vector of parameters. Those parameters must be estimated such that the SDF
reflects realized returns on benchmark assets during the sample period. This intuitive condition
is necessary for proper benchmarking, but it is unclear how it should be translated into formal
statements. Korteweg and Nagel (2016) propose a heuristic approach based on the construction of
artificial funds that invest in the benchmark assets. They estimate parameters by setting the NPV
of those artificial funds to zero. In the rest of this section, we propose an alternative approach
based on a decomposition of risk-adjusted performance.*

Investing in a random fund yields NPV equal to E[GPME;], and it is helpful to decompose this

quantity in a typical asset pricing way:

H H
E[GPME;] E E[M; ¢ n)E[Cs t11] + § cov(My 11, Citrn) (2)
h=0 h=0
-~ TV
risk-neutral value risk adjustment

As the right-hand side of this expression illustrates, the NPV is the sum of a risk-neutral value
and a risk adjustment. This decomposition suggests at least one consideration. By definition, the
risk-neutral value should be determined by cash flows and risk-free rates, and it should not change
as risk factors are added or removed from the SDF.

Further, an objective of a benchmarking exercise like ours is to assess the risk exposure of PE to

different risk factors. In general, the GPME does not allow direct measurement of risk quantities,

A related but different decomposition is discussed by Boyer et al. (2021).
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and we are left with indirect evidence based on the behavior of the risk adjustment (Jeffers, Lyu,
and Posenau, 2021). As we add or remove risk factors from the SDF, it is tempting to attribute
differences in GPME to changes in risk adjustment, but that interpretation is robust only when

the risk-neutral value is fixed. These considerations guide our choice of restrictions for the SDF.

2.1 Moment Conditions

We impose restrictions on the SDF in the form of moment conditions, which we introduce
in two steps. First, we describe a set of moment conditions anchoring the mean of the SDF to
risk-free rates. Those conditions are the main determinant of risk-neutral value and represent the
central innovation of this paper. Second, we describe the remaining moment conditions linking the
SDF to realized returns on risky benchmark assets. This second set of moment conditions is the
main determinant of the risk adjustment.

To identify the mean of the SDF at different horizons, we impose standard asset pricing con-
ditions on risk-free rates. Consider $1 invested at time ¢ in a risk-free asset that pays Rat 4p at
time ¢ + h. This investment is priced by the SDF if E.[M; ;4] = 1/R£,t+h' Taking unconditional

expectations on both sides, we get the following moment condition:

1

f
By in

E[M;iin] = E (3)

Imposing this restriction for all horizons h from 1 to H, the risk-neutral value can be rewritten
exclusively in terms of cash flows and risk-free rates, and it becomes independent of the SDF’s
functional form. Importantly, the risk-neutral value does not change as we add or remove risk
factors from the SDF.

Empirically, we wish to impose condition (3) to the SDF. However, the practical meaning of
the expectation operator inside that condition can be elusive. How does the population condition
translate into a sample condition?

To address this question, it is useful to consider the sample version of E[GPME;]. We call it

simply GPME, and compute it as the mean of GPME; across N funds in a sample:
| NoH
GPME= > > MiyinCissn (4)

i=1 h=0

This quantity can be decomposed similarly to its population counterpart. For each horizon h,

we define M, = % > i My 4y, as the average SDF and Ch = % >; Ci 1 as the average cash flow
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across funds. Using these definitions, we can write
H H
GPME =Y "M,Ch, + > _MyA, (5)
h=0 h=0

where Ay, = % i (Mytn/Mp, — 1)(Ci44n — Ch) is the covariance between a normalized SDF and
cash flows. In this decomposition, the risk-neutral value is Ztho M;C}, and the risk adjustment
is ZhHZOMhAh- Fixing the risk-neutral value requires restrictions on M}, and the expectation
operator inside condition (3) must be implemented as a cross-sectional mean. As a result, we

impose the following sample condition on the SDF:

1 1 1
N Z Miyn = N Z I (6)

This expression must hold for horizons 1 to H, and it represents H moment conditions. For large
h, however, we do not observe all returns on benchmark assets.” In that case, we rescale N to
account for the missing observations.

In the GPME decomposition, risk prices determine the risk adjustment, but the decomposition

does not provide clear guidance on how to identify the appropriate risk prices. In this case, we

use heuristic rules. For each benchmark asset, b, with risky return RRt +n» We impose the following
condition:
N
b
N > MyynRp, =1 (7)
i=1

This expression is the risky counterpart of the risk-free rate condition above. In our empirical
applications, we impose it only for horizon h = 40 quarters, or 10 years, which represents the
typical horizon of a PE fund. It is possible to impose this condition for every h between 1 and H,
and we verify in unreported analysis that our empirical results are robust to that choice.

In summary, we restrict the SDF with conditions (6)-(7) to price benchmark assets. With the
restricted SDF, we use expression (4) to estimate the NPV of investing in a random PE fund and
decomposition (5) to measure the two sources of value, risk-neutral and risk adjustment. This
procedure fits into the GMM framework with the complication that the sample size varies across

moments.

5Some funds in our data operate longer than 15 years such that H > 60 quarters. However, we cannot observe
returns on benchmark assets at horizon h = 60 for funds started in 2009, for example, because that would require
knowing returns realized in 2024.
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2.2 Statistical Inference

For statistical inference, a main problem is that funds of close vintages are likely to have
positively correlated cash flows. This correlation can originate from exposure to the same factor
shocks, and some could remain, after controlling for public factors.® To address this problem,
Korteweg and Nagel (2016) integrate methods from spatial econometrics in their GMM framework.
Below, we illustrate our inference, which is closely related to their method.

To compute the standard error of the GPME, we ignore uncertainty about SDF parameters,
but we allow for correlation between overlapping PE funds. We measure the distance between
funds ¢ and k by their degree of overlap. Defining T'(i) and T'(k) as the last non-zero cash flow

dates of fund ¢ and j, we compute their distance as follows:

di, k) = 1 — T, T(k)} = max{t(i), t(k)}

max{T'(i), T(k)} — min{t(i), t(k)} (8)

The distance is zero if the overlap is exact, and it is 1 or greater if there is no overlap. This distance
is used to construct weights that account for cross-sectional correlation in the sample estimate of

the asymptotic variance. Specifically, we estimate the variance of v N GPME as

L NN )
NZZmaX{l— (i,k)/d,0} ujug (9)

=1 k=1

where u; = GPME; — GPME. In the sum, each product u;ug is assigned a weight between 0 and
1, and weights decrease with the distance between two funds. In our empirical work, we set d = 2,
and some non-overlapping pairs of funds still get positive weight. The standard error of the GPME
is estimated as y/v/N.

The resulting standard error ignores parameter uncertainty and can be interpreted as a lower
bound. Our primary objective remains to obtain point estimates of the GPME that are as eco-

nomically robust as possible.”

5Ang, Chen, Goetzmann, and Phalippou (2018), for example, find a factor in PE returns, which is not spanned
by publicly traded factors.

"Other than our focus on point estimates, an additional reason for ignoring parameters uncertainty is that
moments with different sample sizes can complicate the derivation of GMM standard errors. To the best of our
knowledge, there is only limited asymptotic GMM theory allowing for moments constructed with samples of different
size. Some of that theory is developed by Lynch and Wachter (2013).
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3 Stochastic Discount Factor

We focus on applications with exponentially affine SDFs. To illustrate, consider the case with

a generic single factor f. The multi-period SDF can be written as follows:

My yin = exp (ap, — Ynfreth) (10)

In this expression, ap and -, indicate a pair of parameters per horizon. -~ can be interpreted
as the risk price of f at horizon h. In absence of other restrictions, this SDF has a total of
2H parameters. Korteweg and Nagel (2016) restrict ap, = ah and v, = 7, working with only 2
parameters. We do not impose any functional form on ay. This additional flexibility is necessary
to satisfy moment conditions (6) and fix the subjective term structure of interest rates with market
data. We maintain the restriction on risk prices, vy, = 7, for two reasons. First, our main argument
is about fixing the risk-neutral value of the GPME, which is not determined by risk prices, so we
maintain this part of the model as simple as possible. Second, we exploit this simplicity to study
the robustness of our empirical results with respect to risk prices.

The single-factor form of the SDF can easily be extended with additional factors and corre-

sponding risk prices. Below, we describe the form used in our empirical work.

3.1 CAPM and Long-Term Investors

We consider two risk factors. One factor is the log-return on the market, %, , = In(R;_ ;).
The other factor is news about future expected returns on the market, also known as discount
rate (DR) news in the literature. DR news arriving between ¢ and ¢ + h is denoted Ng&h, and is

defined as follows:

o0
DR _ j
Nt,t+h = (Etpn — Ey) Z PyTﬁhij (11)
j=1
In this expression, p is an approximation constant just below 1, and the right-hand side measures
cumulative news between t and ¢t + h about market returns from ¢ 4+ h onwards. In a simple
model with homoscedastic returns, this factor summarizes variation in investment opportunities,

and positive news corresponds to better opportunities (Campbell, 1993).8

8Formally, p = 1 — exp(z) where x is the mean of the investor’s log consumption-wealth ratio. In our empirical
applications, one period corresponds to one quarter, and we set p = 0.95%/4 corresponding to a mean consumption-
wealth ratio of approximately 5% per year.
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With the two risk factors, we construct the following SDF:

My = exp (ah —wy T;n,prh —w(y— 1)N1‘B&h> (12)

This is a two-factor version of (10) with risk price w~y for the market return and w(y — 1) for DR
news. Appendix A connects this SDF to theory and shows that the parameter v can be interpreted
as the investor’s relative risk aversion, while w is the portfolio weight in the market, with 1 — w
invested in the risk-free asset. Throughout our main analysis and unless otherwise specified, we
assume w = 1 representing an investor fully invested in the market.

This SDF recognizes that the same realized market return implies different marginal utility
depending on expected returns. If expected returns are constant, Ng&h is zero, and the SDF
simplifies to a single-factor CAPM model. If expected returns vary over time, Nt%l}rh appears as
an additional risk factor with positive risk price for investors with v > 1. These investors are
particularly averse to portfolio losses arriving jointly with negative news about expected returns.
These losses are permanent in the sense that they are not compensated by higher expected returns,
and a risk averse, long-term investor fears them in particular (Campbell and Vuolteenaho, 2004).

We compare GPME estimates obtained with different restrictions on (12). In one case, we
impose ap = 0 and v = 1. These restrictions correspond to a log-utility investor and result in the
same SDF of Kaplan and Schoar (2005)’s PME. In addition to the log-utility investor, we consider
two other types, CAPM and long-term investors, differentiated only by Ntl?&h, which is zero for
the CAPM and estimated below for long-term investors. The SDF's of these two investors require
estimation of aj and v, and we compare our method with that of Korteweg and Nagel (2016).
Since Korteweg and Nagel (2016) impose a;, = ah, we refer to their method as ‘single intercept’

and we refer to ours as ‘multiple intercepts’.

3.2 A Model of Discount Rate News

To estimate DR news, we follow a large literature starting with Campbell (1991) that mod-
els expected market returns using vector autoregression (VAR).? We assume that the data are
generated by a first-order VAR:

Tey1 = b+ Oxp + 411 (13)

9See for example Campbell (1991, 1993, 1996), Campbell and Vuolteenaho (2004), Lustig and Van Nieuwerburgh
(2006), Cochrane (2011).
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In this expression, u is a K x 1 vector and O is a K x K matrix of parameters. Furthermore, ;1
is K x 1 vector of state variables with rf; — rl 41 as first element, and €;41 is a i.i.d K x 1 vector
of shocks with variance Y.

In this model, DR news is a linear function of the shocks:
NP = Xeri (14)

The vector of coefficients for DR news is defined as A = pe’©(I — pO)~!, where I is the identity
matrix and € = (1,0,0,...,0). Those coefficients measure the long-run sensitivity of expected
returns to each element of x;.

Combining the VAR model with the definition of multi-period DR news from (11), we obtain

the following result:

Nt%lih =Xerin+ (A—€'pO) epn1+ (A —€pO —€p’0%) epppo+ -+ (A —¢ S piOes sy
(15)

This equation expresses multi-period DR news in terms of observables, and it constitutes the
empirical specification of the risk factor. In section 4, we obtain two versions of this factor by

estimating two VAR models that differ in the choice of state variables.

4 Expected Returns and Discount Rate News

4.1 Public Market Data

The VAR vector z; contains data about publicly traded assets at a quarterly frequency from
1950 to 2018. The first element of x; is the difference between the log-return on the value-weighted
S&P 500 and the log-return on quarterly T-bills. For this element, data is from the Center
of Research in Security Prices (CRSP). The remaining elements of z; are candidate predictors of
expected returns and DR news. We consider (1) the log dividend-price ratio, (2) the term premium,
(3) a credit spread of corporate bond yields and (4) the value spread. The log dividend-price ratio,
term premium, and credit spread are constructed using data from Amit Goyal’s website. The log
dividend-price ratio is defined as the sum of the last 12 months dividends divided by the current
price of the S&P 500. The term premium is the difference between the annualized yield on 10-
year constant maturity Treasuries and the annualized quarterly T-bill yield. Credit spread is the
difference between the annualized yield on BAA-rated corporate bonds and AAA-rated corporate

bonds. For the value spread, we rely on data from Kenneth French’s data library. We construct
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the value spread as the difference in log book-to-market ratio of small-value and small-growth
stock portfolios. These portfolios are generated from a double sort on market capitalization and
book-to-market ratio.

Table 1 reports summary statistics for the public market data in our sample period. From
Panel A, the quarterly log equity premium is 1.6%, corresponding to 6.4% annually, with a quar-
terly standard deviation of 8%. Further, our candidate return predictors are highly persistent,
especially the log dividend-price ratio with an autocorrelation coefficient of 0.982. Panel B re-
ports correlations between contemporaneous and lagged state variables. The first column reports
univariate correlations between the one-period ahead excess market return (r* — 7f) and lagged
predictors. The market return is positively correlated with the lagged dividend-price ratio, credit

spread and term premium, and negatively correlated with the lagged value spread.

4.2 VAR Estimation

We estimate the VAR model using OLS at a quarterly frequency in the post-war period from
1950 to 2018. We consider two different specifications: (1) a parsimonious specification including
only the log dividend-price ratio as the predictor and (2) a specification including the full set of
predictors.

Table 2 reports the two VAR estimations. Panel A reports the parsimonious specification
including only the dividend-price ratio, and Panel B reports the full specification. Each row
corresponds to an equation in the VAR. The first row of each panel corresponds to the market
return prediction equation. Standard errors are in brackets, and the last two columns report R?
and F-statistic for each forecasting equation. Panel A shows that dividend-price ratio significantly
predicts excess market returns with a coefficient of 0.025. The R? is 2.8 percent, and the F-statistic
is statistically different from zero, consistent with the dividend-price ratio and lagged market return
jointly predicting excess market returns. Panel B also includes the value spread, credit spread,
and term premium in the VAR. The first row shows that the lagged market return, dividend-price
ratio and term premium positively predict excess returns. The coefficients on the dividend-price
ratio and term premium are statistically significant at the five percent level. The value spread and
credit spread negatively predict excess market returns, although the corresponding coefficients are
statistically insignificant.

Table 3 shows properties of one-period DR news, Nt%f_{ﬂ, implied by the two VAR estimations.
Panel A reports the vector of coefficients, A, measuring the sensitivity of DR news to each element

of ;. The “DP only” column shows that shocks to the dividend-price ratio are a significant
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determinant of DR news. The “Full VAR” column shows that shocks to the dividend-price ratio
and term premium are significant determinants of DR news in the full VAR specification. These
coeflicients, however, do not represent a complete picture of how much each variable affects DR
news; they do not account for the fact that elements of ¢; have different variances. We, therefore,
decompose the unconditional variance of DR news to compare the importance of shocks to different
variables.

Panel B of Table 3 decomposes the variance of DR news, Y.\, into variance contributions
from each variable’s shock. The column “DP only” reports the decomposition for the parsimonious
VAR. In this specification, 105% of DR news variance originates from shocks to the dividend-price
ratio and negative 5% stems from the lagged market return. Shocks to DR news are almost
exclusively determined by shocks to the dividend-price ratio. The “Full VAR” column shows that
the dividend-price ratio is the largest contributor to DR news variance in the full specification.
Even in this specification, the dividend-price ratio contributes nearly 100% percent of the variance.
The value spread and term premium contribute only 3% and 4%, respectively, while the credit
spread’s contribution is essentially zero. These results suggest that both specifications rely almost

exclusively on shocks to the dividend-price ratio to determine DR news.

5 Private Equity Performance

5.1 Funds Data

We analyze PE data maintained by Burgiss. Our sample contains net-of-fees cash flows of
1866 PE funds started in the US between 1978 and 2009 and divided into three mutually exclusive
categories: buyout, venture capital, and generalist funds. Burgiss provides at least two levels of
classification for each fund. At the most general level (Tier 1), funds are primarily classified as
‘equity’, ‘debt’ or ‘real assets’. We focus exclusively on equity. At a more detailed level (Tier
2), we distinguish between equity funds classified as buyout, venture capital, and generalist. We
define buyout and venture capital funds using the homonymous Tier 2 classes. In our generalist
category, we include funds with Tier 2 classification of ‘generalist’, ‘expansion capital’, ‘unknown’
and ‘not elsewhere classified’. To obtain our sample, we exclude funds with less than 5 million
USD of commitment. We also exclude funds whose majority of investments are not liquidated by
2019. For that, we impose two conditions. First, we only include funds of vintage year 2009 or
earlier. Second, among those funds, we exclude those with a ratio of residual NAV over cumulative
distributions larger than 50%. Finally, we normalize cash flows and residual NAV by each fund’s

commitment.
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Figure 1 plots the aggregate sum of normalized contributions, distributions, and net cash flows
for the three fund categories over time. For all the categories, our sample constitutes mostly of cash
flows observed between 1995 and 2019. For venture capital, we see uniquely large distributions in
the year 2000, corresponding to the dot-com bubble; those distributions are almost 10 times larger
than distributions and contributions observed at any other time.

Table 4 summarizes the PE data. Panel A reports descriptive statistics and shows that the
sample consists of 652 buyout funds, 971 venture capital funds and 243 generalist funds. The
median (average) fund size is $421 ($1099) million for buyout, $126 ($222) million for venture
capital and $225 ($558) million for generalist funds. The average number of years between the
first and last buyout fund cash flow is 14.16 years, 15.52 years for venture capital, and 14.42 years
for generalist funds. The average number of cash flows per fund is approximately 36 for buyout, 28
for venture capital and 33 for generalists. The sample includes 311 unresolved buyout funds with
an average NAV-to-Distributions ratio of 0.10, 353 unresolved venture capital funds with NAV-to-
Distributions ratio of 0.14, and 88 unresolved generalist funds with a NAV-to-Distributions ratio
of 0.12.

Panel B of Table 4 reports Total Value to Paid-In ratios (TVPI) across vintage years.!? Across
the three categories, TVPIs fluctuate over time and are typically higher for earlier vintages. Fur-
thermore, venture capital shows high TVPIs between 1993 and 1996. These large multiples can
be ascribed, at least in part, to funds of these vintages deploying capital in the period leading up

to the 2001 dot-com bubble and exiting investments before 2001.

5.2 Buyout

Table 5 reports the GPME estimation for buyout funds. The first estimation corresponds
to “Log-Utility” and uses the inverse return on the market as SDF. The resulting GPME is a
reformulation of Kaplan and Schoar (2005)’s PME defined as the sum of discounted cash flows
rather than the ratio of discounted distributions over contributions. The log-utility GPME is
0.20 and significantly different from zero at the one percent level; buyout funds provide log-utility
investors with 20 cents of abnormal profits per dollar of committed capital.

In addition to the log-utility model, Table 5 reports GPME estimation for CAPM and long-
term (LT) investors assuming they are fully invested in the market (w = 100%). The “Single
Intercept” columns estimate only one intercept parameter a, with a;, = ah, and the estimations

use the moment conditions of Korteweg and Nagel (2016). The “Multiple Intercepts” columns use

107f there are less than five funds per vintage year, figures are omitted due to confidentiality.
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our method as described in Section 2, which does not impose a functional restriction on aj and

estimates multiple intercepts linking the subjective term structure of interest rates to market data.

Buyout Value for CAPM Investors

Table 5 shows a GPME of 0.28 for the CAPM SDF using a single intercept. The estimate is
statistically different from zero at the ten percent level. With multiple intercepts, the GPME is
0.30 and statistically significant at the one percent level. The estimates are similar and imply that
buyout funds provide CAPM investors with 28-30 cents of NPV per dollar of committed capital.
CAPM investors thus derive 8-10 cents more value than log-utility investors from a marginal
allocation to buyout funds.

Even though the GPME estimates for the CAPM investor are similar across the two methods,
we show below that the different restrictions placed on the single and multiple intercepts specifi-
cations imply markedly different SDF properties. To further explore differences between the two
methods, Table 5 also reports the two GPME components from the decomposition in Section 2.
The first component is Zhﬂ;ﬁh and corresponds to the risk-neutral part of GPME. For each
horizon, we take the average cash flow across funds and discount it with the average SDF across
funds. We then sum over horizons. The second component is thhAh and corresponds to the
total risk adjustment inside GPME.

For the CAPM investor, the risk-neutral component is 0.61 with multiple intercepts and 0.79
with a single intercept. The risk adjustment, instead, is -0.31 with multiple intercepts and -0.51
with a single intercept. For the CAPM, the single intercept specification achieves a similar GPME
estimate by assigning a higher risk-neutral value, but also more negative risk adjustment, relative
to the multiple intercepts case. Differences between the two methods become increasingly evident

considering long-term investors below.

Buyout Value for Long-Term Investors

In Table 5, the “LT” columns report GPME estimations for long-term investors. In particular,
the “LT (DP)” columns use the VAR specification with only the dividend-price ratio as the return
predictor to measure DR news. With a single intercept, the LT (DP) investor assigns a GPME
of 0.80 to buyout. This point estimate is considerably higher relative to the CAPM investor, but
it is not statistically significant due to the large standard error. Further, a NPV of 80 cents per
dollar of commitment is large enough to appear economically implausible, and our decomposition

shows that this GPME arises from summing a risk-neutral value of 2.50 with a risk adjustment of
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-1.69. Compared to the CAPM, this large value is not generated by a change in risk adjustment.
Instead, it stems from a large increase in the risk-neutral component. With multiple intercepts, we
estimate a GPME of 0.35 for the LT (DP) investor. This point estimate is statistically significant,
and it is only marginally higher compared to CAPM. By construction, the difference relative to
CAPM is entirely due to risk adjustment.

The “LT (Full)” columns of Table 5 use DR news computed with the full VAR specification,
which includes the dividend-price ratio, term premium, credit spread, and value spread as return
predictors. With a single intercept, the resulting GPME is 0.41, although not statistically signif-
icant, and substantially lower than 0.80 obtained in the LT (DP) case. With multiple intercepts,
the GPME is 0.34, statistically significant at the one percent level, and close to the 0.35 estimated
in the LT (DP) case. While the single intercept methodology suggests that the two VAR specifi-
cations result in DR news which generate large GPME differences, the multiple intercepts method
suggests similar GPME implications of the two VAR specifications. In Section 4, we show that
both VAR estimations generate DR news that vary almost exclusively from shocks to the dividend-
price ratio, suggesting that the full VAR might have similar dynamics to the parsimonious VAR.
Consistent with this interpretation, the multiple intercepts method estimates virtually identical

GPME:s for LT (DP) and LT (Full) investors.

Time Discounting of Buyout Funds

Figure 2 plots the average SDF across funds as a function of the horizon. At each horizon h,
the average SDF measures the present value of one dollar paid for certain at that horizon by all
funds in the sample. The figure compares the single intercept and multiple intercepts specifications
from Table 5. By construction, multiple intercepts estimations using the same sample imply the
same average SDF as a function of the horizon. Single intercept estimations impose less structure
on the SDF, and the average SDF at each horizon varies depending on the risk factors considered.

The figure illustrates the unrealistic time discounting for the single intercept estimation with
a peculiar pattern of negative time discounting in the first 3 years, positive discounting from year
4 to 8, and negative discounting again from year 8 to 11. This pattern is qualitatively consistent
across investors and it is quantitatively strongest for the LT (DP) model, suggesting that the very
large GPME estimate obtained with this model might be due to this implausible time discounting
pattern resulting from the single intercept method.

With multiple intercepts, Figure 2 shows that time discounting is consistently positive and

stable across horizons, and this result corresponds to more stable GPME estimates across models,
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as shown in Table 5. It also results in a lower variation of GPME; across funds, as we show below.

Cross-Sectional Variation of Performance

Table 6 summarizes the cross-sectional distribution of GPME; resulting from the different
estimations. The table contains results for all three fund categories. We focus primarily on buyout,
but a similar discussion applies to venture capital and generalist funds. For each estimation, we
report the mean of GPME;, which corresponds to the GPME estimates in Table 5. Below the
mean, we report the standard deviation and selected percentiles for the GPME; distribution.

Differences in the distribution of GPME; are interesting because the multiple intercepts esti-
mations, just like the single intercept ones, restrict the SDF using exclusively public market data,
and ignore any information about PE cash flows. Thus, differences in the GPME; distribution are
a result that is not imposed by construction. We find that using multiple intercepts consistently
imply lower variation of GPME; across funds, relative to using a single intercept.

For buyout, the log-utility model generates the lowest standard deviation of GPME;, equal to
0.64. The single intercept CAPM model implies a standard deviation of 1.42, while the multiple
intercepts CAPM model implies a standard deviation of 0.98. Thus, the multiple intercepts model
generates a markedly lower standard deviation for the CAPM, even though the two models have
a similar mean (0.28 vs. 0.30). Further, the lower standard deviation of the multiple intercepts
CAPM model comes with less extreme tail observations as indicated by the reported percentiles.
For long-term investors, we see qualitatively similar differences between the single intercept and
multiple intercepts methods, but with more extreme magnitudes. Especially for the LT (DP)
investor, the GPME; standard deviation of the single intercept model is extremely high, 9.25,

relative to 1.05 obtained with the multiple intercepts model.

Components of Buyout Performance across Horizons

With multiple intercepts, we take the GPME decomposition one step further. Not only do
we decompose GPME in a risk-neutral part and a risk adjustment, but we also decompose the
risk-neutral part and the risk adjustment based on the contribution of each horizon. To illustrate,

we decompose the risk-neutral part as follows:

H 4 8 56 H
Z]\_J;,Ch:]\7/050+Zj\7h5h+21\7h5h+-~+ Z]_Whéh—’_ ZMhGh (16)
h=0 h=1 h=5 h=53 h=57
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These components correspond to values coming from year 0, year 1, year 2, ..., year 14, and year
15 or higher. A similar decomposition is done for the risk adjustment.

Figure 3 plots the resulting GPME components against horizon for selected models with mul-
tiple intercepts. The figure focuses on the CAPM and LT (DP) models. By construction, the
risk-neutral component from each horizon (grey bars) is identical across models, and differences
originate exclusively from components of the risk adjustment plotted as black bars for the CAPM
and white bars for LT (DP).

Decomposing the risk-neutral part, the grey bars in Figure 3 show the “J-curve” typical of PE
cash flows.!! Investors contribute capital primarily in the first 4 years, corresponding to negative
average cash flows at short horizons. Average cash flows turn positive from year 5, as funds
distribute capital.

Decomposing the risk adjustment, Figure 3 shows that the CAPM and LT (DP) models are
similar not only on the overall risk adjustment but also on its components across horizons. Sur-
prisingly perhaps, risk adjustment is moderately positive in the first years of fund operations and
turns negative only after the third year. At short horizons, net cash flows are dominated by contri-
butions, and a positive risk adjustment suggests that buyout funds tend to call less capital in bad
times with high SDF realizations. This tendency decreases risk and has a small but positive effect
on GPME. This result is consistent with Robinson and Sensoy (2016), also finding pro-cyclicality
in contributions.

Components of the risk adjustment turn negative at longer horizons after year 3, and they are
the most negative between year 9 and 11. Interestingly, the risk adjustment is small for years 6 to
8, even though average cash flows are high during those years. This result appears consistent with
Gupta and Van Nieuwerburgh (2021) finding that buyout funds generate cash flows that appear

to be risk-free in part of their harvesting period.

5.3 Venture Capital

Table 7 reports GPME estimations for venture capital funds. As a starting point, we estimate a
log-utility GPME of 0.14 and statistically indistinguishable from zero. For comparison, Korteweg
and Nagel (2016) find a marginally positive log-utility GPME of 0.05 for venture capital funds.
The higher GPME in our sample might come from a larger number of funds in pre-1998 vintages.

Historically, those vintages have high risk-adjusted performance for venture capital.

1 Grey bars represent the risk-neutral present value of average cash flows at each horizon. Instead, the J-curve is
typically plotted as the average cash flows at each horizon without discounting. Nonetheless, the two quantities are
close, especially at horizons shorter than 10 years.
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Considering the GPME decomposition for log-utility, venture capital has a risk-neutral value
of 0.48 and a risk adjustment of -0.35. Compared to buyout, this risk adjustment is considerably
larger (-0.35 vs. -0.09). The log-utility model has a constant risk price of v = 1 across samples.
Differences in risk adjustment are consequently entirely due to different covariance between cash
flows and market returns. Thus, higher risk adjustment for venture capital suggests higher market
exposure of venture capital’s cash flows relative to buyout. Larger risk adjustment for venture
capital is consistent with Driessen et al. (2012), who estimates a market beta of 2.4 for venture
capital and 1.3 for buyout, and with Ang et al. (2018), estimating a market beta 1.8 for venture
capital and 1.2 for buyout.

Venture Capital for CAPM and Long-Term Investors

In Table 7, the GPME estimate for the CAPM investor is -0.15 with single intercept and 0.07
with multiple intercepts. Both methods indicate that the CAPM implies lower GPMEs relative
to log-utility. This difference is consistent with the findings of Korteweg and Nagel (2016) in
a smaller sample. The single intercept and multiple intercepts methods disagree on the GPME
sign and magnitude, however, applying multiple intercepts result in marginally positive GPME for
venture capital.

Differences in the GPME between the single intercept and multiple intercept models can arise
from differences in the SDF intercepts, aj, but also from differences in the estimated risk price, ~.
Table 7 shows that CAPM’s risk price is 2.93 with single intercept and 2.03 with multiple intercepts.
We show in Section 6.1 that differences in v do not entirely explain the GPME difference between
the two methods, as the GPME of the CAPM investor with multiple intercepts remains higher
relative to single intercept even assuming the same risk price of 2.93 for both models.

For the long-term investor, we observe qualitatively similar differences between the single and
multiple intercepts specifications. Using a single intercept, we estimate negative GPMEs of -0.19
for LT (DP) and -0.08 for LT (Full). With multiple intercepts, we estimate positive GPMEs of
0.13 for LT (DP) and 0.15 for LT (Full). In Section 6.1, we also show that this difference is not
entirely explained by lower risk prices with multiple intercepts.

Comparing GPMEs between the CAPM and long-term investors, we find that the long-term
investor assigns higher value to venture capital, relative to the CAPM investor, with multiple
intercepts. GPME estimates with multiple intercepts for LT (DP) and LT (Full) are almost double
the GPME estimate for the CAPM. Considering the single intercept method, we find more stable

performance across investors for venture capital relative to buyout. To investigate this result, we
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plot the implied discounting for venture capital funds.

For venture capital, Figure 4 plots the cross-sectional average SDF as a function of the cash flow
horizon. As we do for buyout, the figure distinguishes between multiple intercepts and the three
models with a single intercept. The figure confirms that multiple intercepts imply a more stable
time discounting across horizons. The single intercept method implies qualitatively similar time
discounting between buyout and venture capital. With venture capital, however, time discounting

of the single intercept method does not vary as widely across the three models.

Components of Venture Capital Performance across Horizons

Following the discussion of the results for buyout funds, we also decompose GPMEs by horizon
for venture capital. Figure 5 plots the decomposition for CAPM and LT (DP) models with multiple
intercepts. We focus on the decomposition of the risk adjustment.

In the figure, risk adjustment varies similarly with horizon across the two models. For both
models, risk adjustment is marginally positive from year zero to two. This result suggests that
contributions tend to be slightly pro-cyclical, which is similar to buyout funds although quanti-
tatively smaller. Starting from year 3, risk adjustment turns negative, and it is most important
between year 4 and 7. This result contrasts with buyout, where risk adjustment tends to be small
especially in year 6 and 7. The distribution of venture capital risk adjustment suggests markedly

different risk across horizons relative to buyout.

5.4 Generalist

Our analysis of generalist funds is similar to that of buyout and venture capital. Here we
provide an overview of the results.

Table 8 shows the results of the GPME estimations for generalist funds. With log-utility, we
estimate a statistically significant GPME of 0.16, which is lower relative to buyout and marginally
higher relative to venture capital. For CAPM and long-term investors, we estimate consistently
positive GPME with single intercept and multiple intercepts methods. GPME estimates are higher
and more stable across estimations with multiple intercepts relative to the single intercept method.

Figure 6 shows differences in time discounting across methods by plotting the average SDF by
horizon implied by the different specifications. Qualitatively, the figure shows results similar to
buyout and venture capital. With multiple intercepts, time discounting is positive, constant across
investors, and stable across horizons.

Figure 7 plots the risk-neutral value and the risk adjustment components by horizon. From
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year zero to two, the figure shows risk adjustment similar to the other fund categories, consistent
with contributions hedging some risk for PE investors. From year 3 onwards, risk adjustment
turns negative. Compared to the other categories, the risk adjustment of generalist funds can be

attributed more homogeneously to cash flows received from year 4 to 10.

6 Robustness

In this section, we focus exclusively on the method with multiple intercepts and examine the
robustness of our results along two dimensions. First, we study the sensitivity of the GPME as
we exogenously change risk aversion, 7. Second, we estimate GPMEs for investors whose portfolio

weight in the market is either w = 50% or 200%, as opposed to 100% in Section 5.

6.1 Risk Aversion

Our GPME decomposition does not provide clear guidance on how to estimate risk prices for
proper benchmarking of PE cash flows. As described in Section 2, our method identifies risk prices
by constraining the SDF to price risky benchmark returns at a 10-year horizon. This is a heuristic
approach based on the typical horizon of PE funds, and we study the sensitivity to this heuristic
by changing risk prices exogenously. Specifically, we change risk aversion, -, since risk prices are
primarily determined by this parameter for our investors.

As we change risk aversion exogenously, we do not need to run new estimations. Instead, the

resulting GPME with multiple intercepts is computed as follows:

GPME(y) = i (zlv i Rfl ) <5h + Ah(7)> (17)

h=1 =1 t,t+h

To obtain this expression, we rewrite the GPME decomposition (5) using time discounting restric-
tions: % Zfil My = % Zfil 1/R£t+h. We use this notation to highlight that Aj is the only
term of the GPME affected by risk prices. Further, Ay is the only term affected by the SDF, but
it does not depend on intercept parameters.'?

Using expression (17), we compute GPMEs for risk aversion between 1 and 12 for each type of
investor in each fund category. Figure 8 plots the resulting GPMEs as a function of v. For each

category, the three lines correspond to different investors. The solid line represents the CAPM, the

dotted line represents LT (DP), and the dash-dotted line represents LT (Full). Further, there are

1276 see why Ay, does not depend on intercept parameters, recall that A; = % Zi(Mt,Hh/]\_ih —1)(Citen —Ch)
with My, = % Zl M t+n. The SDF enters Ap only through its normalized form, Mt,t+h/]\_4h, and intercepts cancel
out because of the normalization.

137



two circles over each line. The black circle represents the combination of GPME and « estimated for
that investor with multiple intercepts in Table 5, Table 7, or Table 8, depending on the category.
For comparison, the white circle corresponds to v estimated with single intercept and GPME
computed with expression (17).

The top-left panel of Figure 8 shows results for buyout funds. For the CAPM investor, the
GPME ranges from 0.5 to 0.1, it is monotonically decreasing in risk aversion, and it remains
positive even at risk aversion of 12. For long-term investors, the LT (DP) and LT (Full) models
imply approximately the same GPME across all levels of risk aversion. For these investors, the
GPME ranges from 0.5 to 0.3, and it is non-monotonic in risk aversion. Overall, we find a robustly
positive performance of buyout funds and only moderate sensitivity to risk prices.

The top-right panel of Figure 8 shows results for venture capital. As opposed to buyout, we
find high sensitivity of venture capital’s GPME to risk prices. This sensitivity is highest for the
CAPM investor, whose GPME estimate goes from 0.35 to -0.25 as risk aversion increases. For
long-term investors, the GPME displays marginally lower sensitivity, ranging from 0.35 to -0.15.
Across all investors, we find that venture capital’s GPME is the most sensitive to risk aversion
in the range of risk aversion between 1 and 3, which contains the three point estimates of v with
multiple intercepts from Table 7.

In the bottom panel of Figure 8, we report sensitivity results for generalist funds. The GPME
of generalist funds display only moderate sensitivity to risk prices, similarly to buyout, and it
remains positive for all investors at all levels of risk aversion between 1 and 12. The GPME ranges
from 0.35 to 0.05 for the CAPM investor, and from 0.35 to 0.15 for long-term investors.

Across investors and fund categories, we find a tendency for the GPME to decrease in risk
aversion, especially for risk aversion between 1 and 5, which is typically the most relevant range.
For buyout and generalist funds, we find quantitatively modest GPME sensitivity to risk prices,
and the GPME remains positive across a wide range of risk aversion. For venture capital, instead,
we find high sensitivity of the GPME to risk prices, with positive GPME for risk aversion below
2 and negative GPME for risk aversion above 3. Because of the high sensitivity, venture capital

seems the most challenging category to evaluate.

6.2 Investor Leverage

Another way to compare CAPM and long-term investors is by looking at the effect of the
investor’s leverage on the GPME. A natural measure of leverage, in our model, is the portfolio

weight in the market, w. While we assume w = 100% in previous sections, we now consider two
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different values representing a conservative investor with low leverage (w = 50%) and an aggressive
investor with high leverage (w = 200%).

The SDF expression (12) presented in Section 3 suggests two considerations about leverage.
First, CAPM investors with different leverage assign the same GPMEs to cash flows. For those
investors, w enters the SDF only through the product w~y determining the market risk price, and
it is a redundant parameter. For CAPM investors with higher leverage, our GPME estimation
will mechanically result in proportionally lower risk aversion. Second, long-term investors with
different leverage can assign different GPMEs to cash flows. For long-term investors, w affects
the importance of the market risk price, w+, relative to the DR news risk price, w(y — 1). Since
v > v —1, DR news risk is less important for aggressive investors with large w, and provided that
DR news matters when evaluating PE cash flows, leverage can affect GPMEs.

In Table 9, we report GPME estimations similar to the multiple intercepts part of Table 5,
Table 7, and Table 8, except that we do not assume w = 100%. Instead, we assume w = 50% in
the first panel and w = 200% in the second panel. For CAPM investors, the table confirms that
leverage has no effect on GPMEs, and higher leverage is mechanically offset by lower risk aversion.
For long-term investors, we find some differences in GPMEs across leverage. The conservative
long-term investor assigns a GPME of 0.35 to buyout, 0.25 to generalist, and in the 0.15-0.20
range to venture capital. The aggressive long-term investor, instead, assigns a GPME of 0.33 to
buyout, 0.22 to generalist, and 0.07 to venture capital. Thus, the conservative investor assigns
greater value to PE across all three fund categories. By construction, these differences are entirely
due to different risk adjustments. Quantitatively, however, the GPME differences across leverage
appear largely negligible, at least for the case of buyout and generalist funds.

Overall, we estimate that all three fund categories provide positive value to both CAPM in-

vestors and long-term investors across a wide range of leverage levels.

7 Conclusion

PE funds are illiquid investments whose true return is unobservable. Since investment returns
are unobservable risk and performance cannot be estimated with standard approaches. Conse-
quently, the literature has developed methods to evaluate these investments by discounting fund
cash flows with SDFs. In this paper, we show that existing SDF methods for the valuation of PE
funds result in unrealistic time discounting, which can generate implausible performance estimates.
We propose a modified method and compare it to existing ones.

Theoretically, our approach is based on a standard asset pricing decomposition of PE perfor-
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mance in a risk-neutral part and a risk adjustment. We fix the risk-neutral part by constraining
the SDF such that the subjective term structure of interest rates is determined by market data.
By construction, the risk-neutral part does not vary as we add or remove risk factors from the
SDF, so we can meaningfully measure the economic cost of PE risk and compare it across models.
Empirically, we evaluate our approach against existing methods and find that our approach results
in more robust PE performance across SDF's and lower variation of performance across funds.

We apply our method to measure PE performance and risk adjustment for two types of in-
vestors: a CAPM investor and a long-term investor distinguishing between permanent and transi-
tory wealth shocks. We discount net-of-fees cash flows of 1866 PE funds started in the US between
1978 and 2009 and divided into three categories: buyout, venture capital, and generalist. We find
largely negligible differences between the two investors, especially for buyout and generalist funds.
Overall, we find positive risk-adjusted performance for buyout, generalist, and venture capital
funds. For venture capital, however, large risk exposure makes performance estimates particularly
sensitive to estimated risk prices.

Our performance decomposition does not provide clear guidance on how to estimate risk prices
for proper benchmarking of PE cash flows. Therefore we rely on heuristic SDF restrictions and
study the sensitivity of performance estimates with respect to risk prices. The open issue on risk

price estimation, among others, is left to future research.
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Table 1
Summary Statistics of VAR Variables

This table reports summary statistics of variables entering the full VAR model. Variables are computed quarterly
from 1950 to 2018 for a total of 276 observations. The expression ™ — ! indicates the excess log-return on the S&P
500, DP is the logarithm of dividend yield on the S&P 500, V'S is the difference in the log book-to-market ratio of
small-value and small-growth stocks, C'S is the yield difference between BAA and AAA rated corporate bonds, and
TERM is the yield difference between treasuries with 10-year and 3-month maturity. Panel A reports descriptive
statistics. Panel B reports correlations between contemporaneous and lagged variables.

Panel A: Descriptive Statistics

Mean Std Min Max Autocorr.
ro 0.016 0.078 —0.311 0.192 0.099
DP; —3.536 0.424 —4.497 —2.624 0.982
VS 1.575 0.157 1.280 2.111 0.890
CSy 0.010 0.004 0.003 0.034 0.878
TERM; 0.017 0.014 —0.035 0.045 0.841

Panel B: Correlations

ro ot DP, VS, CS; TERM,
-t 0.099 —0.069 —0.017 —0.220 0.060
DP, 4 0.130 0.982 —0.439 0.159 —0.221
VS —0.099 —0.429 0.890 0.030 0.326
CSi-1 0.022 0.144 0.060 0.878 0.321
TERM;_, 0.103 —0.273 0.283 0.171 0.841
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Table 2
VAR Estimation

This table reports the results of two VAR estimations. In Panel A, the VAR includes only the excess log-return and
the logarithm of dividend yield on the S&P 500. In Panel B, the VAR includes also the value spread, credit spread,
and term premium as defined in Table 1 and in the main text. Variables are computed quarterly from 1950 to 2018

for a total of 276 observations. OLS Standard errors are reported in parenthesis, and the symbols , ", and *
indicate significance at 1%, 5%, and 10%.

Panel A: DP only

Constant 7™ —rf DP; V'S, CS; TERM; R?
iy =l 0.102°*  0.107* 0.025** 0.028
(0.039) (0.060) (0.011)
DP; —0.084**  —0.100 0.977** 0.965

(0.040)  (0.062)  (0.011)

Panel B: Full VAR

Constant — r* — r{ DP; V' S; C'S; TERM; R?

i — 7"£+1 0.162*** 0.082 0.027**  —0.040 —0.622 0.929** 0.051
(0.055) (0.060) (0.012) (0.034) (1.118) (0.373)

DP; —0.101* —0.085 0.975*** 0.019 —0.705 —0.780** 0.966
(0.056) (0.062) (0.013) (0.035) (1.153) (0.385)

V Sti1 0.101** 0.064 —0.027** 0.868*** 1.840* —0.240 0.798
(0.051) (0.056) (0.012) (0.031) (1.039) (0.347)

CSti1 0.001 —0.009*** 0.000 0.000 0.875*** —0.011 0.798

(0.001)  (0.002)  (0.000)  (0.001)  (0.029)  (0.010)

TERMy4 —0.011**  —0.004 0.000 0.006* 0.371%*  0.789**  0.725
(0.005)  (0.006)  (0.001)  (0.003)  (0.106)  (0.036)
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Table 3
Discount Rate News

This table decomposes point estimates and variance of NP® from the two VAR estimations of Table 2. In Panel
A, we report estimates of the vector A such that NP® = \e; where e; is the VAR error term. The vector is
X =p'O(I — pO)~!, where © is the matrix of VAR coefficients, I is the identity matrix, e is a column vector with
1 as first element and 0 elsewhere, and p = 0.95Y/%. In parentheses, we report standard errors calculated with the
delta method. Statistical significance is computed using the normal distribution, and the symbols *** ** and *
indicate significance at 1%, 5%, and 10%. In Panel B, we decompose the variance of NPT expressed as AZ. )\ . We
report the vector of variance components A o AY., where o is the element-wise product. We also report components

as percentages of the total variance.

Panel A: Long-Run Coefficients

DP only Full VAR
A A
o — ot 0.039 0.046
(0.027) (0.041)
DP 0.713*** 0.782***
(0.112) (0.139)
Vs —0.110
(0.097)
CS —4.869
(3.843)
TERM 1.977%%*
(0.747)
Panel B: Variance Decomposition
DP only Full VAR
Ao X, % Ao AX, %
™ — rf shock —0.00016 —54 —0.00019 54
DP shock 0.00303 105.4 0.00343  99.2
V'S shock 0.00011 3.0
C'S shock —0.00002 —-04
TERM shock 0.00013 3.6
Var(NPR) 0.00287 100.0 0.00345 100.0
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Table 4
Summary Statistics of Funds Data

This table reports summary statistics of funds data from Burgiss. In Panel A, #Funds is the sample size, and
for each fund, Fund Size is total commitment, Effective Years counts the years between the first and last available
cash flow, #Cash flows/Fund is the number of cash flows, TVPI is the ratio of distributions over contributions.
Furthermore, #Unresolved Funds counts funds that are not fully liquidated in sample, and NAV/Distributions is
the ratio of their residual NAV over total distributions. Panel B reports mean and median TVPI for different vintage
years. For confidentiality, we do not report figures computed with 4 funds or less.

Panel A: Descriptive Statistics

Buyout Venture Capital Generalist

Mean Median St.dev. Mean Median St.dev. Mean Median St.dev.

#Funds 652 971 243

Fund Size ($M) 1099.10 421.00 2118.19 222.10 126.00 282.75 557.77 225.00 1290.66
Effective Years 14.16  13.75 3.13 15.52  15.25 3.37 14.42  13.50 3.37
#Cash flows/Fund 35.83  36.00 10.45 27.60  27.00 9.62 32.99  33.00 10.53
TVPI 1.83 1.68 1.15 2.08 1.39 3.07 1.80 1.64 1.02
#Unresolved Funds 311 353 88

NAV /Distributions 0.10 0.06 0.11 0.14 0.10 0.13 0.12 0.07 0.13

Panel B: TVPI by Vintage Year

Buyout Venture Capital Generalist
Vintage # Funds Mean Median # Funds Mean Median # Funds Mean Median
1978-91 57 3.09 2.22 238 2.12 1.77 15 2.76 2.55
1992 8 1.97 1.64 17 3.19 1.76 5 3.12 2.62
1993 7 1.68 1.72 20 5.35 3.15 7 2.30 1.90
1994 18 1.73 1.49 16 6.15 4.50 8 2.60 2.18
1995 26 1.63 1.53 27 5.69 2.72 6 3.08 2.37
1996 17 1.64 1.70 18 6.68 3.31 8 2.00 1.43
1997 26 1.24 1.23 47 3.48 1.94 17 1.49 1.28
1998 40 1.45 1.45 53 1.97 1.18 17 1.48 1.39
1999 34 1.45 1.55 94 0.86 0.72 20 1.29 1.09
2000 50 1.79 1.68 119 0.96 0.85 26 1.43 1.41
2001 31 1.90 1.94 60 1.26 1.12 6 2.04 2.20
2002 21 1.89 1.85 21 1.08 1.11 7 1.73 1.63
2003 22 2.07 1.82 21 1.38 1.10 4 * K K * % kK
2004 38 1.77 1.63 34 1.49 0.91 10 1.66 1.74
2005 57 1.64 1.52 52 1.63 1.31 18 1.84 1.53
2006 61 1.67 1.64 54 1.56 1.47 27 1.53 1.39
2007 66 1.77 1.70 45 2.21 1.90 22 1.58 1.68
2008 55 1.72 1.69 28 2.06 1.71 13 1.96 1.81
2009 18 2.06 2.05 7 1.92 2.01 7 1.71 1.59
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Table 5
Buyout Performance

For N = 652 buyout funds in our sample, we estimate expected GPME by summing discounted cash flows of each
fund and averaging the result across funds. Cash flows are discounted with the following SDF":

My vn = exp (ahh —wy T?t-»—h —w(y— 1)Nt]?tf-{rh>

In this table, the investor has stock allocation w = 100%, and each column corresponds to different restrictions on
the SDF. With Log-Utility, ar = 0 and v = 1 as in the PME of Kaplan and Schoar (2005). With Single Intercept,
ap, = a for all h, and the two parameters (a and ) are estimated following Korteweg and Nagel (2016) so that the
SDF prices artificial funds invested in the S&P 500 and in quarterly T-bills. With Multiple Intercepts, we estimate
~v and one ay for every h such that the SDF prices T-Bills investments at every horizon and stock investments
at horizon h = 40 quarters. CAPM corresponds to N{jt, = 0, while LT(DP) and LT(Full) use Nt]?tpjrh from the
VAR estimations of Table 2. For each specification, we report point estimates of GPME and ~. In parentheses, we
report GPME standard errors that account for error dependence between overlapping funds and ignore parameters
uncertainty. In brackets, we report p-values for a J-test of GPME = 0. In the last two rows of the table, we divide the
GPME in two components, and we let M), = % > My i4n be the average SDF at each horizon, Ch = % > Citrn
be the average cash flow, and A, = % Zi(Merh/]\_/lh — 1) (Cit4n —5h) be a risk adjustment.

Single Intercept Multiple Intercepts

Log-Utility =~ CAPM LT (DP) LT (Full)  CAPM LT (DP) LT (Full)

GPME 0.203 0279  0.803 0.405 0298  0.350 0.346
(0.027) (0.159)  (0.706)  (0.285) (0.113)  (0.118)  (0.114)
[0.000] (0.079]  [0.255]  [0.155] (0.008]  [0.003]  [0.002]

5 1.00 3.37 10.30 6.72 3.16 3.98 4.03

Components of GPME

S MiCh, 0.293 0.792 2.502 1.139 0.608 0.608 0.608
S My Ay, —0.090 —-0.513 —1.699 —0.735 —0.310 —0.258 —0.261
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Table 6
GPME Distributions

The table reports mean, standard deviation, and selected percentiles of the GPME distribution for buyout, venture
capital, and generalist funds across different models. The models are estimated in Table 5, 7, and 8.

Single Intercept Multiple Intercepts

Log-Utility =~ CAPM LT (DP) LT (Full)  CAPM LT (DP) LT (Full)

Buyout (N = 652)

Mean 0.20 0.28 0.80 0.41 0.30 0.35 0.35
St.Dev. 0.64 1.42 9.25 2.99 0.98 1.05 1.04
Min —1.25 —-4.15 —=15.39 —5.86 —-2.21 —1.60 —1.66
pl0 —0.36 —0.83 —4.30 —1.65 —0.47 —0.48 —0.47
p25 —0.12 —0.38 —0.85 —0.56 —0.20 —0.23 —0.20
p50 0.13 —0.04 -0.17 —0.14 0.02 0.03 0.04
p75 0.44 0.59 0.61 0.69 0.51 0.61 0.58
p90 0.82 1.72 4.06 2.76 1.35 1.56 1.51
Max 10.89 13.98 165.94 42.62 8.78 8.32 8.66

Venture Capital (N = 971)

Mean 0.14 —0.15 —-0.19 —0.08 0.07 0.13 0.15
St.Dev. 1.40 1.18 1.43 1.68 1.07 1.23 1.32
Min —1.14 —2.57 -3.21 —2.84 —1.50 —1.36 —1.40
pl0 —0.67 —0.95 —1.12 —1.02 —0.66 —0.65 —0.65
p25 —0.44 —0.63 —0.68 —0.63 —0.42 —0.41 —0.41
p50 -0.19 —0.33 -0.37 —0.34 —0.16 —0.16 —0.15
p75 0.23 0.04 —0.04 0.03 0.26 0.30 0.31
p90 0.88 0.72 0.73 0.90 0.87 0.91 0.98
Max 15.13 16.47 20.42 24.55 15.51 17.31 17.46

Generalist (N = 243)

Mean 0.16 0.13 0.05 0.15 0.21 0.24 0.25
St.Dev. 0.52 1.01 2.28 1.58 0.75 0.79 0.79
Min —-1.15 —2.72 —6.43 —3.75 —1.50 —1.47 —1.51
pl10 -0.39 —0.72 —-1.95 —1.08 —0.41 —0.46 —0.42
p25 —0.17 —0.44 —0.69 —0.51 —0.24 —0.24 —0.23
p50 0.06 —0.12 —-0.24 -0.17 0.00 0.03 0.06
P75 0.44 0.42 0.34 0.40 0.46 0.51 0.53
p90 0.79 1.19 2.38 2.07 1.01 1.11 1.10
Max 2.63 6.11 11.52 8.94 4.15 4.01 4.20
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Table 7
Venture Capital Performance

We estimate expected GPME for N = 971 venture capital funds in our sample. The construction of this table follows
the description of Table 5 using the sample of venture capital funds.

Single Intercept Multiple Intercepts

Log-Utility =~ CAPM LT (DP) LT (Full)  CAPM LT (DP) LT (Full)

GPME 0.135 —0.150 —0.188  —0.077 0.073  0.126 0.151
(0.084) (0.067)  (0.081)  (0.101) (0.065)  (0.078)  (0.084)
[0.109] (0.026]  [0.020]  [0.447] (0.261]  [0.108]  [0.072]

5 1.00 2.93 4.68 4.19 2.03 2.37 2.40

Components of GPME

S MiCh, 0.484 0.910 0.903 0.892 0.725 0.725 0.725
S MpAp —0.349 —1.060 —1.091 —0.969 —0.652  —0.599 —0.574
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Table 8
Generalist Performance

We estimate expected GPME for N = 243 generalist funds in our sample. The construction of this table follows the

description of Table 5 using the sample of generalist funds.

Single Intercept

Multiple Intercepts

Log-Utility =~ CAPM LT (DP) LT (Full)

CAPM LT (DP)

GPME 0.156 0.127  0.046 0.153
(0.023) (0.094)  (0.173)  (0.129)
0.000] 0.177]  [0.791]  [0.234]

5 1.00 3.05 7.49 5.43

Components of GPME

S MpCh, 0.318 0.703 1.043 0.832
S My Ay —0.162 —0.576  —0.998 —0.679
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Figure 1
Aggregate Cash Flows

This figure plots aggregate (normalized) contributions, distributions, and net cash flows for the three fund categories.
Buyout corresponds to the top-left, venture capital is in the top-right, and generalist at the bottom. The blue area
represents distributions, the red area represents contributions, and the solid line represents net cash flows. The grey
shaded areas correspond to NBER recessions.
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Figure 2

Time Discounting for Buyout

This figure plots the average multi-period SDF, M, = % > i My t1n, across buyout funds every quarter. We consider
different SDFs resulting from the estimations of Table 5.
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Figure 3
GPME Decomposition for Buyout

In this figure, we decompose GPMEs estimated in Table 5 for the CAPM and LT (DP) models with multiple intercepts.
Discounted Value of Avg. Cash Flow is C in year 0, Zizlﬂhm in year 1, Zil"’=4y_3]\_4hah in year y between 2
and 14, and 252571\7[h5h in year 15. By construction, Discounted Value of Avg. Cash Flow is the same across the
two models. Discounted Value of Risk is 0 in year 0, ZilehAh in year 1, Ziy:@_?)MhAh in year y between 2
and 14, and ZhH=57]\_4hAh in year 15.
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Figure 4

Time Discounting for Venture Capital

This figure plots the average multi-period SDF, M), = % > My t4n, across venture capital funds every quarter. We
consider different SDF's resulting from the estimations of Table 7.
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Figure 5
GPME Decomposition for Venture Capital

In this figure, we decompose GPMEs estimated in Table 7 for the Multiple Intercepts CAPM and LT (DP) models.
The plot is constructed as in Figure 3.
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Figure 6

Time Discounting for Generalist

This figure plots the average multi-period SDF, M) = % > My iyn, across generalist funds every quarter. We
consider different SDF's resulting from the estimations of Table 8.
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Figure 7
GPME Decomposition for Generalist

In this figure, we decompose GPMEs estimated in Table 8 for the Multiple Intercepts CAPM and LT (DP) models.
The plot is constructed as in Figure 3.
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Figure 8
GPME Sensitivity to Risk Aversion Estimates

In this figure, we plot GPMEs for models with multiple intercepts using exogenous values of v between 1 and
12. For each category and for each model, we compute GPMEs as 3, (& >, 1/Rf,.,) (Ch + Ap), where A =
3 (Mygqn /My — 1)(Cie4n —Chr). The term My iypn /My is computed as exp(—yri% 1)/ % >, exp(—yri'yn) for
CAPM and similarly with an additional risk factor for LT(DP) and LT (Full). On each line, the black circle indicates
the GPME estimate using + from the corresponding model in Table 5 for buyout, Table 7 for venture capital, and
Table 8 for generalist. The white circle indicates the GPME estimate using = from the single intercept version of
the model.
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Appendix

A Theoretical Stochastic Discount Factor

In this section, we connect the long-term SDF from the main text to theory by deriving its
theoretical version. We use the setup of Campbell (1993) extending his results to price payoffs
received several periods in the future.

The investor has infinite-horizon Epstein-Zin preferences over consumption, and these prefer-

ences correspond to the following general form of SDF (Epstein and Zin, 1989):
theory 0 A%
M7 = exp flogd — E(Ct+1 —c) —(1=0)r7 (A1)

In this expression, ¢; is the natural logarithm of consumption, and r}ﬂvrl is the log-return on wealth.
Greek letters indicate parameters with § being the subjective discount factor, 1 being the elasticity
of intertemporal substitution, and 6 = li%%, which depends on ¥ and relative risk aversion ~.

The budget constraint of the investor can be written as follows:
Wi = (W — C)RY, (A.2)

Wealth is Wy, while Cy = exp(c¢;) is consumption, and RXVH = exp(rﬂl) is the return on wealth.
Following Campbell (1993), we represent the investor’s budget constraint with the following log-
linear approximation:

1
Wit — W = ’I”XVH +k+ (1 — p) (Ct — wt) (A3)

In this expression, w; is the logarithm of wealth, k and p are approximation constants.

A.1 Consumption Growth

Assuming that second and higher moments of rﬁl are constant over time, consumption can

be expressed as a function of returns. For that, we use two equations derived in Campbell (1993)
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under the same set of assumptions. The first equation connects expected consumption growth to

expected return on wealth:

11—
E [er1 — ] = vE; [rY4] + 1 log(6) + Eﬁ\/art (ct41 — et — ¥ryy) (A4)
conggant

The second equation connects the unexpected component of consumption growth to the unexpected

component of r?ﬁvrl and to discount rate (DR) news about investor’s wealth:

1 — o — B fep —al =l =B [r]] + (1= ) (B —Eo) Y p/r, (A.5)
j=1

vV
DR,W
Neiy

Combining (A.4) with (A.5), we get the following expression for the logarithm of consumption
growth:

Cry1 — ¢ = TX-VH +(1- ¢)N3_P1”’W — (1 —9¢)E; [r,}ﬁvrl] + constant (A.6)

A.2 Return on Wealth

DR news on wealth, N, DR,W

++1 » can be expressed in terms of DR news on underlying assets.

For that, we specify a simple investment strategy for the investor. His portfolio is a constant
combination of two assets. One asset is risk-free, while the other is a market index of public
equities. The return on the risk-free asset is constant and its logarithm is denoted rf. The return
on the market is risky and its logarithm is denoted r}". Expected log-return on the market can
vary over time, while its variance and higher conditional moments remain constant.

Following Campbell and Viceira (1999), log-returns on individual assets determine log-return
on wealth through the following approximate relation:

1
r = w <rfjr1 - 'rf> +rf 4+ §w(1 — w)var (r{}) (A.7)

In this expression, w is the constant portfolio weight in the market. Under our assumptions, this
approximation implies:

DR,W
NoTY =wNPE (A.8)

where Ng_l} is one-period DR news on the market as defined in the main text.
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A.3 Theoretical Long-Term SDF

To obtain the theoretical form of the long-term SDF, we substitute (A.6) and (A.7) inside the
SDF expression (A.1). As a result, we obtain the one-period theoretical version of the long-term
SDF:

Mfﬁory = exp (at —wyrip —w(y—1) NB}}) (A.9)

with at = w(y — 1)E¢ [rm,t41] + constant.

Two Periods

For the two-period version, the product Mtt_lﬁory X Mtt_};e;ry can be written as follows:

h, m
Mfyt_egy = exp <a2’t — WY T e — w(y— l)NTBE_Q) (A.10)
This expression contains the following objects:

azt = w(y — 1) (Eerii ] + Ee[ri,]) + 2 - constant (A.11)

o0
Nt]355{-2 = (Et42 — Et) ZP]T?J]FH]‘ — (1= p)(Eey1 — Edris

j=1
m .

~ (Et+2 - Et) Z PJTE_2+J' (A.IQ)
j=1

and the approximation of Ntl?tf_;'{_z is accurate for p close 1.

Many Periods

For the multi-period version, the product MM x AR 5 MM can be written as:

t+1 t+2 t+h
h
Mtt,tioffy = €Xp <ah,t —wy Tfl,t+h —w(y— 1)N,31:th> (A.13)
where
h
apt = w(y—1) Z Eq¢[rfi ] + h - constant (A.14)
s=1
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Furthermore, multi-period DR news is written as follows:

I
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